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In this Supplementary Information we provide the Raman transition diagram for a specific atomic
candidate, the existence of non-Hermitian skin effect (NHSE) and band topology, and the lattice
dynamics under realistic external confinements.

Supplementary Note 1:Detailed Raman-transition scheme for *Yb

We illustrate the implementation of our scheme, using level structures of 1™Yb atoms as a concrete
example. In previous experiments with ™Yb, both the optical Raman lattice [1] and 1D spin-orbit
coupling (SOC) with dissipation (or the non-Hermitian SOC) [2] have been successfully implemented.
The Raman transitions in these experiments are between the two hyperfine states in the ground-
state 1Sy manifold (| 1) = |F = 5/2,mpr = 5/2) and | |) = |F = 5/2,mr = 3/2)), and the excited
states with F' = (7/2,5/2,3/2) states the ®P; manifold. The spin-dependent loss is controlled by
a near-resonant transition from | |) to the excited state |F',m%) = |7/2,1/2). In view of these
existing implementations, in Supplementary Figure 1 we show a specific Raman transition diagram
based on the level structures of '®Yb, for realizing our scheme in Fig. 1(a) of the main text.
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Supplementary Figure 1: (Color online) A proposed Raman-transition diagram for 172Yb.

Here the choice of two spin states | 1,]), and the energy levels to create the optical Raman lattice,
the My-SOC and the spin-dependent loss are all consistent with [1, 2]. To ensure an independent
control on the M,-SOC (from the My-SOC), we propose to consider the Raman transition to a
different excited state, say, |F',m’) = |5/2,5/2), as shown in Supplementary Figure 1. A specific
atomic transition can be achieved by tuning the laser frequency via the acousto-optical modulater
(AOM) to exactly match the required atomic energy difference.

Supplementary Note 2:Non-Hermitian skin effect and band topology in the general
(¢, ¢9) phase plane

Here we discuss the presence of NHSE and band topology in case-III with general phase parameters
(¢r7 ¢0)

First, we discuss the band topology when the system is away from the points (¢, = 7,¢¢ =
7/2,37/2). In Supplementary Figure 2, we show the OBC spectrum by taking the same (g, €2,.,7)
as those in Fig. 3 of the main text, but with two different sets of phase parameters (¢,., ¢g). We see
that the topological zero modes are now replaced by two finite-energy in-gap modes.

To gain more insight to the vanishing of the topological zero modes under OBC, let us examine the
Bloch Hamiltonian H (k) for ¢, = 7 and ¢o # 7/2, 37 /2. In this case, H (k) develops a o, component,
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Supplementary Figure 2: Energy spectrum under the open boundary condition (OBC) for (a) (¢, ¢o) = (7, 7/3)
and (b) (¢, ¢o) = (27/3,7/2). In both cases we take g = 0.5,€, = 0.3, = 0.2, the same as in Fig. 3 of the main
text. The energy unit is taken as hopping ¢.

and the chiral symmetry is no longer present. We have also verified from the tight-binding model
that the chiral symmetry breaks down also for ¢, # m, and thus the band topology is destroyed as
long as (¢, ¢g) deviates from the points (7, 7/2) and (7, 37/2).

Finally, the appearance of the NHSE is found to be much more robust as compared to the band
topology. We have explained in the main text that for the case ¢, = m, the skin effect can hold for
all ¢ except for ¢ = 0, 7. For other ¢, # m, we have numerically checked the energy spectrum
under PBC and the eigen-modes under OBC, and conclude that the skin effect can expand to all
the phase parameters except for ¢, = 0. In fact, for ¢, = 0, we can write down the tight-binding
Hamiltonian in the k space as

H=- Z 2t cos k(cLTckT — CLCM) + iy Z(CLTCM — c,ticm)
k k
+ Qo Z(—ie’%Q sin kcLTcm + H.c.)+ €, Z(c%ckﬂw + H.c.). (1)
k k

We see that the last term couples k to k — 7, and in the basis ¥ = (Cr_r 1, Chor.l, Chts Cky)., We
have H = >, Th(k)y with h(k) a 4 x 4 matrix. The diagonalization of h(k) gives rise to the
eigen-spectrum under PBC. In Supplementary Figure 3, we show two typical energy spectra in the
complex energy plane for v < Q, and v > Q, with ¢y = 7/2. We see that the PBC spectrum in the
complex plane behaves either as two disconnected lines or as two open arcs, but not closed loops.
Other ¢ cases shows similar features. Therefore the NHSE does not show up if ¢, = 0.

In Supplementary Figure 4 we summarize the existence regions for the NHSE for case-III in the
phase plane (¢, ¢o). It is shown that the skin effect is absent for two discrete points (7, 0) and (7, 7)
and a line at ¢, = 0.

Supplementary Note 3:Non-Hermitian skin effect under realistic confinements

Here we consider two types of realistic confinements in cold atoms, one is the box-trap potential
with clear edges, and the other is the harmonic potential without a clear edge. In the first case, we
consider the realistic situation when the edge is not sharp enough, i.e., there is an additional large
but finite laser potential on each side of the lattice, see the illustration in Supplementary Figure
5(a). To examine the effect of edge imperfection, we have computed the edge-to-edge transport from
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Supplementary Figure 3: Energy spectrum under periodic boundary condition (PBC) for (a)
2y =0.5,9, =0.3,7=0.2 and (b) Qp =0.5,9Q, = 0.3, =0.6. In both cases we take (¢, pg) = (0,7/2). The
energy unit is taken as hopping t.
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Supplementary Figure 4: (Color online) The region of non-Hermitian skin effect(NHSE) in the plane of (¢, ¢).
The red circles at (7,0) and (7, 7), as well as the dashed line at ¢, = 0, denote the parameter regimes for the
absence of the non-Hermitian skin effect. The energy unit is taken as hopping t.

i=1to L (Prgr) or from i = L to 1 (Pgr), when the laser potentials are applied at sites i = 0 and
L + 1 with strength V. For simplicity, in our numerics the hopping rate between different sites and
all other parameters are taken to be the same as those without the box potential. The results are
shown in Supplementary Figure 5 ((b)i,(b)ii) for V' = 5¢.

For the first case, we see that the edge-to-edge transport shares qualitatively the same features as
those in Fig. 5 of the main text. In the topological phase without NHSE ( Supplementary Figure
5((b)i)), Prr and Pgy are identical to each other, and the oscillation frequency decays exponen-
tially with size L. In comparison, the dynamics with NHSE shows obvious directional preference
(Supplementary Figure 5((b)ii)), as the localized bulk states contribute significantly.

We now turn to the second case and discuss the manifestation of NHSE in a lattice system under
a harmonic trap, V(x) = Vya?, where the edge is not well-defined. In our simulation, we take the
trap center at the lattice site ig and thus there is a local on-site potential pu; = V(i — i9)? to each
site index 4, with V' = Vya? (a is the lattice spacing). We then consider the expansion dynamics of
a particle from the trap center i = iy, see illustration in Supplementary Figure 6(a). To eliminate
the difference caused by spin, we consider the initial state as an equal population of | 1) and | |) at
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Supplementary Figure 5: (Color online) (a) Illustration of the lattice system under a box potential with imperfect
edges. ((b)i, (b)ii) Prr and Pry, between lattice sites ¢ = 1 and L without ((b)i) and with ((b)ii) non-Hermitian skin
effect(NHSE). Here we take the laser potential V' = 5¢, and all other parameters are identical to Fig. 5 in the main
text. The insets of ((b)i) and ((b)ii) are also the same physical quantities as in the insets of Fig. 5 in the main text.
The energy unit is taken as hopping ¢, and the time unit is //t.

site i, and then examine the probability of finding a particle at site n after an evolution time of 7,
defined as

pa(T) =Y [thno(7)I* (2)
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Supplementary Figure 6: (Color online) (a) Illustration of the lattice system with an additional harmonic potential.
((a)i,(a)ii,(b)i,(b)ii) Contour plot of p,(7) in the (n,7) plane for the bulk dynamics in a harmonic trap. Here we
take Q, = 1,Q¢ = 0.5, and other parameters are (v, V) = (0,0.1)((a)i), (0.2,0.1)((b)i), (0,0.2)((a)ii), (0.2,0.2)((b)ii).
The lattice size is L = 60, and the particle is initialized at ig = L/2 (the trap center). The energy unit is taken as
hopping ¢, and the time unit is %/¢.

In Supplementary Figure 6((a)i,(a)ii,(b)i,(b)ii), we show the contour plot of p,(7) in the (n,7)
plane for various cases of v and V' parameters. One can see that in the absence of NHSE (v = 0 in
((a)i,(a)ii)), the particle wave function expands from the trap center with equal probabilities to the
right- and left-hand sides. In comparison, when the NHSE is present under a finite v ((b)i,(b)ii),
the expansion shows strong directional preference towards the left-hand side (smaller index) of the
lattice. The probability peak apparently moves to the left-hand side of the trap center at short



times, which then saturates at a certain distance to the trap center at longer times. By comparing
((a)i,(a)ii) and ((b)i,(b)ii) with different harmonic confinements, we can see that a stronger V' will
suppress the directional flow, i.e., the off-center displacement of the particle becomes smaller as V'
increases, whereas the off-center accumulation of population becomes more appreciable. We have
also checked that in the absence of the harmonic trap V' = 0, the expansion peak moves to left-hand
side continuously (before getting close to any boundaries). These results show that even there is no
sharp edge or boundary, the NHSE can also manifest itself in the bulk dynamics.
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