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SUPPLEMENTARY NOTE 1: PROOF OF THEOREM 2

In the following, we assume that A and B is a qubit. A
general two-qubit state p*# can be written as

1
p= Z(]l@]l +zk:ak0'k®]l +leb1]1®0'1+;Ek10'k®0'1],

1)
where a = (aj,a2,a3) and b = (by, by, b3) are local Bloch
vectors of Alice and Bob, respectively, and Ey; = Tr(o®0p).
A general single-qubit POVM element on Alice’s side can be
written as

Mt =g, (11 > anjcrj] 2)
J

with probabilities 0 < g, < 1, 3, ¢, = 1, and vectors e, such
that |e,| < 1 and ), g,@, = 0. The measurement {M,’,‘} gives
outcome n with probability

Ph=¢:(1+a-a,), 3)

and the Bloch vector of Bob’s post-measurement state is

_b+Ea,
T l+a-a,

n “)

After Alice communicates her measurement outcome »n to
Bob, he applies a real operation A, to his post-measurement
state plB . For each measurement outcome n, Bob aims to max-
imize the fidelity between A,[pZ] and the maximally imagi-
nary state |+). The maximum is given by the fidelity of imag-
inarity Fy which for single-qubit states p? reduces to

Fi(pf) = %(1 +[Trlpfo]). (5)

Using this result together with Egs. (3) and (4) we can express
our figure of merit F, as follows:

Fu(p*?) = max > paFi(p?)
n n

1
=max§ 1+Zﬂ:qn|b2+s'an|, (6)

qn-®n

where the maximization in the last expression is performed
over all vectors @, and probabilities 0 < ¢, < 1 such that
Sngn=1,la, < 1and ), g,a, =0.

If |bp| > |s|, then using the conditions |@,] < 1 and
>n qnt, = 0 we immediately obtain

D aulbr + 5@l = Ibol (7

for any choice of ¢, and «,. This directly implies that
F.(0"8) = 1/2 + |by|/2 in this case, in accordance with

1
Fa(p**) = 5 (1+ max{bal. Isl).

We now consider the case if |b;| < |s|. We will show that in
the maximization in Eq. (6) it is enough to consider POVMs
consisting of two elements. For a given set of vectors @, and
probabilities g, we introduce two sets, depending whether b, +
s - @, is positive or negative:

So={n:by+s-a, >0}, (8a)
Si={j:br+s5-a;<0}. (8b)

Using these sets, we express the sum ), g, |b + s - @,| as fol-
lows:

ZneSo Gn(s - an)

b2 +
ZnESO qn

9

an|b2+s'an|:{ZQn]

nesy

{2

J€SH

2jes, 4j(8 - ;)

bz +
ZjeSl qj

In the next step, we introduce the probabilities §o = 3¢5, gn>
g1 = Xjes, q; and vectors

n @,
o = M) €Sy dn 1, (102)

ZneSo qn
& = 29, (10b)

ZjeS,»qj

Noting that

by +s-a@y >0, (11a)
by+s-a; <0, (11b)

we further obtain the following result:

D aulbs+ s -l = Golbs + 5 - ol + Gilba + 5 - |
n

=go(by +s- @) — qi(by +s-a). (12)

The vectors @&, and probabilities §, fulfill the conditions
SnGn = 1, l@| < 1, and Y, §,@, = 0. This implies that
they correspond to a two-element POVM on Alice’s side via
the relation in Eq. (2).

The arguments just presented show that the maximum in
Eq. (6) can be achieved with two vectors @ and «@; and two
probabilities gy and ¢ having the properties 0 < gy < 1,
q1 =1—-qo, |la, <1, 3 gna, = 0. To complete the proof, we
will show that the optimal solution is obtained for

1
w=q =5 (13a)



)
Is|’

Recalling that |b,| < |s|, the values in Eq. (13) immediately
give a lower bound on the assisted fidelity of imaginarity:

Q) =—a; = (13b)

Fio™) = 501+ k). (14)

Let now g, and @, be optimal probabilities and vectors [not
necessarily coinciding with Eq. (13)]. Without loss of gener-
ality we can assume that

by+s-ay>0,
by+s-a; <0.

(15a)
(15b)

Otherwise, if b, + s - @, is positive (or negative) for all n, we
obtain )}, g, by + s - @,| = |by]. Since |by| < |s|, this means
that we will not be able to reach the maximal value.

For the assisted fidelity of imaginarity we thus obtain

1
a<pAB>— [q0(b> + 5 @) = qi(b2 +5 - @)l + 5. (16)

Since gg + g1 = 1, it must be that either gy < 1/2 or g; < 1/2.
In the first case we rewrite Eq. (16) as follows:

1-b 1
Fa(0*) = === + qo(br + 5 - @) < S +lsh. a7

In the second case (g1 < 1/2), we rewrite Eq. (16) as

+b2

1 1
F(p*?) = —qibr+s-a) < S+, (18)

Thus, for |by| < |s| the assisted fidelity of imaginarity is
bounded above as

Fuo™) < 501+ ). (19)

Together with Eq. (14) this proves that F,(0"5) = 1/2 + |s]/2
in this case, and the proof of the theorem is complete.
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Note that, the geometric measure of imaginarity and the
concurrence of imaginarity are given by

=KWl 1 \JF(p,p")
2 - 2

Glp) = min ) p; (20)
J

k>1

C(p) = min Z pily iy )l = max {0, A

—Zﬁk} 1)

In the above max, and min, are maximisation and minimisa-
tion over pure state ensembles of p. Whereas, {1, 1,...} are
the eigenvalues (in decreasing order) of ( \//_)pT \/,5)%. In gen-
eral, for probabilistic transformations, the following inequal-
ity holds

Gp) , 1} . (22)
G(o)

plp—> o)< min{
It was further shown in [? ], that the optimal probability of
converting apure state ytoa arbitrary quantum state p is given
by

GW)
. 23
G(p) } )

In a one way LQRCC procedure, Alice performs a general
quantum measurement and corresponding to the outcomes
(with probabilites {p;}) of Alice, Bob’s local state is found in
the state p;, such that, {p;, p;} is an ensemble of pP. Condi-
tioned on the outcome of Alice (i), Bob can perform a local
stochastic real operation on p;, probabilistically converting it
into 8. Using Eq. (22) and Eq. (23), it follows

ijmm{G( } Zp,qkmm{ '//Jk)) 1}.
(24)

The second inequality follows from Eq.(20), G(p;) is cal-
culated by minimising over all pure state ensembles of p;.
Therefore, the second inequality holds for any pure state de-
composition of p;, like {g, ¥ jx}. Note that {p gy, ¥ i} is a pure
state decomposition of p?. Note that, any pure state decom-
position of p? can be realised by a suitable local measurement
by Alice. Using this fact, along with Eq.(20) and Eq.(23)
implies that

pwep):min{

. { 1 — min, Zk pk|<lﬁk|wk>| }
P, = min >
2G(oB)

1-C?
= min ©) L.
1= \F(o®,(c®)T)
Here, min, is the minimisation over pure state ensembles of
pB. This completes the proof.
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From Lemma 1, we know that optimal probability for Bob
to locally achieve o from a shared bipartite pure state yA?
with unit fidelity, via LQRCC is given by

_ B
Pt — o) = min {% 1}. (25)



If we want to achieve o® with fidelity at least f, the best strat-
egy is to go to a state (0”'?), within the fidelity ball around o2,
with a minimal geometric measure of imaginarity. Therefore,

. 1 - jc(pB)
Pf(l»bAB_)o-B):mm{W’l}' (26)

From [? ], we know that

74(0"F) = sin? (max {sirr1 JIo(B) = cos™ 7, 0}). @7

‘We now define

— 9 (B
m = sin”! \/% —sin”! 1/jg(O'B)+COS_I \/? (28)

First, consider the case when m > 0, which implies

— B
sin”! I (cB) —cos™' 4/f <sin”! \/% (29)
We know that
sin™! \/7,(cB) — cos™ \F € [-n/2, /4] (30)

and sin™! \/%M € [0, /4]. Therefore,
1-J.(o8
max {sin‘1 \Jg(0B) - cos™! \/]_‘, 0} < sin”! \/%

€2y
Using these results, we get

Iy = sin? (max {sirr1 JI,(08) = cos™ T, 0}) (32)

[1- _ B
< sin® [Sin_1 ! ch(pﬁ’)} = ! :]26('0 ).

— B . . . .
For the case when % > 0, the above inequality implies

l_jc(pB) > 1

BT @

This shows that Py — o) = 1 whenm > 0.
Now, we look at the other case when m < 0, i.e.,

_ B
sin”! T (B) - cos™! 4/f > sin”! \[# >0. (34)

From the above inequality and Lemma 1, we have

1-7.(0%)
2sin’(sin”~! \Jg(0B) — cos! \/7)'
Using the above result, a closed expression can also be found

1-J."8)

weon < b
in this case F,(y — oB) = 1 (follows from Lemma 1). When
1>p> gjg(ffl,)) , the optimal achievable fidelity can be obtained

by solving Eq. (??) for f, which gives

F,(p* — o) = cos® [sin_1 \JJg(0B) —sin™" /%;(pl;)

This completes the proof.

Pyt — o) =

(35)

for F,. Let’s first consider the case when p <
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