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Supplementary Note 1: Detailed deduction in the pretreatment stage and the measurement of the experimental
Hamiltonian
At first, we would like to introduce the principle of solving an Ising problem with our proposed Phase Encoding and
Intensity Detection Ising Annealer (PEIDIA). in detail. For a given N-spin Ising model, we first decompose the adjacent
interaction matrix J to the symmetric matrix J, = (J +J7)/2 (the superscript T denotes the transpose) and the anti-
symmetric matrix J_ = (J —J7)/2. As J_ does not contribute to the Hamiltonian, we use ] to denote the symmetric
component J, for simplicity. Thus, the real symmetric matrix ] can be decomposed with eigen-decomposition?,
]=Q'DQ, (SD
where the D = diag(4, 4,, ..., Ay) is the diagonal eigenvalue matrix with N eigenvalues A;,4,,..., Ay, and Q is the

corresponding normalized orthogonal eigenvector matrix. By introducing A = v/DQ:

J = Q"VDVDQ = ATA. (S2)
With such decomposition, the Ising Hamiltonian H can be written as
1 1 . 1 T
H@ =—5 Y Jyoo=—50"le = -2 (Ac)(Ac), (s3)
1<i,jsN

where 6 = [0y, 0,, ...,0y]T (0; € {—1,1}) denotes the Ising spin vector. In Eq. (S3), the Hamiltonian is the product of the
transformed spin vector Ao and its transpose. It should be mentioned that the eigenvalues A4, 4,, ..., 4y may be negative.
For convenience, suppose that J has k negative eigenvalues that satisfies 4; < A, < <A, <0< Apyg < - < Ay
Thus, the square root of the diagonal eigenvalue matrix D can be expressed as /D=
diag(i\/—/ll,i\/—lz, ...i\/—/lk, \/lk+1, ,\/E) As Q ={q;;} is a real matrix, the transformation matrix A has the

following form

[ i/ —241q14 P N e IV =11 c41 N
iy/—A e 1A iy/—A e 1y —A
A= kK1 kdk.k ki, k+1 kdkN ’ (s4)
Ak+1qk+1,1 Akr19r+1k Aes1bi+i o1 - Aks1ic+1,n
AnGn AnGn k AN k+1 AnGnn

where the first k rows are imaginary, while the rest (N — k) rows are real. Similarly, since the spin vector ¢ is also real,
the first k elements of the transformed spin vector E = Ao are imaginary while the rest elements are real. Thus it can be
written as E = Ao = [ie; ... iex exyq - en]T (e; € R). In the PEIDIA, the optical vector-matrix multiplication
(OVMM) is setto A and the input vector is set to @. Since only the intensity of the light field can be detected, the output
intensity vector is

I=E"QE=[ef .. e efyy . ef"=[ - Ik Layr - 7, (S5)
where O denotes element-wise multiplication. Thus Eq. (S3) can be further rewritten as

1
H(0) = —5ETE= (I + oo+ I = ey = = Iy) /2. (S6)

Then the relation between the measured intensities and the corresponding Hamiltonian is

H=—%0T]0=% Z I, — Z I |. (S7)

i, ;<0 i, ;>0
In conclusion, in the pretreatment stage, the required optical transformation matrix A is obtained by the eigen-
decomposition of the Ising interaction matrix J. The experimental Hamiltonian can be calculated from the output intensities
of the OVMM. In the main text, a 20-spin antiferromagnetic Mobius-Ladder model (model 1) and two randomly generated,
fully connected spin-glass models (model 2 and 3 with 20 and 30 spins respectively) are demonstrated, and their interaction

matrices J and corresponding transformation matrices A are shown in Supplementary Figure 1 respectively.
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Supplementary Figure 1. Related matrices of model 1-3. (a)-(c) The Ising interaction matrices of model 1-3 respectively.
(d)-(f) The target transformation matrices A of model 1-3 respectively.

Supplementary Note 2: Full operation process of the PEIDIA
The operation principle of PEIDIA is modified from the simulated annealing algorithm??® and inspired by the fast simulated
annealing algorithm?. The process of each run is:
Input: Ising interaction matrix J, number of spins N, transformation matrix A, initial random spin vector ¢(®, initial
Hamiltonian H(®, initial annealing temperature Ty, steps per temperature Ngtep, Stages of the temperature Nyemp,
annealing coefficient 7, Cauchy scaling coefficient a.
Output: o
Initialization: annealing temperature: T « T,, Hamiltonian: H < +oo, spin vector: ¢ « ¢ patterns on SLMs:
calibrated patterns corresponding to A.
For i =1 t0 Ngemp do
For j =1 to Ngep do
Generate a Cauchy random variable x~C(x;0,aT) until m = round(|x|) < N
Ifm=20
me1
Else if m > N/2
meN-—m
End if
Generate the spin state Oy by randomly flip m spins from o
Update SLM1 according to O pext

Calculate Hpey: according to the measured beam intensities

If Hpexe < H orrand(0,1)<exp (_ Hne;_t—H)



O < Opext

H < Hyext
End if
End for
T «nT
End for
Return o

Supplementary Note 3: Experimental demonstration of the PEIDIA

The experimental setup is illustrated in Supplementary Figure 2. The whole system is placed on an optical table with
vibration isolators and covered by a glass cabinet while the temperature of the laboratory is also kept constant. The
operating wavelength of the laser (ORION 1550nm Laser Module) is 1550nm. Each employed reflective phase-only SLM
(HOLOEYE PLUTO-2.1-TELCO-013) has 1920%1080 pixels with the pixel pitch of 8um. The distance between SLMO
and SLMI1 is Ly;=0.820m. The distance between SLM1 and SLM2 is L,,=0.754m. The distance between SLM2 and
pinhole is L,,=0.373m. The final output field is measured by the Hamamatsu InGaAs C12741-03 camera. To weaken the
influence of the detection noise, the measured image of each sampled state is the average of 3 adjacent frames.
Supplementary Figure 3 shows the experimentally utilized SLM patterns for model 2 as an example. Supplementary Figure
3a is the beam-splitting pattern on SLMO0. 20 beam-splitting and beam-recombining circular regions are shown in

Supplementary Figures 3b and 3c respectively with the radius of each region is 1175um. Supplementary Figure 4 shows

the SLM1 pattern used in the experiment of model 3, which contains 30 beam-splitting regions with radius of 950pum.
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Supplementary Figure 3. The experimentally utilized phase patterns on spatial light modulators (SLMs) for model 2
(not superposed with the global blazed grating). (a) The beam-splitting pattern on SLMO. (b) The beam-splitting pattern
on SLMI. (c¢) The beam-recombining pattern on SLM2. The inset shows a detailed beam-recombining region denoted by

the red circle. The color bar indicates the phase value.
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Supplementary Figure 4. The experimentally utilized beam-splitting phase pattern for model 3 (not superposed with the
global blazed grating). The color bar indicates the phase value.

The method of generating phase patterns on SLMs. In our previous work>®, the method of generating the phase patterns
on SLMs has been presented and the main procedure are described as follows. As mentioned in the main text, three SLMs
are employed to generate the required beams, indexed SLMO, SLM1 and SLM2 respectively. SLMO splits the incident
beam into N beams, while SLM1 and SLM2 split and interweave the beams to perform multiplication and addition
operations. The pixels outside the circular regions are filled with alternating 0 and m phase modulation according to the
checkerboard method. Besides, as the employed SLMs are reflective, an additional global blazed grating with the period
of 4 pixels is applied to each SLM pattern in order to concentrate the optical intensity in the first diffraction order. The
beam from the collimator is centered at coordinate [0, 0] in the transverse xy plane. Then the beam is split and projected
to N different circular regions on SLM1, as shown in Supplementary Figures 3b and 4. The ideal modulation function of
SLMO is the superposition of a series of blazed gratings®®:

N

—ik

Hgmoideal () = z Qy €Xp (L_ I, - 1’) ) (S8)
01

n

where r is the position vector in the xy plane, k is the wavenumber, r,, is the position vector of the center of the nth
region of SLM1, «a,, is the element of the input vector.

The ideal modulation function of nth circular region on SLM1 comprises two parts: a spin-encoding pattern and a
beam-splitting pattern. The spin-encoding pattern just applies a phase delay of 0 or m to the beam according to its

corresponding spin 0, = +1 and the beam-splitting pattern is a superposition of a lens mask and N blazed gratings®®:

Rm - I In

N
HSLMl,ideal,n(r) = 0n Z Bmn €Xp [_ik ( ) “(r—ry) + 6y,
m=1

L Lo
*Hiens(r — T, 1), (S9)
. kll’ - rnlz
Hiens(r — 1, f1) = exp IT ) (s10)
1

where [,,, is the element of the beam-splitting matrix, R,, is the position vector of the center of the mth region of

SLM2, 6,,, is the phase compensation term due to different optical path, and Hje,s is the phase modulation function of
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a lens. The lens with the focus f; adjusts the location of the beam waist to the middle of SLM1 and SLM2.

Each region on SLM2 recombines the N beams deflected by each region on SLM1 and a pinhole is set to filter out
undesired light. The ideal modulation function of mth region on SLM2 is5®

N
Hs1m2 ideatm (1) = Z Ymn €XPp [—ik (L_l'n - y) (r - Rm)]
— 2p 12
“Hiens(r = Rin, f2), (511)

where y,,, is the element of the beam-recombining matrix. The lens with the focus f, adjusts the location of the beam
waist to the pinhole.

There is an evident caveat, however, that the ideal modulation functions above are not pure-phase, thus unattainable
with the SLMs employed in our experiments. To address this issue, our previous work maps the value to a point on unit

circle with the same argument®®:

Hspm (r) = exp{iarg[Hspm jgear (1]} (512)
for it is the closest pure-phase solution to the original function in the sense of least squares. It is worth pointing out that
this practice is empirical, and the errors for both the light field and the matrix elements would increase drastically with the
dimensionality.

In this work, an improved iterative algorithm is employed to obtain the optimal phase-only patterns, which produce
the light field distribution on the target plane approximating to an ideal distribution. The fundamental theory here is gradient
descent. The main issue is how to optimize a real criterion function depending on complex-valued parameters. According
to ref. 7, the optimizing theorems are handy to us.

(i) Preparations

The first step of optimization is to discretize the problem so that the computer processing can be performed. Consider
a continuous model of light field propagation: light field given two parallel planes with aligned transverse coordinates, the
propagation of the light field w(x,y,0) on the first plane to the field u(x’,y’,z,) on the second plane can be described

as®

1 0

e—ikr d
u(x,'y"ZO)=_u(x'y10)*__[ ]
z=z

{ 1 e—ikr
= IFT{ FT{u(x,y,0)} X FT ———[ ] } , (S13)

2w dz'| r 2w dz' | r

0

where r = \/ (x—x")%2+ (y — y')? + z2, * denotes the convolution, and Fourier transform (FT) is utilized to compute
the convolution.

Then the fields are sampled, and the Fourier transform and convolution are replaced with their discrete counterparts. For
the sake of simplicity, the light fields are uniformly sampled in a rectangular area, aligned with both axes, and centered on

the origin.

—ikr
Let H, € C¥**3ly denote the 2D-DFT of the respond — L2 [e -

2m 0z’

] ,and U,U’ € C:**Ly denote the sampling of
z=2zy

light fields at z =0 and z = z,, respectively. Noting the non-overlapping condition and the alignment of discrete
convolution, the response has to be sampled from an area of double length in each dimension, then applied with 3L, X
3L, 2D-DFT and finally clips the result to match the shape of U’. To formulate it:

U’ = dip (IDFT3LX,3Ly (DFT3LX_3Ly (U) O H,, ) Axay), (S14)

where O denotes element-wise multiplication, Ax and Ay denote the sampling interval along each axis, and clip(*)
clips extra zeros from the result matrix.

Now consider a surface at z = 0, such as an SLM, and assume that each pixel independently produces a wavefront
(rectangular, for example) proportional to their complex modulation coefficient. Let M € C3.x*3Ly denotes the 2D-DFT

of the wavefront and P € C:*Ly denotes the coefficient matrix of the hologram. Now



U’ = clip (IDFTsy, 50, (DFTs., 50, (P O U) O H,, © M) AxAy) = T, (P O U). (515)

Note that the composited operations are defined as T, (), which is the discrete form of light field propagation function
we desire.
(ii) Generate target light field
After discretization, a target light field is needed for each SLM to be optimized. A convenient approach is to treat the
light field produced by ideal patterns as target. As well the initial values of optimization are such set with ideal patterns.
To formulate it:
Ur = T, (Hspmideal © Up), (S16)
Po = HsLm,ideal- (517)
(iii) Optimization steps
Given a target light field Ur at z = z;, an incident light field U; at z = 0, and a hyperparameter &, optimize phase

pattern P in the sense (Huber Loss):

1 P 2 P
3|t (Fov) -] | L (Fou)-u| <o
argminp L(P;Ur, U}, zy,8) = z p Y 1 v
ij IUS T,, (m O] Ul> -Ug| - 562, otherwise
ij
=1 (TZO(N(P))), (518)

where T,(-) is previously defined, { selects from two values and Y- sums them up. Other operations here are all

element-wise. Note that [(+) contracts the loss function and N(P) = % gives a phase-only hologram, which is what we

eventually need.

Following the procedures described in ref. 7, we finally derive the gradient of £ with respect to P, which is:

0 - lvof- o (-L)+torn (22 (519)
op*~ 2! (P2~ "% \9T;, ||~ 7\oT;, ) )

where
T;,(2) = dlip (IDFTy,, 5, (DF Ty, 3, (Z) O H;, © M7) AxAy). (520)

Finally, the gradient-descent-based algorithm is conducted to optimize the target phase-only hologram. Here is a sketch

of the algorithm:

Input: target light field: Ur, incident light field: Uy, hyperparameter: J, initial phase pattern: P, iteration limit iter.
Output: P,.

Initialization: optimizer: O < Ogagam (Rectified Adam Optimizer® is employed in our demonstration), loss function I:

Huber loss.
P,=P
For i =1 to iter do
Compute L*L
aP;

-1

P, = O.step (aptz L)
i-1

End for



P
Return P, = _IPTI
T

Calibration method of the OVMM. Before the experiments, the whole system should be calibrated to achieve high
fidelity of the implemented matrix transformation to reduce the systematic error. In the calibration stage, both the phase

and amplitude terms are considered. The phase calibration method is improved from that used in our previous work™.

Phase calibration. First, as mentioned above, the phase patterns of SLM1 and SLM2 are generated and set according to
the all-one matrix. To measure the phase difference among the elements of the beam-splitting matrix, four output intensity
matrices M;, M,, M; and M, have to be measured. In this section, each column of the input matrix would serve as the
input vector one by one and the output matrix consists of the corresponding output vectors.

At first, the input matrix m;, of SLMO is defined asan N X (N — 1) matrix with each column including two non-

zero elements 1:

1 1 1 1

|[1 0 0 0]|

_lo1 0 0
m;, —|0 0 1 0|. (S21)

l0 0 0 1J

The process of phase calibration can be described as follows:
Initialization: input matrix: m;,, matrix on SLM1: all-one matrix, matrix on SLM2: all-one matrix.
Fori=1to N—1 do
Update SLMO according to the column i of m;,
Measure the column i output intensity matrix M;
Deactivate the region i+ 1 of SLMI1
Measure the column i output intensity matrix My
Reset the SLM1 pattern
Deactivate the region 1 of SLM1
Measure the column i output intensity matrix M,
Reset the SLM1 pattern
Add the phase delay of m/2 to the region i +1 of SLMI1
Measure the column i output intensity matrix M,
End for
Here, the operation “deactivate” refers to replacing a specific region with a “mirror” pattern where the phase modulation
is uniform. Such pattern can reflect the incident beam away from the next SLM. Then how to use these matrices to conduct
the phase calibration is introduced.
According to the process above, the interference intensities between the first and one of the rest of the beams have

been measured as M;. Since none of the SLM patterns are calibrated, the actual input matrix can only be written as

bll b12 b13 bl,N—l
by O 0 .. 0

, o by 0 . 0

Mn=10 0 by .. 0 (522)
0 0 0 .. byya

The actual transformation matrix is denoted as Aj; = a;; exp(igai j) so that the output amplitude matrix m; = A'myj, is

(my)i; = aibyjexp(iQiy) + i j11bj41; exp(i9; j41) (523)



and the corresponding measured output intensity matrix M, is
(My)y; = (my)ij(my)y; = afybi; + afj1bfyq j + 2a;1b1a; j41bjie cos(@i — @i j41)- (S24)
Similarly, the output amplitude matrix m, is
(my)ij = ainbyjexp(i9;1) + ; jo1bjs1; expli(@s j4q + 7/2)] (525)
and the corresponding measured output intensity matrix M, is

(Mp)ij = (mp)j;(my); = afb?; + afj11bAs j + 2ai1 by jeabjes j sin(@i — @i j41) - (S26)
Obviously, (M3);; = a4 b{; and (My);; = af;,1bfq ;.
Therefore, the actual phase difference could be calculated according to
Arccos (My);j — (Ms3);; — (M4)ij] (M) — (M3)yy — (My)yy = 0
2/ (M3)j(My);j
(My)ij — (M3);; — (M)
2./ (M3);;(My);

A@i; = Qi1 — Qi j1 = I (527)

[ — arccos
\

]:(Mz)ij —(M3);j — (My);; <0

It should be mentioned that Eq. (S27) can only calculate the phase differences among the elements in the same row. But
this does not matter since the phase difference among different columns will not affect the output optical intensities. Finally,
the phase-calibration matrix A¢ is obtained, and the input beam-splitting matrix of SLM1 is modified to A;; exp(iAg;;).
It should be mentioned that such A¢ is independent to the transformation matrix and only determined by the optical setup

so that it could be directly applied on other transformations.

Amplitude calibration. The process of the calibration of SLM1 can be described as follows.
Initialization: Input matrix: identity matrix, target transformation matrix: A, beam-splitting matrix on SLM1: (Agpm1)ij <
A;j exp(idg;;), pattern on SLM2: the same as that in phase calibration stage, repetition times: Nnamp ;.
For irep =1 to Nampy do

Measure the output intensity matrix C

(ASLMl)ij < (ASLMl)ij|Aij|/\/C_ij

Generate and update the new phase pattern on SLM1 pattern according to Agpm1
End for
In the 20/30-dimensional transformation, n,mp 4 = 3~4 is enough to obtain high fidelity. It should be mentioned that due
to the phase-only operation, the SLM1 could only split the incident beams. Thus, the input vector of SLMO has to be
modified to compensate the difference between the beam-splitting matrix of SLM1 and the target matrix. Here, the actual
contribution of each split beam from SLMO to the output mode has to be measured. This can be achieved by activating
each region of the calibrated SLM 1 pattern successively (other regions are “deactivated” as mentioned above). The process

is described as follows.
Initialization: target transformation matrix: A, input vector of SLMO: (Ej,); « max(|Ai ]|) / ’m_ax(Cij) (C is the last
L L

output intensity matrix in the amplitude calibration of SLM1), pattern on SLM1: calibrated pattern, SLM2 pattern: the
same as that in phase calibration stage, repetition times Namp 5.
For irep =1 t0 Ngpp,, do
For j=1 to N do
Deactivate all regions except region j of SLM1

Measure the output intensity vector F;

10



(Ein)j < (Ein)j m?X(|Aij|)/ fmf‘X(Fj)i-

End for
Generate and update the new SLMO pattern according to E;,
End for
In the 20/30-dimensional condition, n,mp, = 3~4 is enough to obtain high fidelity.
In the end of this section, the 20-dimensional Discrete Fourier Transform (DFT) matrix is set as the target transformation

to evaluate the calibration accuracy:

1 1 1 1
11w w? e "t 21
w=—|1 w? w? wZ(N_l) LW = e v, (528)
\/N . : H . H
1 V1 p2W-1 ... ,HW-DN-1)

Since the elements of both the DFT matrix and its inverse matrix have the same norms and only differ in arguments, it is
very sensitive to the phase term. After the amplitude calibration of SLM1, the output intensity matrix corresponding to the
input identity matrix is shown in Supplementary Figure 5a. It can be seen that each beam is equally split by SLM1, but the
intensities in different columns are different. Then after the amplitude calibration of SLMO, the matrix F is shown as
Supplementary Figure 5b, where the matrix elements are much closer to each other than that in Supplementary Figure Sa.
In order to evaluate the accuracy of the calibration, the input matrix is set as the inverse matrix of the DFT matrix,

which is also the conjugate transpose. The output matrix should be the 20-dimensional identity matrix. Obviously, the input
vector can be simply achieved by adding phase masks to each SLM1 region according to the arguments of the elements of
the target input vector. The measured images are shown in Supplementary Figure 5d, where only one bright spot at different
locations is observed in each image with similar intensities and high contrast. The output intensity matrix is shown as

Supplementary Figure 5S¢ where the intensity concentrates on the main diagonal elements. Here the fidelity f.¢ is

employed to evaluate the accuracy of the matrix transformation:
24 U0 i (Le) )
\[Zij([t i \[Zij(le)?j

where I; is the theoretical output intensity matrix and I, is the experimentally measured intensity matrix. fia¢ 1S

, fmat € [0,1] (529)

fmat =

normalized within [0,1]. In this demonstration, fp,,; is calculated from the output intensity matrix in Supplementary

Figure 5c and the identity matrix, resulting in a value as high as 0.99994.
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a Output intensity matrix after SLM1 calibration p  Output intensity matrix after SLMO calibration

c Output intensity matrix
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Supplementary Figure 5. The calibration of the Discrete Fourier Transformation matrix. (a) The output intensity matrix
after the calibration of SLM1. (b) The output intensity matrix after the calibration of SLMO. (c¢) The output intensity matrix

of the calibrated DFT matrix with the input matrix of its inverse matrix. (d) The measured images corresponding to each
column in (¢) respectively. The color bar denotes the incident power on each pixel.

Supplementary Note 4: The fidelities of different transformation matrices

In Supplementary Note 3, the results of the 20-dimensional DFT matrix have verified the validity of our OVMM
system. In this section the fidelities of the three matrix transformations of model 1-3 are discussed. Since their inverse
matrices usually do not consist of the column vectors with equal norms like DFT matrices, here the output intensity matrices
corresponding to the calibrated input identity matrices (like Supplementary Figure 5b) are used to evaluate the
transformation fidelities. The results are shown in Supplementary Figure 6. It can be seen that the two matrices are very
similar in each model. The fidelities of the intensity matrices are 0.9989, 0.9994, and 0.9969 for model 1-3 respectively.

Such results indicate that our OVMM system is also capable of achieving the matrices with highly different elements.
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Supplementary Figure 6. The comparison of the normalized theoretical and experimental output intensity matrices for
model 1-3. (a) (b) The results of model 1. (¢) (d) The results of model 2. (e) (f) The results of model 3.

Supplementary Note 5: The accuracy of the output intensity vectors

Besides the matrix fidelity, the accuracy of the output vectors also needs to be investigated since the output vectors are
directly corresponding to the Hamiltonians. Here, the accuracy of the output vectors is evaluated with two parameters.

According to the main text, there should be a constant normalization coefficient K = Heyp/Hneo (samples with
Hiheo = 0 are excluded) between the theoretical Hamiltonian and the experimental Hamiltonian, which is the first
parameter representing the accuracy of the norm of the output intensity vector. The 100 raw experimental Hamiltonian
evolution curves obtained from the captured images of model 1-3 are shown in Supplementary Figures 7a-7c respectively.

Actually, the target of the PEIDIA is to obtain the spin vector of the ground state, rather than the actual value of the

13



Hamiltonian. Thus, the accepted spin vectors in each iteration corresponding to all curves in Supplementary Figures 7a-7¢
are extracted to calculate the theoretical Hamiltonians with Eq. (1) in the main text for model 1-3, and the results are shown
in Supplementary Figures 7d-7f respectively. From Supplementary Figures 7d-7f it can be seen that most curves converge
to the ground state Hamiltonians denoted by the black dashed lines (Hyyin=-26, -62, -117 for model 1-3 respectively) in the
end, but their corresponding experimental Hamiltonians are distributed within a small range. To find out the reason, the
average value of K of each run of model 1-3 is calculated according to Heyp and Hieo of the actually sampled states
rather than the accepted states, and the results are shown in Supplementary Figures 7g-7i respectively. The variation of K
in each run is mainly resulted from the detection noise, which will be discussed in detail in Supplementary Note 6. Each
experimental Hamiltonian evolution curve is normalized with its own average value of K, and the results are shown in
Supplementary Figures 7j-71 and for model 1-3 respectively. Such results indicate that our OVMM system possesses
relatively high accuracy.

The second parameter is the fidelity f,.. of the output intensity vector, which is defined as

Zi(lexp)i(ltheo)i
\[Zi(lexp)iz Zi(ltheo)i2

frec = s foec € [0,1], (S30)

where Ieyp and Iy, denote the experimental and theoretical output intensity vectors, respectively. Such fidelity
represents the parallelism between the two vectors. In the main text, the vector fidelities of model 1-3 have been discussed
with the high average values 0f 0.99978+0. 00039, 0.99976+0.00044 and 0.99942+0.00131, respectively. Besides, the time
stability of the fidelity is also investigated. Supplementary Figure 8 shows the average fidelity of each run of model 1-3
respectively. It can be seen that there is no obvious deterioration of the average fidelities, indicating that our OVMM system

is quite stable.
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Supplementary Figure 7. Results of the ground state search of model 1-3. (a)-(c) The experimental Hamiltonian curves
of model 1-3 respectively, which are calculated according to Eq. (S7). (d)-(f) The theoretical Hamiltonian curves
corresponding to (a)-(c) respectively. (g)-(i) The average value of K of each run of model 1-3 respectively. The error bar

denotes the standard deviation. (j)-(1) The normalized experimental Hamiltonian curves of model 1-3 respectively.
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Supplementary Figure 8. The average fidelities of 100 runs of model 1-3. The inset shows the corresponding Ising

models.

Supplementary Note 6: The error analysis and the searching accuracy of the experimental Hamiltonians

Though high transformation fidelities have been achieved in the experiment, the measurement error of the
experimental Hamiltonians should be investigated further. According to the experimental results shown in Supplementary
Note 4 and 5, the systematic error has been well compensated by the calibration. Thus, we will mainly discuss the random

error of measuring Hamiltonians in this section. From Eq. (S7) we have

1
Hexpzz Z Ii_ z Ii ’ (831)

i,4;<0 i,A;>0

where Hey, is the experimental Hamiltonian, and ; is the measured intensity of each beam. The uncertainty of Hey, i

8% = Z (aH‘”‘p> 52 = Z 52 (S32)

i=1

where N is the number of detectors, as well as the optical beams. Here, we assume that the uncertainties introduced by
different detectors are independent. The PEIDIA is placed on an optical table with vibration isolators and covered by a
glass cabinet, while the temperature of the whole laboratory is kept constant. Besides, the camera has a forced air-cooling
system to maintain the operating temperature at 10°C. Thus, it is reasonable to neglect the convection and the drift noise
in the experiment, and the uncertainty of each I; is mainly introduced by the noise of the detector. For the employed
Hamamatsu C12741-03 camera, the noise of each pixel §;, mainly consists of 3 independent parts: the readout noise &,

(including the thermal noise and the quantization noise 8), the dark noise §y and the photon shot noise &p,:
8 = 62 + 65 + 67 (S33)

It should be mentioned that the photon shot noise &, of each pixel is equivalent to the square root of the signal. The noises

can be inferred from the parameters in the datasheet of the camera which are listed in Supplementary Table 1:
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Parameter Symbol Value Unit
Full well capacity Cuell 6105 electron
Number of bits of the analog-to-digital converter Bapc 14 bit
Dark current* (under cooling temperature 10°C) iq 60 fA
Exposure time of a frame At 16.7 ms
Maximum readout noise I 1000 electron

Supplementary Table 1. The parameters necessary for the noise evaluation. The dark current marked by star is referred

from Hamamatsu InGaAs camera G14671-0808W as it is not provided in the datasheet of C12741-03.

In the datasheet, the number of excited electrons per pixel per frame is employed to evaluate the readout noise. Thus, we
use the same unit to analysis other noises instead of the common unit of power. Using the parameters in Supplementary

Table 1, the noises can be evaluated and listed in Supplementary Table 2.

Noise type Symbol Expression Value (electron)
. . . Cwell 1
Quantization noise 8q SBapc 1 Nis 21
Dark noise 8q Jight/e 79
Maximum photon shot noise 0y [Covenr 774

Supplementary Table 2. The expressions and the corresponding values of different types of noise. e=1.6x10"1°C is the

elementary charge.

It is necessary to investigate the noise level of the ground state, which is our main concern. From the experimentally
measured ground state signals of model 1-3 shown in Supplementary Figure 9, it can be found that the signals most

concentrates on the last beams respectively.
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Supplementary Figure 9. Experimentally measured ground state signals of model 1-3. (a)-(c) correspond to model 1-3

respectively. The left insets denote the beam positions while the right insets show the ground state images, respectively.

The color bar denotes the signal intensity of each pixel in the images.

Thus, we can take a rough approximation of the output signal corresponding to the Ising ground state: the detected signals
ofbeam 1 to N-1 are 0 while the signal of beam N is the maximum value C,);. The corresponding experimental ground
state Hamiltonian is Hy=-3x10%lectrons according to Eq. (S31). Thus, the photon shot noises of beam 1 to N-1
8p,10p,, )0

’¥PN-1

N-1 are &, =6, = =8, _, =+62+08; = 1003clectrons, and that of beam N is &;, = /63 + 6§+ 62, =

1267electrons. It can be found that the major noise of the whole system is the readout noise of the detector. Then we obtain

are 0 while that of beam N is &p, = /Cywen =774¢lectrons. Therefore, the total noises of beam 1 to

the uncertainty of the experimental ground state Hamiltonian as
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1 1
Sy = > [(N - 167 + 62 ]% . (S34)

Eq. (S34) indicates that 8y is approximately proportional to vN. Moreover, now the signal-to-noise ratio (SNR) of the
experimental ground state Hamiltonians can be estimated as |H,/dy|, which are shown in Supplementary Table 3.

Dimensionality N Sy (electron) SNR=20log|H, /6| (dB)
20 (model 1 and 2) 2276 42.4
30 (model 3) 2774 40.7

Supplementary Table 3. The signal-to-noise ratios of the experimental ground state Hamiltonians. Hy=-3x10%¢lectrons.

Furthermore, to quantify the influence of the noise during the ground state search, it is reasonable to investigate the
“resolution” of the Hamiltonian, which evaluates the searching accuracy of the PEIDIA. An intuitional conclusion is that
the PEIDIA cannot distinguish two states if the difference of measured Hamiltonians is less than the noise level. In this
discussion, we use the ground state noise level &y to represent the noise level of other spin states as a reasonable
approximation. Then we define the resolution of the Hamiltonian by R = |8y/H,|. Besides, we can define the relative
Hamiltonian interval AH, of two states by the ratio of the difference of the theoretical Hamiltonians AH,e, to the
minimum theoretical Hamiltonian H,;, as AH. = |AHyeo/Hminl- For instance, in model 1-3 the interaction strength
|/ijI=1. Thus, when only one spin flips, the absolute value of the minimum Hamiltonian variation is 2. Then we obtain the

results shown in Supplementary Table 4:

Parameter Model 1 Model 2 Model 3

Minimum theoretical Hamiltonian H,;, -26 -62 -117
Minimum relative Hamiltonian interval AH, 7.69%1072 3.22x107? 1.71x102
Resolution of the Hamiltonian R 7.59x1073 7.591073 9.25x10°

Supplementary Table 4. The parameters for evaluating the searching accuracy in the experiment of model 1-3.

According to Supplementary Table 4, all AH, are larger than R in model 1-3, which indicates that the PEIDIA can well
distinguish two states with minimum Hamiltonian interval in model 1-3. Such result is consistent with the achieved high
ground state probability in our experiments. The above analysis indicates that the performance of ground state search
significantly depends on the Hamiltonian landscape of the given Ising model. The resolution of the Hamiltonian is relative
to the dimensionality with the approximation of R~+/N, which indicates the possible deterioration of the searching
accuracy in high-dimensional Ising problems. Another interesting conclusion is that although the SNR of He,, becomes
extremely low when Hgy,~0, the PEIDIA can still distinguish different spin states around Hey,~0 since the searching
accuracy is only determined by the resolution of the Hamiltonian.

In conclusion, the major noise of the whole system is the readout noise of the detector and the SNR of the ground
state Hamiltonian would decrease according to ~1/v/N with increasing dimensionality N, which would be one of the
challenges to expand the dimensionality of the PEIDIA.

Supplementary Note 7: Operation speed and energy consumption

The time cost per iteration tj, in optical domain depends on the propagation time of light ¢, the updating time of
the SLM1 t, and the detection time of the camera tq. The distance between the SLM1 and the camera is ~1.5m in the
experiment, hence in a single iteration, t,=5ns. Although the updating of the new SLM1 pattern only needs appending a
phase delay mask to the old one, it still requires matrix operations with dimensionality of 1920x 1080 (same as the SLM
resolution), which takes about t,=0.15s. Likewise, the transmission and processing of the image (resolution of 230x340)
take about t3=0.17s, while only intensities of N pixels at beam centers are needed. Hence the time cost in the optical

domain per iteration is t, = t, + ty + t4=0.32s. The time cost t. of the rest operations of an iteration in the electronic
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domain is much less than t, and is negligible. Thus, the total time cost per iteration is t;~0.32s. In each iteration, the
OVMM can perform F = 2N? + 2N floating-point operations (FLOPs)?, including 2N? multiplications of A¢ and
2N multiplications of the element-wise product of the output amplitude vector in the complex field. Take model 3 as an
example, for N=30, the operation speed of the OVMM is R = F /tjio, =5.81kFLOP/s.

In the experimental demonstration, the power of the input laser is about 2.59uW, 2.07uW and 6.01uW for model 1-3
respectively. The energy consumption mainly depends on the sensitivity of the camera in our current demonstration. With
the employed camera, the laser power of P)=6uW is able to achieve high enough signal-to-noise ratio in the experiment of
model 3, and the maximum power of the camera is F. =16W. Thus, the energy consumption is eff =
(P, + P)/R =2.75mJ/FLOP.
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Symbol Description
o/o; Ising spin vector/ith Ising spin
H Ising Hamiltonian
N Number of spins in an Ising model
V/]ij Ising adjacent interaction matrix/element of J
J. The symmetric component of J
| Anti-symmetric component of |
Q Normalized orthogonal eigenvector matrix of J
D Diagonal eigenvalue matrix of J
A ith eigenvalue of J
A A = +/DQ, the transformation matrix in the OVMM
E/E; Output complex amplitude vector /ith element of E
E, Constant amplitude term of the output field
®o Constant phase term of the output field
®; ith phase term relative to ¢,
VI Output intensity vector/ith output intensity
Superscript *(™ Certain parameter  in iteration n
a Cauchy scaling coefficient
T Annealing temperature
AH Hamiltonian variation of two adjacent iteration
f Fidelity of the output intensity vector
Liheo Ideal output intensity vector
w Radius of the Gaussian beam
Wo Radius of beam waist between SLM1 and SLM2
A Wavelength of beam
z Axial distance relative to beam waist
ZsiM Half of the distance between SLM1 and SLM?2
Wsim Minimum beam radius on SLM1 and SLM2
to/te Time cost on optical/electronic domain per iteration
ty Propagation time of light per iteration
tu Updating time of SLM1 per iteration
tq Detection time of camera per iteration
F FLOPs of OVMM per iteration
R Operation speed of OVMM
titer Total time cost per iteration
P Total energy consumption of the optical system
e Energy consumption per FLOP
(To) exp! (To) simu Initial annealing temperature in the experiment/simulation
Nstep/Mtemp Steps per temperature stage/Stages of temperature
n Annealing coefficient
K Normalization coefficient of the experimental Hamiltonian

Supplementary Table 5. Descriptions of the symbols in the main text.
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