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Supplementary Note 1: Likelihood functions for degree corrected
microcanonical subgraph configuration models

Here we briefly review the our derivation of the likelihood for the degree corrected subgraph
configuration models given in (1) which are closely related to the model by Karrer and Newman
(2). Karrer and Newman describe their model in terms of a generating process that generalizes
the stub matching process for the edge configuration model to include higher order atomic sub-
graphs. Given a set of atoms M and a corresponding atomic degree sequence d,, ; one attaches
to every vertex atomic stubs reflecting its atomic degrees. These atomic stubs can be thought
of as partial subgraphs such as half edges in the case of edges and corners in the case of trian-
gles. A configuration is then generated by matching these subgraph stubs corresponding to the
same atom m in appropriate combinations uniformly at random and connecting them to form
m-subgraphs until no stubs are left. Given an atomic degree sequence d,, ; the number of distinct
matchings is:
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where |0y, ;|n,,! is the number of arrangements of stubs of type m,i and the factor |O,, ;|!"" ac-
counts for the order of the stubs in a matching and [], d,,;(v)! accounts for the fact that stubs
attached to the same vertex are equivalent. Finally, n,,! accounts for the possible rearrange-
ments of the subgraphs. Given a set of stubs in certain cases it is possible to create more than
one m-subgraph that satisfies the constraints on orbits. For instance, there is only one possible
way a triangle can be formed on 3 vertices whereas there are 3 different ways a 4-cycle can be
formed on 4 vertices. Note that both of these only have one orbit. In this case the subgraph to
be formed is chosen uniformly at random. Given the orbit memberships of the vertices there
Um = I1;10; ml!/|Aut(m)| such distinct m-subgraphs that can be formed.
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While the process samples all possible matchings uniformly it also allows for stubs attached
to the same vertex to be matched together resulting in a subgraph that is a vertex contraction of
m. For instance, the vertex contraction of an edge creates a self loop and the vertex contraction of
a triangle creates two parallel edge with a self loop on one of its vertices. Moreover, the matching
process also allows multiple (parallel) copies of the same subgraph to be created. In other words



not all matchings correspond to a valid subgraph configuration in our definition. If one excludes
these cases by restarting the generating process whenever they occur every subgraph configura-
tion with atomic degree sequence d,, ; is formed with equal probability. In order to discount for
such cases we consider the probability that no stubs of the same vertex are matched together and
the probability that no parallel copies of the same subgraph are created during the generation
process. The probability that none of the stubs attached to a given vertex v having atomic degree
dp,i(v) are matched together is given by:
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Expanding the above expression using Stirling’s approximation and summing the resulting ex-
pression over all vertices we obtain the following overall correction factor:
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where (d,, ;) =Y ,d,,i(v)/N. Although the assumption of independence is not rigorous the de-
pendence in general is weak and the independence assumption is known to produce results that
are consistent with more rigorous analyses for sparse simple graphs that is when M consists of
only the single edge (3).

In order to account for the cases where more than one copy of a subgraph is generated we
consider the probability P (s) that at least 2 copies of a certain m-subgraph s being created during
the matching process. For an m-subgraph with orbits O,, ;(s) we have:
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Where we assume that d,,, ;(v) > 2 for all vertices of s, since P,(s) = 0 otherwise. The probability of

there being no multiple copies of s is simply 1 — P,(s). Assuming independence between all such
subgraphs one obtains the following correction factor:
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Where we assumed P;(s) < 1 so that log(1 — P,(s)) = —P,(s).
Finally, we obtain the overall expression for the log likelihood by considering —log(P(d,,;)) =
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This expression reduces to known expressions for entropy of microcanonical ensembles of graphs
with a given degree distribution (3; 4) for directed and undirected graphs when M contains only
the single edge atom.

(7)

The likelihood for coarse grained models

The likelihood of the coarse grained models can be obtained following the same procedure as in
the orbit degree model. The coarse grained model we use can be seen as the result of aggregating



the degree sequences of groups of orbits. In the simplest case where we aggregate two orbits 1y, i
and m;,, j we have :

d(v) =dy, (V) + d, j(V)- (8)
where m, might be the same as m;. Such ensembles can be obtained by treating the stubs of the
combined orbits as a single type during the generation process. In this case one has to replace the
two factors corresponding to these orbits in Eq. (2) by:
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The equivalent of P, (Eq.4) can be obtained by assuming that the orbit degree d,, ; follows a
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yields (d,, ;) = pm,i{d) and (di,i) = p;,i(d(d — 1)) + pp,i{d). Similarly the correction factor for
multiple subgraphs (Eq. (6)) can be obtained by replacing the factor corresponding to O,, ; by:
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The final expression for the entropy can be obtained by making the same substitutions for (1, j)
as well. In this case the analogue of Eq.2 can be obtained by considering a total number of
Y |m|n,, stubs which are matched into subsets according to np,:
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Orbit aggregation is commutative and generalizes to the case where multiple disjoint subsets of
orbits are aggregated at once.

m

Atomic degree model

First we consider the microcanonical ensemble where all the orbits corresponding to the same m
are aggregated:

d(0) =) dyi(v), (12)

for all m € M. Note that this is equivalent to removing the distinction between orbits of the
same atom. Applying the corresponding transformations derived above we obtain the following
expression for the entropy:
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where we used the fact that ) ;|O,, ;| = |m|. Note that this is the same expression one would obtain
if all atoms had a single orbit.
Total degree model

In the total degree model only the total number of atoms attached to each vertex is conserved
which corresponds to aggregating atomic degrees of all orbits into a single degree distribution:
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Using the transformations derived previously the entropy can be found to be:
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This model has only a single degree sequence as its parameter and hence the expression above
and Eq. (7), Eq. (13) all become equivalent when the model has a single atom with one orbit.

Directed degree model

In the case of the directed degree model we group orbits according to their in and out degrees in
to three different groups i.e orbits with only incoming edges d;,,(v) = Z’mrildout(om,i):() dy,,i(v), only
out going edges d,,;(v) = Zm,ildm(om,i)=0 d,,i(v) and those which have both in and out going edges
dio(v) = Zm,ildam(Om,i)va,dm(Om,i#O d,,,i(v). For each m we group its orbits in the same way and these
groups as Oy, iy, O oyt and Oy, j,, respectively. For each of these groups we denote the total we

consider the number of vertices in each type of orbit which we denote as |Oyix| = Y oco,,,, 10l
[Om,outl = Xoeo,,,,, IOl and Oy iol = L oco,,,, 10l respectively. Following the same procedure as
for the other coarse grained ensembles we obtain the following expression for the entropy:
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Supplementary note 2: Details of priors

Priors on atoms

The identification of a suitable set of atoms is one of the the most challenging aspect of inferring
subgraph configurations. In order to allow for the detection of atoms ideally the set of potential
motifs should be kept as general as possible. In practice though one is faced with several problems
related to the fact hat the number of motifs increases super-exponentially with size of the motifs
and the computational complexity of finding subgraphs. Therefore, in most practical settings one
is forced to restrict the size of atoms included in the analysis resulting in finite sets of candidate
motifs. We initially consider the case where the set of possible motifs is finite but later also discuss
the case where the set of candidate motifs is infinite.

Finite sets of motifs
We first consider the the setting where the possible patterns in M are restricted to a finite set M,

which call the set of candidate patterns.

Uniform prior The simplest prior one can consider in the case of a finite set of candidate
patterns is to assume that all non-empty subsets of M are equally likely resulting in a prior
P(M) = (2MI 1)1,

Hyper-prior Under the uniform prior the expected number of patterns in M is |M|/2 which is
quite unrealistic for large sets of candidate motifs that can easily exceed the size of the network.



Alternatively, one could assume a uniform prior that is conditioned on the number of patterns in
M, together with a uniform prior on such sets. Resulting in a prior of the form:

Ml
ron =pia 1)
where P(|[M]) is a prior on the size of M. One typical choice is P(|M]) o< 1/|M].

On the other hand, both the uniform prior and the hyper-prior assign equal probability to all
patterns in a given candidate set. However, intuitively it could be argued that simple patterns
should be considered more likely to appear in a network than complex ones. For instance it
would be highly surprising if a certain network could be modelled by a set of patterns that does
not include the single edge motif.

Independent prior Given an finite set of candidates we assume that motifs occur independently
with probabilities p,, € (0,1). Where p,, is chosen such as to reflect the complexity of m. Resulting

in a prior of the form:
PM)= [ [ pwx | [(1=pm). (17)
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We discuss the problem of assigning probabilities to atoms in the context of infinite sets of
candidate motifs.

Infinite sets

Ideally one would like to have a prior that allows arbitrary patterns to be learned from the data.
In this context assuming that patterns are drawn from an infinite set of potential patterns proves
to be a useful guide in formulating priors that favours simpler patterns over more complex ones.
Moreover, in the infinite case the assumption that all patterns are equiprobable results in ill
defined priors.

Infinite sets of candidate motifs and universal priors In the case of infinite motif sets we
assume a prior of the form given by Eq.17. In the case of infinite candidate sets we require that
Y memPm = @ < oo in order to ensure that the prior is proper. This conditions also insures that the
expected number of motifs in M is finite. We write the prior in the following, more convenient,
form:
P(M) =Z x Pm_ (18)
meM 1 ~Pm

where Z =[1],,epm(1 —py) and Z is finite and non-zero as a result of } .\ py = a < c0.

Without loss of generality we assume that the elements of M are ordered according to p,, (i.e.
Pm+1 < Pw)- In the case of infinite sets the uniform prior is not well defined and hence we follow
the approach of Rissanen (5) and require that our prior has infinite entropy i.e we require:

me =a <o, (19)
H(Py) =) h(py) = oo, (20)

where h(p,,) = —-pmlog(pm) — (1 —pm)log(l — p,,) is the binary entropy. The last condition is anal-
ogous to the prior being non-informative. Making use of the expansion h(p) = —p log(g) +0(p?)
the last condition becomes equivalent to H(p,,) = 2_,,, —pm10g(p,) = oo. Putting aside the normal-
ization condition of Eq.19 this reduces to the definition of Rissanen (5) of a universal prior for
integers. The above equations have no unique solution but such priors can be shown to agree with
respect to their leading order term. Consequently, one way of constructing a prior that satisfies
the above conditions is to order motifs (i.e. map them on to integers) in a way that reflects our
prior knowledge regarding the likelihoods of motifs and set p,, to be equal to the probability of
the integer index n(m) of m under a universal prior for the integers for instance p,, = 2~ log™(n(m))+c

Having defined a prior with the desired properties one is left with the task of ordering mo-
tifs. We first define one such possible ordering for the most general case where one considers
the space of all (connected) motifs. Such an order automatically induces an ordering on more
restricted subsets of motifs such as cliques, stars, cycles etc. For this we consider an ordering



in which motifs are initially ordered according to the number of nodes and then the number of
edges. Motifs having the same number of nodes and edges can then ordered on the basis of their
adjacency matrices. For instance given a motif m one can consider the all adjacency matrices
representing labelled graphs in the isomorphism class m and order these lexicographically by
concatenating the rows of the adjacency matrix. Finally, one than chooses the adjacency matrix
with lowest lexicographical rank as the representation of m. Motifs having the same number of
nodes and edges are then ranked lexicographically according to these representations. Note that
this ordering is well defined and is independent of the initial adjacency matrix chosen to repre-
sent m. Here, we should however note that mapping an arbitrary labelled graph to its integer
index under this (or any other) ordering is bound to be computationally challenging because it
implicitly requires solving the graph isomorphism problem. On the other hand, if the set of mo-
tifs consists of special classes motifs such as cliques, bi-cliques, cycles, stars etc. ordering these
becomes straightforward.

Another more practical ordering can be obtained by considering a computer program that
sequentially generates all motifs in the class under consideration (such as the nauty package)
sequentially and equate the ordering of motifs to the order they are generated by the given com-
puter program. In our implementation we generate candidate motifs using the nauty tool-box
where motifs are generated/ordered according to the number vertices, number of edges and
canonical labelling (6). The code for generating/labelling motifs is included in the software pack-
age that accompanies the paper.

The priors for infinite sets of motifs also offer a principled and convenient way of constructing
priors for finite sets of candidate motifs. The only difference being in the normalization constant
Z in Eq.18.

Choosing candidate motifs When the goal of the inference is to identify characteristics connec-
tivity patterns the set of candidate motifs should ideally be kept as general as possible. However,
in practice the fact that the number of potential motifs grows super exponentially with size and
the problem of finding such subgraphs in the network pose computational challenges. Conse-
quently, in practice the set of candidate motifs is dictated by computational resources. In general
algorithms that involve finding subgraphs for a given set of candidates can only be feasibly ap-
plied to motifs with up to 8 nodes in the case undirected networks and to motifs with up to
5 nodes in the case of directed networks assuming G is relatively sparse and has less than 10*
nodes.

On the other hand, prior knowledge on the structure of the network might lead one to consider
motif sub-classes that are known to be relevant to the structure of the network for instance cliques
in the case of collaboration networks or directed bipartite cliques in the case of chemical reaction
networks. In such cases all instances it might be possible to enumerate all candidate subgraphs
efficiently regardless of size.

Supplementary note 3: Implementation details

In the following we present a detailed description of the inference algorithm.

Due to the NP-completeness of finding a MAP configuration we rely on a greedy heuristic
that is inspired by the greedy heuristic for set covering problems (7). Starting from an empty
configuration Cy, at each step the algorithm identifies the atom whose copies are most effective
in covering edges not yet in the configuration where the effectiveness of a set of m subgraphs
C,, is measured in terms of the description length per edge. The effectiveness of atom m in
covering edges at iteration ¢ of the algorithm is determined by finding a set of m-subgraphs C,,

that minimizes:
AY(Cyy)

Om,t = |(E(G)—E(Ct)) N E(Cm)|:

where E(C;) is the set of edges covered by the configuration C, at iteration ¢, E(C,,) is the set
of edges contained in the subgraphs in C,, and AX,(C) is the change in ¥ when C,, is added to
the current state i.e. X(C; UC,,) — X(C;). Finding such a set of m-subgraphs that minimizes o is
in itself a non-trivial problem which we approximate using a heuristic that seeks to identify a
maximum set of edge independent m-subgraphs on the graph G; with edges E; = E(G) — E(C;).
For this, the algorithm iteratively finds an m-subgraph in G; adds it to C,, and removes the edges

(21)




of the found subgraph from G; until G; contains no more copies of m. To maximize the number
of non-intersecting m-subgraphs found, we order vertices according to their degree which gives
subgraphs on lower degree vertices priority.

Once the algorithm finds an optimal C,, for all m € M we check whether C; + C,, has lower DL
than C;. Here the DL of an incomplete configuration C is calculated by completing it through the
addition of single edge subgraphs that correspond to the edges of G that are not contained in any
of the subgraphs in C;. This is done because the cost function under consideration is nonlinear
and in general adding a certain C,, to the configuration C; lowers the efficiency of other atoms
in the next step which in certain cases can lead to sub-optimal solutions. In addition, we also
require that C,, contains at least 2 copies of m. After these checks the algorithm selects the C,,
that minimizes o0,,; which is then added to C; to obtain C;;; = C; U C,,. This procedure is then
repeated until all edges of G are covered (i.e. when (s, E(s) = E(G)) which in general occurs
when the most effective atom is the single edge.

Supplementary note 4: Synthetic data sets

Generation of subgraph configuration

Although the stub matching process described in the main text can be used to generate random
subgraph configurations with a given set of atom and degree sequence, in practice the procedure
might be rather inefficient due to the creation of parallel subgraphs and the stubs of the same
vertex being matched together. However, if one is given a subgraph configuration C that already
satisfies a set of desired constraints a randomized configuration can be obtained by randomly
rewiring/shuffling the subgraphs in C in a way that preserves the desired constraints on atomic
degrees, similar to what one would do in randomizing a graph while keeping its degree sequence
fixed.

In the case of subgraph configurations the swapping procedure is defined in terms of orbits of
subgraphs. In general given two subgraphs s; and s, which are defined in terms of embeddings
of the respective (labelled) motif m i.e. s1; = {vy;} and s,; = {v,;}, respectively, where vy ; is
the image of the i vertex of m in its embedding. A corner swap corresponding to orbit O, ,
swaps s and s, ; where both k and [ are in € O, resulting in two new m- subgraphs s1 and
52 with embeddings 51 =5y, for i # k and 51k = sp; and 511 =sy; fori =1 and 521 =51 It
is straightforward to show that this swapping operation conserves the orbit degree sequence of
the configuration provided that the operation does not create any vertex contracted or parallel
subgraphs.

The defined swapping procedure includes operations that leave the configuration unchanged.
For instance a swapping operation can match a certain subgraph on to itself if s; = s,. Similarly,
if 51 ; and s, ; happen to be the same vertex of G the swapping operation would leave the both of
the subgraphs unchanged. In general we will assume that such moves are not allowed. Similarly
we do not allow moves that would more that one corner of a subgraph to the same vertex which
would result in a vertex contraction of the subgraph. Note that however the allowed moves do
not exclude the possibility that s; = s, which allows for different configurations of m to be formed
on a given set of vertices for instance the various configurations a 4-cycle can have on 4 vertices.

The swapping operation can be generalized to other model variants by allowing the mixing of
orbits that correspond to the same component of the atomic degree sequence under consideration.
For instance, in the total degree model where the orbits of all atoms are aggregated together any
pair of corners can be swapped regardless of the type of subgraph they are part of.

Finally, the randomization proceeds by picking pairs of compatible corners uniformly at ran-
dom and then swapping them - if such a move is allowed. Repeating this procedure for all com-
ponents sufficiently many times is then expected to yield a random configuration that satisfies
the desired constraints.

Generation of atomic degree sequences

We generate atomic degree sequences using the following procedure. We generate propensities of
nodes to attract each orbit O,, ; for a given component by sampling a distribution y independently
N times resulting in a sequence of degree strengths p,, ;(v) for each orbit. Given the counts of
atoms n,, we obtain a degree sequence d,,; by sampling the distribution over [1,N] where the



probability of choosing a vertex v is given by p, = p(v)/ Zﬁ\il (), |0y, iln,, times, independently.
Degrees sequences corresponding to other model variants can also generated following the same
procedure.

The synthetic data sets we consider were generated by first generating a subgraph configu-
ration via stub matching while allowing parallel and vertex contracted subgraphs. This config-
uration is the shuffled via corner swapping which will in general removes parallel and vertex
contracted subgraphs. The number of swapping steps was chosen to be 50 times the total degree
of each component. For instance in the case of the orbit degree model each component d,,; has
total degree |O,, ;|n,,,. The code for generating and shuffling subgraph configurations is provided
as part of our implementation.

Empirical results for synthetic networks with higher order interactions

Results for synthetic networks are given in Table 1. The accuracy of the method in identifying
the underlying subgraph configurations varies slightly depending on the difficulty of the infer-
ence problem and in two of the examples the method identifies extra atoms not present in the
generative model though the extra subgraphs correspond to a very small fraction of the graph.
In general the discrepancy between theoretical and inferred subgraph configurations can be at-
tributed to the algorithm not finding the optimal configuration as can be confirmed by comparing
the description lengths of the inferred and ground truth configurations.

Synthetic benchmarks also illustrate the importance of model selection in inferring subgraph
configurations. For instance we find that using homogeneous models to fit degree corrected mod-
els with a highly skewed degree distribution can result in the identification of spurious atoms.
Similar results hold for networks with heterogeneous degree distributions that were generated
using model that only contain edges (See Sec.). Note that in all considered cases the model se-
lection identifies the correct model class and recovers the underlying subgraph configuration to
a high degree of accuracy.

N=2.000 E=4.500 Orbit Degree Model

Atoms \ I>
1,, (Model) | 1500 1000
n,, (Infered) 1506 998
N=2,000 E=5,100 Total Degree Model
e | N BN <R 5| %
n,; (Model) 500 100 100 100 100 100 100
n,, (Infered) 561 101 102 92 93 95 97 8 3
N=2.000 E=3.000 Orbit Degree Model
D < .é} gn | &
L ¢
Atom ® ./ .ij \Z \@ *
n,, (Model) 500 100 100 100 100 25
1, (Infered) 500 100 100 100 100 25
N=1.000 E=3.600 Total Degree Model
MBI
Atom *. \. %./ .{A .\4 \‘
n,, (Model) 500 100 100 100 100 25 0
n,, (Infered) 512 100 98 98 100 25 6

Supplementary Table 1: Atoms and their respective counts found the inferred subgraph config-
urations. Counts corresponding to generated subgraph configurations and the inferred are given
in the n,,(Model) and n,,(Inferred) rows respectively.For the degree distributions of synthetic
networks a Zipf distribution with exponent 3 was used.



BA model (k=4), N=1.000, E=3.990

Atom \. ".///‘ .f/g: /)9>' .#.

n, | 3358 9 29 22 15 2
Configuration Model, N=1.000, E=3.990

Atom \o i‘/: ;:‘ /:/.\:/. ../\.\‘/ <‘j.j. Q/\ <E /\./

Ny 2402 135 34 48 19 18 15 11 4
Price Model (k=4), N=1.000, E=3.990

N DI D S| o |4

<« o < .
My, 2424 9 46 58 85 32 9 6
Directed CM, N=1.000, E=3.990

P f N N *—
\ .g]L/\»,‘o o~ :,: :;\x. .Q*j:\. <\}.\ /’*i. .\‘ ik \.&/:\—;.

Ny 3344 4 24 23 12 16 10 8 6

Supplementary Table 2: Details of subgraph configurations inferred using the non-degree-
corrected/homogeneous models for networks generated using the BA model and the Price model
for k=4 and their configuration model counterparts. Note that the when based on the degree-
corrected models the method identifies correctly identifies the configuration consisting of edges
only which also has shorter DL.

Synthetic networks without higher order interactions

We also tested the method on synthetic networks generated from the preferential attachment
model by Barabasi and Albert(8) and it’s directed variant aka the Price model as well as the edge
configuration model and Erdds-Rényi (ER)(9) random graphs.

We consider ER graphs with 1000 vertices and average degrees of 2,5 and 10. For ER graphs
the configuration consisting of all edges is selected for all model variants and the homogeneous
model is favoured by model selection.

Next we considered realizations of the BA and Price models N = 1000 vertices with k = 4. We
also consider configuration models corresponding to the same degree sequence as the preferential
attachment networks which we obtained by shuffling edges. In the case of these networks which
have power law type degree distributions we find that using the non degree corrected models
for inference leads to the identification of spurious atomic subgraphs. Nevertheless when model
selection is taken into account the method clearly identifies the configuration consisting only of
edges the corresponds to the degree corrected model as the better solution highlighting the im-
portance of using degree corrected models when performing inference on networks with highly
heterogeneous degree distributions. The atoms identified by the non degree corrected / homo-
geneous models in networks generated by the BA and configuration models are given in Table
2.

Supplementary note 5: Additional results for empirical networks

Network science collaboration network

Fig. 1 shows the network science collaboration network including its disconnected components.

C.elegans neural networks
C.elegans Synaptic network (male)

To complement the results presented for th network of synaptic connections in the adult hermaphrodite
worms C. elegans we here present the analogous analysis of the network on the male adult of
C.elegans. This network has 575 nodes and 5,246 directed edges. The MAP configuration of the



Supplementary Figure 1: The network science collaboration network including all disconnected
component. Edge colors indicate the type of atom edges are covered by in the MAP configuration.
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network 31 nontrivial atoms that cover approximately 75% of edges. Similar to hermaphrodite
network we find that the MAP configuration contains a large number of bi-fan motifs (Atom 4 and
5 in Table 3) and multiple motifs that correspond to various combinations of feed—forward-loops
(Atoms 1,8,11,12 and 15 in Table 3). As well as atoms resulting from symmetric combinations
of the triangular connection pattern (A «— B, C —» A, C — B) i.e. atoms 10, 13, 21,23 and 28
in Table 3. Finally, we also observe atoms containing chains and cycles of bidirectional edges
such as the atoms 3,16,24,25 and 26 in Table 3 and as well as dense motifs of bidirectional edges
including directed cliques (Atoms 29,30 and 31 in Table 3).

L o . ° . . /o /\.
AR ARCAP A LS,
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My, 1307 16 6 6 118 17 11 12
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Id 16 17 18 19 20 21 22 23

Ny 10 4 4 14 16 13 3 17
W4 & % W R AE

<

m T % ./;ZH—/. \. ~@ [ ==

Id 24 25 26 27 28 29 30 31

Ny 16 6 7 8 9 9 7 6

Supplementary Table 3: Atoms found in the MAP configurations of the network of synaptic con-
nections of the male C.elegans together with their respective counts (r,,).

Gap junction networks

e A <RI o 1 |4L | =
Id| 1 2 3 4 5 6 7 8
| 20 9 2 8 5 8 4 5
N BT S || S
Id| 9 10 11 12 13 14 15 16
Ny | 5 4 7 5 2 5 3 3

Supplementary Table 4: Atoms found in the MAP configurations of the gap juction network of the
hermaphrodite C.elegans together with their respective counts in the MAP configuration (n,,).

For the gap junction networks we obtain quantitatively similar results for both sexes. The
atoms in the MAP configurations of both networks (see Table and ) cover about 65% of edges
in both networks. The atoms in the MAP configurations consist mainly of triangles and 4 cy-
cles and regular combinations of these as well as cliques of various sizes. In addition, the MAP
configurations also contain several large, sparse and irregular patterns.
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Supplementary Table 5: Atoms in the subgraph MAP-configuration of the gap juction network of
the male C.elegans and their respective frequencies (1,,).

C.elegans neuronal network(1986)

Thi version of the neural network of C.elegans contains 297 neurons and 2359 edges representing
synaptic connections (10). We find that the MAP configuration of the C. elegans network contains
12 non-trivial patterns which cover approximately 40% of the edges. In the C.elegans neural
network we recover atoms (Table ) that consists of combinations of the feed-forward-loop and
variants of the FFL motif where one of the edges is bidirectional. In addition we also observe
motifs that contain long chains of bidirectional edges.
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Supplementary Table 6: Atoms in the subgraph MAP-configuration for the C.Elegans neural net-
work and their respective frequencies (n,,).

Metabolic networks

We finally consider a collection of 43 metabolic networks from (11). We find that the MAP con-
figurations of metabolic networks contain a total of 27 different non-trivial atoms. Moreover,
more than 70% of the edges in all networks are covered by non trivial patterns in their respective
MAP-configurations.

In order to quantify the relative significance of atoms found in the inferred configurations we
use the normalized c-score (12). The c-score is defined on the basis of the increase in > when the
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Supplementary Figure 2: The significance profiles of 43 metabolic networks. The corresponding
motifs can be found in Table 7

m-subgraphs in the inferred configuration Cy are replaced by single edges i.e.:

Cm :E(Cme)_z(CZ) (22)
The normalized c-score é,, is then defined as ¢,, = ——.
" " \{Zm’ C,zn'

The a plot of the normalized c-scores for the 43 metabolic networks is given in Fig. 2. We find
that the significance profiles of the metabolic networks to be in remarkable agreement consider-
ing that the size of the set of potential motifs included in the analysis is 9,578 i.e. directed motifs
of up to size 5.

Protein-Protein interactions in yeast

For the PPI network of yeast we obtain a MAP configuration with 44 non trivial atoms that cover
approximately 90% of the edges. The MAP configuration is dominated by atoms in the form
cliques and complete bipartite motifs and, other regular atoms with up to three orbits. We also
observe several larger sparse atoms that are less regular but occur with lower frequencies.

Gene regulatory network

Next we consider the gene interaction network between recombinant antigen genes from the
malaria parasite P. falciparum in a highly variable region in the DBLa domain of the var protein
(13). Nodes are genes, and edges indicate that two genes share a substring of statistically sig-
nificant length. The MAP configuration of the malaria network contains 25 nontrivial patterns
that cover more than 90% of the edges. Besides a large number of cliques the MAP configuration
consists mostly of highly regular subgraphs with up two to four orbits.
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Supplementary Table 7: The atoms found in 43 metabolic networks. IDs correspond to the x-axis

of the plot in figure 2.
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Supplementary Table 8: The atoms found in MAP configuration of the PPI network of yeast
together with their respective counts.

Budapest reference connectome

Finally, we consider the undirected reference connectome of the human brain that is the derived
from MRI scans of 477 people (14). The MAP configuration of the undirected connectome con-
tains 37 nontrivial atoms that cover approximately 85% of the edges. The MAP configuration
contains many large cliques along with densely connected atoms that have up to four orbits. Sim-
ilar to the gap junction networks we also find 4 cycles and triangles and atoms that consist of
regular combinations of these. The MAP configuration also contains large, sparse and irregular
atoms which however occur in smaller numbers.

Directed connectome

A plot MAP configuration of the directed connectome analysed in the main paper is given in
Figure 3.
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Supplementary Table 9: The atoms found in a genetic network of the malaria parasite along with

their respective counts (#,,) in the MAP configuration.
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Supplementary Table 10: Atoms found in the MAP configurations of the Budapest reference
connectome of the human brain together with their respective counts in the MAP configuration
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