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1 Supplementary Note 1:
Spin-spin Correlations

For a pair of atoms a and b, we define the
instantaneous spin-spin correlation function as
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where P a and P b are projectors onto the orbital
subspaces of atom a and b, the indices i, j, k, l are
orbital labels, and γσij and Γστ

ijkl are spinned one-
and two-body reduced density matrices (RDMs),
respectively.

During the evaluation of the local energy, the
spin-free one- and two-body RDMs, γij and Γijkl,
are computed, so that it pays off to express the
previous equation in terms of these quantities.
This can be done using the following identities [1,
2]:
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Then, Eq. 1 can be written as
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Since the 6× 6 hydrogen lattice results of the
main text are obtained in a minimal basis of local-
ized orthogonal orbitals, P a projects exactly onto
one local orbital used in the sampling basis of the
VMC and can thus be written as

P a
ij =

{
1 if i = a and j = a,

0 otherwise.
(6)

For a given a variational state |ψ⟩, the one- and
two-body RDMs are estimated via Monte Carlo
estimation of local operators
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Evaluating these local operators involves finding
all the connected Fock configurations n′ for a
given n sampled from |ψ⟩ according to the corre-
sponding Born distribution |ψ(n)|2. In the case of
the one-body RDM, connected configurations are
obtained by moving one electron from orbital j to
orbital i, while for the two-body RDM, they are
obtained by a two-electron move. The Fermionic
commutation relations then imply that a sign is
picked up for every electron that is passed dur-
ing the move, within the pre-established orbital
ordering. This can be accounted for by computing
a parity factor Pnn′ for each pair of configurations
n and n′.
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