Supplementary Information: Typical thermalization of low-entanglement states
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I. SUPPLEMENTARY NOTE 1: EQUIVALENCE OF ENSEMBLES

The main purpose of this section is to prove Theorem 1 of the main text in a more general version. For what follows, we will
need two auxiliary lemmas, both stated and proven in Ref. [1], the final result will follow from a similar argument to the one
used to prove equivalence of statistical mechanics ensembles in the same work. The first one states that a state close in relative
entropy to some other state with exponential decay of correlations will also be locally indistinguishable from that state.

Lemma 1 ([1], Proposition 2). Let p be a state with correlation length & and let T be a state. Let C; be the set of hypercubes in
A with edge length I, if for e > 0

1

p+1 26In(d)IP +14+2 b N DFT
S(rllp) + 3+ eP+2 ) +eP+2 log(N) < e In(4)Dgb ()
then
D41
Dy(7,p) < T\ eDF2. (2

This theorem has important consequences. In less formal terms, it implies that bounding the relative entropy between the two
states bounds their local distinguishability, assuming some bounds on € and the local regions:

Corollary 1 (Local indistinguishability from relative entropy closeness). Let p be a state with correlation length € and let T be
a state. Suppose that for some €, we have

S(rllp) < eNTF. 3)
Let
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we have

Dy(r,p) < T\ EP5. (7)

The second lemma is a variant of the Berry-Esseen theorem for quantum lattice systems. We denote with {|v)}, and {E, },
the eigenstates and corresponding eigenvalues of a local Hamiltonian H. If a state p is uncorrelated, the energy probability
distribution (v|p|v) behaves like a sum of independent random variables, and converges to a normal distribution with the system
size. The Berry-Esseen theorem for quantum lattice systems gives system-size dependent bounds on the speed of convergence
of the distribution.
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Definition 1 (Berry-Esseen error). Let p be a state and H a local Hamiltonian, define i := tr (pH) and 0% = tr (p(H — ,u)g)
and let the functions F and G be defined as

_(w=m)?

Fz)= Y (vlolv),  G(a) BT (8)

v:E, <z

1 / ¥
= — e
V2mo? J_
then the Berry-Esseen error is the supremum of the difference of these two cumulative distribution functions
Cn(p, H) = sup [F(z) = G(w)]. ©)
e

e~ BH

Lemma 2 ([1], Lemma 8). Suppose gs(H) = 75y has exponential decay of correlations, let o? = tr(gp(H)H?) —
tr (gs(H)H)? and assume o> > Q(N). Then

Clgs (1), H) < B 277

g

(10)

where R is a constant depending on the correlation length, the locality of the Hamiltonian, and the dimension of the lattice.

A tighter bound, without the logarithmic factor, holds for Gibbs states at sufficiently high temperature [2]. Throughout the
document, we define (y := (v (gs(H), H). We are now ready to prove the following statement. This is a more general version
of the main theorem of [1] for the case of the GmE and the proof follows from appropriately adapting the argument in that work.

Theorem 1 (Thermality condition). Let H be a local Hamiltonian and let

1 —1 1 —1
oNDF > ¢ > max { log [ — ,e1+\/51nN2D}ND+1,
6v2r -°s { g<<N> W
N v
2 x €

for some CNN > (n such that oéN < RIn(N)?P. Let T be a state supported only on eigenstates with energy in I = [E+A, E—A]
for some energy E. Divide the interval I into subintervals [ey, exy1) and suppose Oy, = |ep11 — ex| satisfies

A

85 :=3V2rm o3 ( ‘(’k)+2)20'<~N <op <o (12)

where we have defined

lex —E|  ifE < ey,
A(k‘) = \ek_H — E‘ if £ > €41, (13)
0 if £ € [ek,€k+1].

Call the projector onto the eigenstates contained in the k-th window 11. If for each k

S(r)> Z tr (g7) log (tr (Ig)) — eN D (14)
k
then for any l such that
p 14 w(N) |
R ((5111(4))&11 ) 2% +3 \ePm@p) (1
we have
1 D+1
2 D+2
Dilp.g5()) <7 (4 e 1)> B (16
(§1n(4)) D3

forany 3 such that |E — tr (Hgg(H)) | < o and gg(H) has exponential decay of correlations.
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Supplementary Figure S1. A sketch of the interval A and the sub-intervals d appearing in Theorem 1.

Proof. We would like to apply Lemma 1. We then need to bound the relative entropy S(7||gg(H)). We begin by writing, by
definition of relative entropy (here log denotes the logarithm in base 2),

S(rllgs(H)) = =5(r) + Blog(e)tr (HT) + log(Z(5))- (17)

In a next step, we have

tr(Hr) =Y tr (I HIT) < Y tr(7h) exsn, (18)
k k

where we have defined 7, := II;,7II; and have used that 1T, HII; < er;. We can then conclude that

S(rllgs(H)) < =S(7) + ) _ tr (1) (log(e)Ber+1 + log(Z(B))). (19)
k

We define

ZyB) = Y e PP (20)

E,€lar,er41]

for some ay > e;, to be defined later. Then we write for each k,

4
2(6) = 7 4(6) e
At this point, notice that
ZiB) = Y, e PP <dpePu, (22)

E,€lak,er+1]

where we have defined dj, := tr (IT). We then have

S(rllgs(H)) < =S(1) + Ztr (1) log (di) + Ztr (71) log (%) + Blog(e) Ztr (1) Ok, (23)
k k 3

with 8 := ep41 — ar. We now need to show that Z(3)/Z,(3) is not too large for an appropriate choice of intervals. To this
end, we write

20 - S yigsta). 24)

E,€lak,ert1]

We proceed by using that the energy distribution of a thermal state is close to a Gaussian (Lemma 2). Define the functions F'
and G as

(e—Eg)?

F(z):= Z (vlgs(H)|v), G(z) = \/% /_T dre ~2° (25)

E, <z

with Eg := tr (Hgg(H)). Then

Zk(B) _
Zk(ﬁ) = Flept1) = Flar) > Gleny1) — Glax) — 2sup|F(z) — G(2)] 26)

> G(exs1) — Glag) — 2(n.
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Recall that we wish to lower bound Z(3)/Z(3). If 0y, is too small, G(ej41) — G(az) will also be small and the lower bound
in the above equation will be negative, hence we need to pick Ok large enough such that G(eks1) — Glag) > 3y for some
(n > Cy such that oCy < RIn(N)2P, which will yield Z;(3)/Z(8) > Cy. The reason why we introduce Cy is that if ¢y
itself is too small, the lower bound Zx(3)/Z(3) > (n might be too loose later. We have

; . SR T S | (z — Ep)” 27
() = Gl = 75 / TS e <xe£i?‘3i+ﬂ202)' ()

Hence, in order for G(eg+1) — G(ag) > 35N we need to pick ay such that

_ 2
Sk > 3\/%051\/ exp ( max (xEﬁ)> . (28)

z€[ak,ert1] 202

We have

o= Bsl _ o= Bl +1E-Fal _ (2 A(k)) ,
V2o NT SN 29

where we have used that by assumption |E — Ejg| < ¢ and that since © € [ag, ;4+1] we have

|z — E| < A(k) + 6, < A(k) + o, (30)
where we have imposed J;, < 0. We set
2
) = 07 := 3210y exp <; (A(k) + 2> ) . (31)
o

We have G(eg+1) —G(ag) > 3, and naturally, since 05, < 8, in order to be able to choose &, = §%, we need &), > d;. Hence,
if

b <ok <o, (32)
we have
Z 1
(8) < = (33)
Ze(B) T (N
We need to ensure that the ranges for dj, exist. Notice that since by definition A(k) < A
A(k) eN D eN D
—42< | In| =——+ 2< 2ln | =———= 34
s 125 n(Rln(N)QD) tes n(Rln(N)2D>’ (34)
where we for the last inequality we have used
TV In(N )22 N BT (35)

Hence,

O'C:N <

1 L
< 3VameN T TN < 2
Ok < 3V MNP TNyep < 27

(36)

where we have used the assumed upper bound on e. Hence, if for some k we have A(k) + 0, > A, that is, the lower bound on
the next interval requires to leave I, we can simply redefine d;_ to extend all the way to the edge of I. We can now go back to
equation Eq. (23) and we have

S(rllgs(H)) < —S(r +Ztr 7) log(di) + Blog(e)3v2ralneN PFT + log <C1 ) (37)
N



Furthermore, we use
¢ > log () NDF (38)

which ensures that log (1 / 5 N) <eN DF , hence overall,

S(rllgs(H)) < —S(r) + Y tr (m) log(dy,) + (5 log(e)3v2maly + 1) eNDHI. (39)
k

If we impose

>t () log(di) — S(r) < eN 7T, (40)
k

we have that
S(7|lgs(H)) < (Blog(e)3v2raCy + 2)eN DT < (Blog(e)3v/2r + 2)eN 1, (41)
where we have used oy < RIn(N)?P. The result then follows from Corollary 1. O

Theorem 1 and its approximate version (Eq. (11) in the main text) follow from the following more general statement.

Theorem 2 (Ensemble equivalence). Let H be a local Hamiltonian and B be an inverse temperature for which the Gibbs state
gs(H) has exponential decay of correlations and standard deviation o > Q(vV'N). Suppose o(nx < RIn(N)?*P N=* for
R,k > 0 constant. Let w denote an approximate GmE state with A, 0, n satisfying

A?/o? N’l’;ﬁ

= RIn(N)2D’
3V2rNDF R < 5 < o,
n < N

(42)

with o € [0, 1), such that |E — Eg| < o. Then for any side length | such that I° < C, NDr-ne, the following holds
Dj(w,gs(H)) < CoN~72% +2(1 — pa), (43)
with C1, Cy being system-size independent constants, and ~y1,~y2 only depend on the dimension of the lattice D.
Proof. Choose
¢:= N~ D1 (44)

with a < 1 constant and set ( := RIn(N)>? N~ /o > (x. Then we have

NlD;ﬁ ENﬁ
< —_— | = _ .
A<o,|ln (Rln(N)2D> o,lln <R1n(N)2D) (45)

We would like to apply Theorem 1. For this, we set §;, := J, hence we need § > J; for all k. As shown in the proof of
Theorem 1, for NV sufficiently large we have by using A(k) < A

* 1 o(N l-a_ .
5k < 3V 27F€ND+1W :3\/%]\7134—1 (46)
Then, for all &, choose
6 =3V 2’/TN}’;+(117K. 47

The subdivision then satisfies the assumptions of Theorem 1 for the chosen €. Let 7 = Zszl qkWs,, such that w = paT + (1 —
PA)Prail- We have

lw =71 = |lw—paT+paT — 7|1 <2(1 —pa). (48)



We then have
Di(w,gs(H)) < Di(7, g5(H)) + 2(1 = pa).- (49)
Furthermore, by the concavity of the Von Neumann entropy
S(r) > quS’(&gk) > quS(w(;k) — NI, (50)
k k
Notice that tr (I 7) = g; and S(ws, ) = log(dy). By Theorem 1,
Di(7,95(H)) < Co N7, (51)
for C5, 5 constants. ]

Theorem 1 in the main text is the special case where pa = 1 and ws, = ws, -

II. SUPPLEMENTARY NOTE 2: WEINGARTEN CALCULUS

In what follows, we will often need to compute averages of random unitaries. Here we very briefly give the necessary basics
and notation. For a comprehensive introduction, see Ref. [3]. Let /(d) be the unitary group of dimension d and p g (d) be the
Haar measure thereon. We will be interested in computing averages involving unitaries of the form U®¥, for some integer k,
where U is drawn from pp(d). In reality, U needs only to be drawn from a unitary k-design. In particular, we have, for any

operator X acting on Cd®k,
Evmpn (@) (U o x UW) = Y Wglor ' d)tr (R,X) R, (52)
o,TES}

where S, is the symmetric group of k elements with R being a representation such that for o € Sy, R, permutes the tensor
spaces

R0|i17"'7ik> = |ia(1)7"'7ia(k)> (53)

in C4%* according to . Wg(o7~ 1, d) is the Weingarten function. Table S1 and Table S2 give its values for k = 2 and k = 4,
respectively. Such tables can be generated using the software developed in Ref. [4] and tables up to k = 20 are available at the
corresponding GitHub repository.

Cycle type of o | Wg(o, d)

1
(131) dz—1

1
(2) —q@-n

Supplementary Table S1. Weingarten functions for k = 2.

III. SUPPLEMENTARY NOTE 3: THERMALIZATION UNDER TYPICAL HAMILTONIANS

We now apply our thermality condition to prove thermalization with high probability of appropriate states under a suitable
slightly perturbed Hamiltonian. Before proving the theorems in the main text, we discuss tails decay for states with exponential
decay of correlations. The following has been proven in Ref. [5].

Theorem 3 (Spectral tail bound). Let p be a state and H be a local Hamiltonian. Let IIx be the projector onto all eigenstates
of H with energy E such that |E — tr (pH) | < A. Then,

1. if p is a product state, and A > govV N

2

tr((1-Tla)p) <e ¥, (54)

where go, so are system size independent constants.
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Supplementary Table S2. Weingarten functions for k = 4.

2. if p has exponential decay of correlations, and A > ggx/ﬁ

1

fr (1= Tia)p) < e (5) 77

where g¢, s¢ are system size independent constants depending on the correlation length §.

(55)

We repeat here the definition of the ensemble £(§): we divide the energy spectrum into intervals {1 k}szl of equal energy
width J, the eigenstates in the k-th window span a vector space which we call Wj,. £(6) is then the ensemble of random unitaries

of the form

K
U=,
k=1

(56)

where Uy, is drawn from the Haar measure on the unitary group acting on Wj, independently for every k. Generally, we will
denote by II, the projector onto Wy, by W), the set of indices v such that E,, € I, and by dj, := |W}| the number of eigenstates
contained in each window. In addition we will denote p; = I pIl;. For convenience, let us prove a fact that will be useful later.

Lemma 3 (Perturbing Hamiltonians). Let U be drawn from E(6). Then
|H -~ UHU'| < 6.
Proof. Since both H and U commute with II;, we have
K K
(UHUT — H)? =Y Tu(UHUT — H)’T = Y (UpHyU| — Hy)®
k=1 k=1

with Hy, := I HII. Let p be a state and define p; := IIx pll;. We then have
K K
tr (p(UHUT — H)?) =) tr (Pk(UkaU;I - Hk)g) < tr (o) lURHRU] — H||,.
k=1 k=1

where we have used Holder’s inequality and the fact that since pj, > 0, ||p||1 = tr (px). Define

0  er+ept1
= + _- = e e——
my €L 5 5

then

(UL HR U — Hilloo = Uk HRU — mi Ty, + my Xl — Hilloo < 2||Hp, — mpdl]loo < 62

Hence,
tr (p(UHU' — H)?) < 62,

which shows ||[UHUT — H| o, < & by the definition of operator norm.

(57)

(58)

(59)

(60)

(61)

(62)



First, we prove Lemma 1 in the main text in the more general case where eigenvalues can be degenerate.

Lemma 4 (Approximate GmE at equilibrium). Let p be a product state and H be a local Hamiltonian. Let
UHUT _ e i{UHU't , iUHU'
Pda = lim — / e’ tpe’ ¢ (63)
0

where U is drawn from E(5). Consider the interval I = [E — A, E + A] around E = tr (pH) with A > w(v/N) an integer
multiple of 9, then

P = ( > qkw(sk) (1= pa)prai (64)

k:I,CI

2
withpa > 1 —e™ 4 ~ and Zk:lkcI qrx = 1. Moreover, with probability at least 1 — (D + 1)27", where D is the degeneracy of
the most degenerate eigenvalue with energy inside I, we have

> a(S(ws,) — S(@s,)) <1, (65)

k:IpCI
where c1 is a system-size independent constant.

Proof. Remember that we denote the spectral decomposition of H as H = ) E, P,. We have

o0

PV =N UR,UTpUP,UT. (66)

Notice that if F,, € Iy, then P, is a projector in W}, and since the unitaries U preserve the spaces W, U P, U is also a projector
in W;. Let W}, be the set of indices v such that £, € I;.. Then

UHUT Z Z U,P, UkPkUkP U + Z Z U,P, U];rpkUkP Uk =:pA Z w§k 1_pA),0tail

k: I, CIveWy kI g I veWy, k: Ikclv ( 7)
=k
with
pa = tr (MapZ1"), (68)
=Y tr (pUkPVU,j) = tr (plly), (69)
veWy
. 1
O5. = — ¥ UP,UpUPUY, (70)
k veEWy
1
pair = 7= > > UPUlpUcP, U} (71)
PA T vew,

To proceed, we start by bounding the entropy. We have

S(L’D‘Sk) > S2(w5k) = —log (tI‘ ((ng)) (72)
and
1 1
(@) = > o (ORUfp)?) = 3 (UF2PSRUFY p2F) (73)
pk veEWy pk veWy

where F = R(; o) flips the two tensor spaces. Then using the Weingarten formula as outlined in Section II yields

;T i (00 (12 - ) + o (1- S22

o (pk) w(B)(1+tr(P) _ 1 Dy +1
< 1 JSAr(P))) =: ,
- Z di(di + 1) _dk“l‘l( +maxytr(F)) di+1

EU~5(5) (tr w5k

(74)

veWy



where Dy, is the degeneracy of the maximally degenerate eigenvalue inside W,. By Markov’s inequality

27" < (D 127", 75
At 1 < (D +1) (75)

- - 1.,
Prygs) [log(dk) — S(ws,,) > T] < Pry.g(s) {tr (@3,) > @2 } <
Noticing that log(dy) = S(ws, ) yields the result. Finally, we need to bound pa . Notice that

pa = tr (HApOUOHUv = Z Z tr (pUPl,UT) =tr (Ilap) . (76)
kI, CIveWy

We now wish to bound pa using Theorem 3. By construction if £, ¢ I, then
ltr (pH) — E,| > A > w(VN). (77)
Then, by Theorem 3, we have
AZ
pA>1—e 9N (78)

if p is a product state and

pa>1- e o(¥)7 (79)

if p has exponential decay of correlations. O

Now the following version of Theorem 2 in the main text follows from Theorem 2 and Lemma 4.

Theorem 4 (Typical thermalization). Let H be a k-local Hamiltonian and p be a product state. Let gz(H) be the Gibbs state
of H at inverse temperature 3 such that |tr (gg(H)H) — tr (pH) | < o. Assume gg(H) has exponential decay of correlations
and ¢y < RIn(N)?P N~ for B,k > 0 constants. For any constant o € [0,1), if § = 3+/ TN DFL " then with probability
at least 1 — (D + 1) exp(—ca N D71 ) drawing U at random from &(5), we have

Dy(plHU" ga(H)) < Cy N™72¢ 4 N=30-0) |n(N)2D, (80)

o0
where co, Ca, o, 7v3 are system-size independent constants.

Proof. Let A such that

2, 2 Dr1
At/o" = RIJZ(W' (81)
By applying Lemma 4 with r := N D51 we have that
pTHUY — pat + (1 = pa) prat (82)
is approximately GmE satisfying the conditions of Theorem 2, hence we have
Dy(pUHUT ga(H)) < Ca N7 £ 2(1 — pa) < Cy N™72% 4 N=130=0) In(N)2P (83)
O

A similar theorem is immediate for states with exponential decay of correlations, but in this case

N DT o
1—pa <exp | —Q <ln (hl(N)2D>> . (84)

Equilibration also immediately follows from Lemma 4, as a matter of fact for any observable A in the case of non-degenerate
energy gaps, thatis if £, — E, = E,, — E,, implies (1, ) = (¢, v"). We have [6]

AA. — 1 1 Td A(UVHU (4 _ JUHUT 2< All2 vaUt)? < |lAl2 _ 2 2, (~2
oo = Him o ) ditr ("7 () —ps ) <Al { (Poe <A ((1=pa)®+ > ditr (&3,)

T—o00
k:I;,CI

r 1 ., 1

< AR (1 -pa)? 27 30 aig) <1412 (0 —pa)? + 2 maxi ).
k:I,CI

(85)
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The condition of non-degenerate gaps is expected to hold generically for interacting systems. Then for example taking r =
min x log(+/dy) we have that with probability at least

1—(1?—1—1)1&13@(;@\/%7 (86)
k

AAs < ||A|% ((1 —pa)?+2" max ﬁ) . Since d, is expected to be exponentially large, the system equilibrates. In addition,
we have the following statement.

Theorem 5 (Short-time evolution). For any state p and U ~ £(§) and any t > 0
p
||e—z'Htpeth . e—iUHUTtpeiUHUTt”1 < 26. (87)
Proof. Let V = e~ #Ht and V = ¢~ {UHU't Thep
VoVt — VoVl = |VIVeVIV — plly = [VIVIp, VIV = ([0, VIV = 1]l < 2[lpl1|lV = Vo (88)
where we have used Holder’s inequality and standard properties of the trace norm. Let X = UHU' — H, then
||V o f/”oo _ Heth . eth+iXtHoo- (89)

Now let the function f be f(s) = e!H!+iXts then

1
IV = Voo = /(1) = £(0)l|oc < /O ds|lf"(s)loo- (90)
Then, using
F(s) = it/l dr ¢ ((HIH+iX1s) x o (1=r) (i Ht+iXts) 1)
0
we get
1 (s)lloo < | Xloo (92)
and hence by Lemma 3
IV =V0]so <t|X|loo =t|H - UHU || o < t6, (93)
together with ||p||; = 1 this proves the result. O
Choosing
§ = Q(NDF ), (94)

if the Berry-Esseen error is bounded by O(N~1/27%), we have, again choosing a > 1 — k(D +1), that § is a decreasing function
11—«

of the system size, and the two dynamics are indistinguishable up to € until a time ~ e N"~ D+1, We now move on to proving
that the Gibbs states of H and U HU are locally indistinguishable.

Theorem 6 (Local indistinguishability of perturbed Gibbs states). Let H be a k-local Hamiltonian. Let gg(H) be the Gibbs
state of H at an inverse temperature [3 such that gz(H) has exponential decay of correlations. For any U drawn from () and
l, Kk, as in Theorem 2 we have

Di(gs(H), gs(UHUT)) < C5 N7710775, (95)
for system-size independent constants Cs3, V4, Ys.

Proof. A simple computation reveals
S(gs(UHUY)||gs(H)) = ptr (VHU' — H)gs(H)) < B||H — UHU' || < 85 (96)

where we have used Lemma 3. The result follows from Corollary 1, with ¢ = S0N D = BN 7D(7117”, which ends the
proof. O
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IV. SUPPLEMENTARY NOTE 4: RELAXATION DYNAMICS

We previously discussed the dynamics in the short-time regime, we now turn to discussing the typical late-time relaxation
dynamics to the thermal state following an non-equilibrium initial preparation. We abbreviate in the following py () :=

~ o t . ) i
e UHUT heiUHUT T prove the statement in the main text, we write

(A py) = (A) ot = (Apu ) = E ((Dpu0) +E (Do) —E ((A) g ) +E () gt ) = (A g O

where the expectation values are taken over U ~ £(4). Hence
(Apury = (A) jurvt | < [(A)py) — E ((Apwn) | + \<A>pgom ~E (<A>pgom)\ + R(t), (98)
where we have defined the function R to be
R(t) = |E ((A)ps) — E (4D g )| 99)

We now need to show that the first two terms are small with high probability, and the promised decay of R(t) with the relevant
spectral assumptions.

In order to show that the first two terms are small with high probability, we will need to bound their second moments. From
now on, let IT be the orthogonal projector onto the k-th window Wy, and d = tr (II;) the number of energy eigenstates
contained within. We denote as K the total number of windows. In addition, for any operator X, we define

XkJ' = HkXHj Xk = Xk,k- (100)
We also define
1 .
On(t) = —tr (e 1) . (101)
k

We now state the second moment bounds, which are proven in Section IV A under the assumption that H has no degenerate
eigenstates. If H has weak degeneracies we expect very similar results to hold.

Lemma 5 (Closeness in expectation).

E ([(pu0 — E (o)) < 14120 <K2 > tr(p) dt) : (102)
k

Lemma 6 (Closeness for infinite times).

E <]<A>,,&Hm ~E (<A>pgoHU+)|2> < |141%0 (Ztr (p) dlk> . (103)
k

These bounds imply the following:

Lemma 7 (Time-evolution concentration). For a Hamiltonian H, an observable A, and some initial state p it holds that
1 1
Pru~o) [ (Doun) — E (po)| + [(4) g0t = E ({4000 )| 2 ¢] < 141250 (K? >t (o) d) a0y
k

>k tr(pr) i is the average number of eigenstates in the windows where pj; has a non negligible support. Since these
windows are all in the bulk of the spectrum, it is expected that 3=, tr (py) - < e OUN)

Proof. Via a union bound, we get
Pryes) U<A>/>U(t) —E((Dpue)|+ ‘<A>pgﬂm —E (<A>,,goﬂvf)‘ > 6}
< Prye(s) H<A>pgoym —-E (<A>pgoym)’ > 6/2] + Pryces) [|<A>pU(t) —E((A)ppm)| = 6/2]

<E ([0~ E () 212 +E (‘<A>pgom — € ((4) ) ’2> g < IIAHi%QO <K2 3t (o) dlk> ,
k

(105)
O
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We now move on to bounding R(t). We have

A>pu(t) = Ztr <Aj’kUkeiintU]ka’jUjeiHth}) (106)
and
Ay = > > tr (RULULRULAUL) (107)
k veWy

where W, is the set of all v such that F/, € I;. Invoking again the Weingarten formula as outlined in Section II, simple
computations reveal for the expectation value

2d2 -1 dp
A) = OO O (saprs) + 3 PR () + 30— O (40) ) 009
k#j

as well as
2d dy,
E () g ) = ZW’“ E—tr (Apr) + (1= [6,7)r (A0) tr (o). (109)
P

Here, we have defined

_ 1 [T 1
2. 1 24, 2
B2 = Tlgnoof/o ot = 5 3 (R (110)
veWy
Then
E (<A>pU(t)) —E ( UHUT) Z¢k 7,kl)k,g) +
k#j

(111)

2 _ (712 _ 2
Z dk1+ 1 [tf (Arpr) (ﬁW) + tr (px) tr (Ag) ( W)} :
%

Simplifying this expression, we get

(tr(Ap) trglfk)tr(pk)) (112)

E (Do) — E ((4) ot ) = D 60065 ()t (Ajpry)

k#j k

where we have defined

Fo(t) = dk|¢k(2]|j_l|¢k|2_ (113)
This gives
R(t) < | Alloo K max s ()65 (1) + max ke (t) 3 [or (Aeon) — 5 b1 () (114)
k
where we have used
tr (Ajkpr,j) = tr (AllppIly) < [ Ao [TkpIljl[1 < [|Allco- (115)
By the same reasoning, we can conclude that
tr (Arpr) < [|Allocllorln (116)
and furthermore tr (Ay)/dy < ||A||o. This allows us to bound
S Jor () — T2 r )| < 24 (117)

k
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Altogether, we can conclude that
R(t) < [|A]loo (K? max |k (t)] (t)| + 2 max  Fy,(t)) . (118)

To make more progress, we need to be able to compute and discuss the functions ¢;. Mathematically speaking, we make a
mild spectral assumption expected to be valid in natural quantum many-body systems. We assume that the above characteristic
functions decay appropriately.

Assumption 1 (Spectral assumption). For some r > 0 and t < poly(N), we have
1

[pr(t)] < o (119)
In this case,
K2 N2
70 <0 (Al g ) <0 (141 o ) (120)

where we use K < O(N/§). Such a behavior can be derived, for example, by assuming a physically plausible slowly varying

density of states inside each energy window Ij: consider the function Fj () : [0,1] — R defined such that for z € [l vl

di ' dg ’
Ey(z) = E,. Then, we have

1
oi(t) = / dae’Fr ), (121)
0

Now, define a linear interpolation of E},: for x € {i, ";}21)

En(z) = dpAyz + (v + 1)E, —vE, 41, (122)

where A, = E, ., — E,. Ey(x) is piece-wise linear and satisfies | Ej () — Ey(z)| < max A, . In particular, defining
veWyg

1 _
or(t) = / dwe™ (@), (123)
0

we have |y (t) — ¢r(t)] < max A, Notice that Ey(z) is strictly increasing hence invertible, and its inverse is continuous and
veWyp

differentiable almost everywhere. By the change of variable y = Ej, (z) we get

- ertl
or(t) = / dye'™ pr(y), (124)
€k
where pg(y) := d%Ek_l(y) is the density of states, and satisfies pi(y) = ﬁ fory € [E,, Ey+1]. We take once again a
piecewise linear interpolation of py(y): fory € [E,, E,41]
~ y—FE, 1 1 1
_ _ 1 125
pk(y) dkAV <AV+1 AI/) N dkAl/ ( )

is piecewise linear and satisfies

1 1 1
— pe(y)] < max — |—— — —|. 126
lPe(y) = Pr(y)l < e 2o\ = & (126)
Hence, defining
= ke
(1) = / dye™™ pi (v), (127)
ek
we have |<;:Sk(t) — fr(t)| < max ,ew, i ﬁ — <|, and furthermore, integrating by parts gives
Z Lo d i L itensr 5 itey, ~ Lo it
Pr(t) = — dypr(y)—e"™ = — ("1 pp(exs1) — e prler)) + = dypy.(y)e"”. (128)
it e, dy it it e,
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Then
7 1 iteg 41 iteg ~ 1 ekt ~/ ity
(0] < | (€ prlensn) =" pulen)| + 5| [ dush(y)e™
ok 129
< 1 24+ ma ! ! ! =
— X — |[—— — .
i veWidy | App1 Ay
Overall, we get
1 1 1
< - A _ . 1
|9k (t)] +0 (mgg > +0 (Vrrelg[;idk A A, ) (130)

This shows that our assumption holds with » = 1 on time scales such that 1/t is large with respect to the spectral gaps and
the difference of nearby spectral gaps. This is also compatible with natural expectations of spectral gaps following a Wigner-
Dyson distribution, which due to level repulsion favors an almost uniform distribution of the spectral gaps. Altogether, using
K < O(N/$), this proves the following:

Theorem 7 (Closeness of observations). Under Assumption 1, with probability at least 7 > tr(pr) 7 for a constant C,

<A>py(t) - <A>ngHUT

N2

A. Second moments bounds: proofs of Lemmas 5 and 6

We now prove the second moment bounds:

Proof of Lemma 5. We have

Aoty = D tr (AgaUse” UL pi U™ U ) (132)
Then, let
ar;(U) := tr (AmUke*"HtUZpk,jUjethU} ) : (133)
We have
E (|<A>pu(t) —E ((A),, 1)) ) 3" E(ary (0)a,s(U) - Elar;(U)E@s(U) = S Cov(ar,; (U),ars(U)). (134)
kyjor,s kjor,s
By the Cauchy-Schwarz inequality
Cov(ag,;(U), ars(U \/Var (ak,;(U))Var(ars(U)), (135)

hence

> Cov(ar;(U),ars(U)) < [ D/ Var(ar;(U)) | < K Var(ax ;(U)) (136)

k.girss k.j k.j
where K =), = ©(N/J) is the total number of windows. In the case k = j, we have

1

Var(ap; () = Elage(U)?) — [E(am(@)? < | A]str (53) O (dk) (137)

(see Ref. [7], Eq. (11)). If k # j, one has
Var(ag,;(U)) = E(lax ;(U)*) = [E(ar,; (U)) . (138)
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A simple computation reveals
E(ar,;(U)) = tr (ATlkpIT;) oi (£)6; (2). (139)
The second moment of ay, ;(U') can be rewritten as
E(lax; (U)[?) = tr (Aj,,c ® A jUp ® Uje 1t @ UL @ Ul pr, j @ pjuU; @ Upe'™ @ e H1UT @ U,j) . (140)

Another tedious but straightforward computation using Weingarten calculus as outlined in Section II reveals (we omit the time-
dependence notation on the ¢y (t))

€l (U)F) = g 1;;@’;’”' 5z [onPios P — ol = Bl +1

A, .
T ;’;2”(’;? 51)2 [di(1 — |6x[?) (d21651 — 1) + dj(1 — |61 (2] dx]* — 1)]
A; dpd;
+ ”( d:’“ﬂ 1')"§;”F B2 (= 16eP) (1 = 1651%) (141)

= ltr (A pn) [m 340 )+0<d1>]

1
ol 0 () +0 ()] + 145t
]

where || - || p indicates the Frobenius norm. Hence

| 1
F dk d] )

E(lax,;(U)*) = [E(lar,;(U)) ] = |tr (Ajrprs) I* |O (d2> +0 (dQﬂ
i (142)

1
sl |0(5) +0 (7)) |+ 1tilosizo (7 )

Using repeatedly that for matrices A and B, ||AB||r < ||A|o||B||F, we have

147,805 7 = 1T ALk pIL |5 < [|A]% [l o - (143)
Furthermore,
1477 = [T AL |3 < min(d;, di)||All%, (144)
where we have used that ||IL;|% = d; and similarly for IIj. Finally, by the Cauchy-Schwarz inequality
ltr (A png) 2 < 114, il < min(d;, i)l A% ]| pw s 1 - (145)
Putting everything together we get
1 1
V(a5 (U) = Elows (0)F) - [Elars @) =l osalie [0 () +0 ()] (146
J
By submultiplicativity of the Frobenius norm, we have that
lps.kllF = T pTk |3 = (111" 2pM 21013 < W0 2|13 10" *TIk |3 = tr (px) tr (py) - (147)

Going back to Eq. (136), we have that in both the k£ = j and k # j case, using tr (pi) <tr (p;.c)2 for the former case,

Vr(or, (0) < K24l (o (o) |0 (1) +0 ()] (148)
k J
which yields
1
E (!<A>pU<t> -E (<A>pu(t>)|2) < |Al%0 <K2 > tr(px) dk) : (149)
k
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Proof of Lemma 6. We have

(A) i =3 > tr (P,,UkpkUZP,,UkAkUD. (150)
k veWyg
Define by, (U) as
()= (PVUkpkU,jP,,UkAkU,i) (151)
veWy
so that
punut Zbk (152)

The by, (U) are independent as each only depends on the block Uy, hence we have

E (‘<A>pg¢HUi —E ((4) ot )| ) ZE (b (U)2) — E(bi(U))2. (153)
We have
Opl?dy — 1 d -
(b)) = PL 0 L (4 + (1 Gy (40 2 )
dk - ke . (154)
= 0 B (A0 (o) + [Tt ()0 (1)
k k
where we have defined
Gul? = 1 1/T¢ OPdt =2 3 (R =0 (+ (155)
= lim — == r(P,)" = — .
k T—oo T 0 k d% Ve dk;
We move on to the second moment: using the Weingarten formula (see Section II)
E(bx(U)?) = Z E (tr (PZ?Q ® P§2U®4pk ® AL ® pr @ AkUT®4R(1,2)R(3,4)>)
VI (156)
=3 > Welor " di)tr (PP @ PP*RyRi1.2) R a)) tr (Repr @ Ak @ pr, @ Ay).
WV o,TES,

To simplify matters, from now on we will assume that the eigenvalues are non-degenerate, that is, D, = tr (P,) = 1. As long
as D, is at most polynomially large, generalization to the degenerate case is easy but tedious. We denote by Sz x So the set of
permutations in Sy consisting of (), (1,2),(3,4), ((1,2),(3,4)), that is, the permutation group of the first two elements and of
the second two elements taken separately. Then we have

1 if o € Sy, XS5
tr (P®? ® P®?R,R;1 R = ’ 157
r(P w a2 Be.) S otherwise. (157
Then
E(be(U)?) = Z tr (Rrpr @ Ap ® pr @ Ag) Z Wg(o di) + dy Z We(or™ 1t di)| (158)
TES, UESQ®S2 o¢S2®5>

This sum contains many terms, but we are only interested in showing that the potentially O(1) terms are compensated by the
O(1) term in E(by,(U))? (see Eq. (154)), and that all other terms decay at least as 1/d;. We have that Wg (o1, d},) = O(d, )
if o = 7, and Wg(o7 !, di) = O(d;.®) otherwise (see Table S2). This implies that

O(d®) ifT¢ Sy x Sy,

3 159
O(d;?) if 7€ Sy x Sa. (159)

dz Z We(or™t, dy,) + dy Z Wg(ar‘l,dk)g{

g€S2R®S2 U¢52®SQ
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Together with the fact that
tr (Rypr @ Ay, ® pr. @ Ag) < O(d3)|| Al % tr (p1,)” (160)

we get

Y w(Repr @A @pr @A) [df Y Welor Lde) i Y Welordi) | < [|A|%tr (pr)* O(1/dy).
T¢S2 X Sa gESo®So ocZSa®S5
(161)
Now consider the permutations 7 € Sy x Sz. Unless 7 = () or 7 = (1, 3),

tr (Repr © Ag @ pr ® Ag) < O(di) | A|% tr (pr)? . (162)
Since (1,3) ¢ S2 x Sa , this yields

S tr(Repr @ A @pp @A) |di > Welor ™ di) +di > We(or ' di)| < AlStr (o) O(1/dy).
7#() 0€S20S52 oc&Sa®S5
(163)
The only remaining term is the one with 7 = (). We simply bound

d? 1
Wegl(o,di) + di, We(o,dy) < di Wg(o,d) = k . (164
;@s U%;@SQ ¢ 2;1 0+ Dds +2)(d 7 3) = (117 10
Finally,
E(br(U)?) < || Al % tr (pr)? O <1> +tr (A)* tr (pr)” _ (165)
- dp, (dr +1)2
In the case of non-degenerate eigenvalues, Eq. (154) reduces to
1
E0) = gt (A0 (o) + At () O () (166)
which shows
1
E(LU)) ~ () < 41 ()" 0 (). (167)

Then

e (|t gt — € (1)) < DA D (o0 (1) <laizo (%jt (o) ;k) S as)

V. SUPPLEMENTARY NOTE 5: TRANSLATIONAL INVARIANCE

We will now turn to discuss notions of translational invariance. More general]y, we will show that if the original Hamiltonian
has a certain symmetry T : [H,T] = 0, then the equilibrium state p U with high probability has the same symmetry in an
approximate form. Applying this to the translation symmetry yields the claim in the main text. We will first prove the following.
Since we will rely on Lemma 6, we assume non-degenerate eigenvalues, with again the caveat that we expect weak degeneracies
not to make a meaningful difference.

Lemma 8 (Auxiliary lemma). Ler A be an observable such that tr (II; A) = 0 for all energy windows I,. Let € > 0. Then with
probability at least

HAIIOO ZQ< )tr (), (169)

for U drawn from E(0) we have

(pUHU A) ’ ) (170)
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Proof. We have
Pr( (pUHU A) >e2> < ;E( (pUHU A) ) (171)

2
To upper bound E (tr (pgoH ut A) ) , we proceed exactly as in the proof of Lemma 6. There, we have shown that (see Eq. (165))

E (tr (pUHU* )2> - ;E(bk(Uf) (172)

with
1

R (173)

Eb(U)?) < 4%t (0)2 O (dlk) Tt (A2 tr (o)’

By assumption, in this case tr (Aj) = 0, hence

E (tr (p210" 4) ) < lAJZ, ZO( )tr (o1 (174)

which implies the result. O

As commented earlier, d; might be smaller at the edge of the spectrum, but it is still expected to be polynomial in the system
size, and the tails at the edge of the spectrum may be cut if the state has exponential decay of correlations. Then, we find the
following corollary.

Corollary 2 (Preservation of symmetries). Suppose the Hamiltonian has no degenerate eigenvalues and let I" be a unitary which
commutes with the Hamiltonian. Let A be an observable, let € > 0, then with probability at least

HAHOO ZQ( >tr () (175)

Sfor U drawn from E(0) we have that
It ((A—TATT)pOUOHU*) | <e (176)

Proof. Since H and T' commute, 7' commutes with the projectors onto the eigenspaces of H, and in particular with the projectors
II,. We then have

tr (ILTAT') = tr (IL;A) . (177)
We conclude by applying Lemma 8 to the observable TATT — A. O

As a corollary, we get the statement in eq. (17) in the main text. Let A be a local observable and call A¢ the observable A
acting on the hypercube C' € C;. We have for any C’ € C;

tr (Acr(ga(H) - p217")) | < ﬁ Z tr (Ac(ga(H) = pZ10)| + |t

((Acr = Ac)(gs(H) — p2HV1))|
(178)

< Dy gp(H) + |C\ Z tr<A0/ Ac)p UHUT)’-

where we have used that gg(H) is translation invariant. Since tr ((Ay, — A¢)II) = 0 for all k, as H is translation invariant, by
Lemma 8 we have that with high probability
‘m( Ao — Ac)pUHY )‘ <e (179)

To see that the probability is exponentially close to 1, assuming all windows in a sub-extensive neighborhood of tr (pH ) contain
exponentially many eigenvalues, we have

IAHOO ZQ( >tr (pr) < =N, (180)
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