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Supplementary Figures 

Supplementary Figure 1. The flowchart of CReP method. 

 

Supplementary Figure 1. The flowchart of CReP method. In general, CReP consists of three modules: representation 

learning, multi-step forecasting, and causation revealing. Given observations from high-dimensional time series, 

three implicit causal representations can be learned via an encoder-decoder structure, with each representation 

capturing different causal relationships with the target variable. Based on the dynamic causation, the temporal 

information of the target variable is predicted by the effect representation through embedding mapping. Additionally, 

to reveal explicit causal relationships between the observed variables and the target variable, we employ the LRP 

(Layer-wise Relevance Propagation) method to interpret to what extent the input variables contribute to the causal 

representations, thereby indirectly quantifying causal strengths of input variables on the target variable.  
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Supplementary Figure 2. Implementation details of CReP framework. 

 
Supplementary Figure 2. Implementation details of CReP framework. (a) Schematic illustration of causal 

information decomposition and reconstruction based on CReP. The original high-dimensional data is transformed 

into three causal factors through an autoencoder, each representing distinct causal relationships with the target 

variable 𝑦𝑦. (b) The sliding window scheme on the effect representation of CReP to make multistep forecasting. (c) 

The explicit explanation of latent causal representations through computing relevance scores. The contribution of 

each input variable to causal representations quantifies their causal strength on the target variable, visualized in the 

inferred causal strength networks of 𝑦𝑦. 

 

 

 

 

 



Supplementary Figure 3. The causal analysis process through interpretation 

method 𝜶𝜶𝜶𝜶-LRP. 

 
Supplementary Figure 3. The causal analysis process through interpretation method 𝛼𝛼𝛼𝛼-LRP. (a) The calculation 

details of LRP with 𝛼𝛼𝛼𝛼 rule. The relevance scores are calculated starting from the output layer and then moving 

backward to the input layer, which is in the opposite direction of network propagation. This method utilizes the 

weights and structure of the network to determine the importance of input variables for the output. (b) The 

implementation of 𝛼𝛼𝛼𝛼-LRP in CReP. Since the learnt causal representations (e.g., 𝑺𝑺𝑡𝑡) are multidimensional output, 

the relevance scores of input variables calculated using the 𝛼𝛼𝛼𝛼-LRP method are integrated across all output neurons. 

Additionally, the relevance scores calculated across all time points are averaged to assess the importance of input 

variables to the causal information, independent of specific time points.   



Supplementary Figure 4. The normalized causal results of CReP on simulation 

datasets. 

 
Supplementary Figure 4. The normalized causal results of CReP on simulation datasets. The causal strength of input 

variables on the target variable 𝑦𝑦 is quantified using the relevance scores. After normalization, we display the causal 

strength of all variables on the target variable. Blue bars correspond to the top 10 variables in terms of causal strength, 

while purple bars mark the true causes or effects among these top 10 variables. Red bars represent true causes or 

effects that are not identified in the top 10. Based on the CReP, the cause strength and effect strength results for the 

Lorenz 96 simulation data are shown in (a) and (b), respectively. In (c) and (d), the causal results are displayed for 

the DREAM4 gene regulatory data, while (e) and (f) present the causal results for the power grid dataset modeled 

by the Kuramoto equations. 

 

  



Supplementary Figure 5. More forecasting results of CReP. 

 
Supplementary Figure 5. More forecasting results of CReP. By utilizing historical data from the past 𝑚𝑚 time steps, 

CReP can predict information for the next 𝐿𝐿 − 1 steps. For the DREAM4 gene regulatory data, the cardiovascular 

admissions, and the COVID-19 inpatients in Japan, CReP is employed to make multistep predictions in four periods, 

as shown in (a)-(d), (e)-(h), and (i)-(l), respectively. The average prediction performance across all samples is shown 

in Table 1 in the main text.   



Supplementary Figure 6. The quantified process for evaluating causal results on 

ablation study. 

 
Supplementary Figure 6. The quantified process for evaluating causal results on ablation study. To assess the 

importance of each loss term in the objective function, quantitative metrics are required to evaluate the model’s 

causal results. For the inferred causal strength calculated by relevance scores, Mann-Whitney U test is employed to 

select the optimal threshold for variable classification, thereby identifying the causes and effects for the target 

variable 𝑦𝑦 . Based on this, a directed causal graph centered on 𝑦𝑦  can be constructed, without differentiation in 

strength. Using the inferred causal graph and the gold standard, we calculate metrics such as accuracy and recall to 

evaluate the causal results.  



Supplementary Tables 

Supplementary Table 1. The numbers of the parameters and the known data for 

each dataset. 

Dataset 
Number of known 

time points  
(𝒎𝒎) 

Number of total 
known data 

(𝒎𝒎 × 𝑫𝑫) 

To-be-predicted 
length of unknown 𝑦𝑦 

(𝑳𝑳 − 𝟏𝟏) 

Lorenz 96 system 50 50×60 15 

Power grid 30 30×120 9 

Gene regulatory 
network 

40 40×50 8 

Cardiovascular 
inpatients 

70 70×14 25 

Japan Covid-19 
transmission 

30 30×47 14 

 

  



Supplementary Table 2. Summary of parameters and variables in CReP 

framework. 

Symbols Dimensions Explanation 

𝑚𝑚 1 Scalar, the length of known time series 

ℝ𝑛𝑛 𝑛𝑛 𝑛𝑛-dimension real number space 

𝑑𝑑 1 Scalar, box-counting dimension 

𝑡𝑡 1 Scalar, time point 

𝑛𝑛 1 Scalar, the dimension of the observed variables in time-series 

𝑞𝑞 1 Scalar, the dimension of causal representation  

𝐻𝐻 𝑞𝑞 + 𝑞𝑞 + 𝑞𝑞 The decomposition function 

𝐻𝐻−1 𝑛𝑛 The reconstruction function 

𝑓𝑓 𝑞𝑞 The function for recovering the cause representation 

𝑔𝑔 𝐿𝐿 The function for making multistep forecasting of 𝑦𝑦 

𝑎𝑎𝑡𝑡 1 Scalar, the value of variable 𝑎𝑎 at time point 𝑡𝑡 

𝑏𝑏𝑡𝑡 1 Scalar, the value of variable 𝑏𝑏 at time point 𝑡𝑡 

𝐿𝐿 1 Scalar, the embedding dimension 

𝐀𝐀𝑡𝑡 𝐿𝐿 Vector, the time delay embedding vector of 𝑎𝑎 at time point 𝑡𝑡 

𝐁𝐁𝑡𝑡 𝐿𝐿 + 1 Vector, the time delay embedding vector of 𝑏𝑏 at time point 𝑡𝑡 

𝑥𝑥𝑘𝑘𝑡𝑡  1 Scalar, the value of observed variable 𝑥𝑥𝑘𝑘 at time point 𝑡𝑡 

𝑦𝑦𝑡𝑡 1 Scalar, the value of the target variable 𝑦𝑦 at time point 𝑡𝑡 

𝑦𝑦�𝑡𝑡 1 Scalar, the estimation of the target variable 𝑦𝑦 at time point 𝑡𝑡 

𝑋𝑋 𝑛𝑛 × 𝑚𝑚 
Matrix, the high-dimensional time series for the observed  
variables during 𝑚𝑚 time points 

𝑋𝑋� 𝑛𝑛 × 𝑚𝑚 
Matrix, the reconstructed high-dimensional time series by  
CReP for the observed variables during 𝑚𝑚 time points 

𝐗𝐗𝑡𝑡 𝑛𝑛 Vector, the observed variables at time point 𝑡𝑡 

𝐗𝐗�𝑡𝑡 𝑛𝑛 Vector, the reconstructed observed variables at time point 𝑡𝑡 

𝑌𝑌 𝐿𝐿 × 𝑚𝑚 Matrix, the delay embedding matrix of 𝑦𝑦 during 𝑚𝑚 time points 

𝑌𝑌�  𝐿𝐿 × 𝑚𝑚 
Matrix, the reconstructed delay embedding matrix by  
CReP for the target variable 𝑦𝑦 during 𝑚𝑚 time points 

𝑌𝑌𝑤𝑤𝑤𝑤𝑤𝑤 𝐿𝐿 × (𝑤𝑤 + 1) 
Matrix, the sliding window matrix contains delay embedding 
vectors for the target variable with (𝑤𝑤 + 1) time points 

𝐘𝐘𝑡𝑡 𝐿𝐿 Vector, the time delay embedding vector of 𝑦𝑦 at time point 𝑡𝑡 

𝑆𝑆 𝑞𝑞 × 𝑚𝑚 
Matrix, the cause representation of original space for the target 
variable 𝑦𝑦 

𝑆̂𝑆 𝑞𝑞 × 𝑚𝑚 Matrix, the estimated cause representation using the temporal 



information of 𝑦𝑦 

𝐒𝐒𝑡𝑡 𝑞𝑞 
Vector, the cause representation of original space for the target 
variable 𝑦𝑦 at time point 𝑡𝑡 

𝐒𝐒�𝑡𝑡 𝑞𝑞 
Vector, the estimated cause representation using the temporal 
information of 𝑦𝑦 at time point 𝑡𝑡 

𝑍𝑍 𝑞𝑞 × 𝑚𝑚 
Matrix, the effect representation of original space for the target 
variable 𝑦𝑦 

𝑍𝑍𝑤𝑤𝑤𝑤𝑤𝑤 𝑞𝑞 × (𝑤𝑤 + 1) 
Matrix, the sliding window matrix contains the effect 
representation for the target variable with (𝑤𝑤 + 1) time points 

𝐙𝐙𝑡𝑡 𝑞𝑞 
Vector, the effect representation of original space for the target 
variable 𝑦𝑦 at time point 𝑡𝑡 

𝑉𝑉 𝑞𝑞 × 𝑚𝑚 
Matrix, the non-causal representation of original space for the 
target variable 𝑦𝑦 

𝐕𝐕𝑡𝑡 𝑞𝑞 
Vector, the non-causal representation of original space for the 
target variable 𝑦𝑦 at time point 𝑡𝑡 

𝑐𝑐𝑖𝑖 1 Scalar, the neuron with index 𝑖𝑖 

𝑤𝑤𝑖𝑖𝑖𝑖 1 Scalar, the weight between neuron 𝑐𝑐𝑖𝑖 and neuron 𝑐𝑐𝑗𝑗 

𝑧𝑧𝑖𝑖𝑖𝑖 1 Scalar, the weighted value of neuron 𝑐𝑐𝑖𝑖 into neuron 𝑐𝑐𝑗𝑗 

𝑅𝑅𝑖𝑖
(𝑙𝑙) 1 Scalar, the relevance score of neuron 𝑐𝑐𝑖𝑖 in layer 𝑙𝑙 

𝑅𝑅𝑖𝑖←𝑗𝑗
(𝑙𝑙,𝑙𝑙+1) 1 

Scalar, the amount of relevance score that spread to neuron 𝑐𝑐𝑖𝑖 
from neuron 𝑐𝑐𝑗𝑗 

∘  Function composition operation 

′  Transpose of a vector 

mean  The average function 

max  The maximum function 

min  The minimum function 

ℒDS  The determined-state loss 

ℒREC  The reconstruction loss 

ℒREC_X  
The reconstruction loss of observed high-dimensional 
information  

ℒREC_S  
The reconstruction loss of latent cause representation 
information 

ℒORTH  The orthogonal loss of latent causal representations 

ℒFC  The future-consistency loss 

 

  



Supplementary Table 3. Summary of default hyperparameters for CReP. 

Dataset 

Number of 
Encoder/ 
Decoder 
layers 

Number of 
TCN 
filters 

Dilation 
factors 
of TCN 
filters 

Weights of 
loss 

terms 

Initial 
training 

rate 

Lorenz 96 
system 

[128, 64, 32] [128, 64, 32, 16] [1, 2, 4, 8] 

{𝜆𝜆1: 0.6, 
𝜆𝜆2: 0.15, 
𝜆𝜆3: 0.05, 
𝜆𝜆4: 0.1} 

0.01 

Power grid [128, 64, 32] [128, 64, 32, 10] [1, 2, 4, 8] 

{𝜆𝜆1: 0.6, 
𝜆𝜆2: 0.15, 
𝜆𝜆3: 0.05, 
𝜆𝜆4: 0.1} 

0.01 

Gene 
regulatory 
network 

[128, 64, 32] [128, 64, 32, 9] [1, 2, 4, 8] 

{𝜆𝜆1: 0.6, 
𝜆𝜆2: 0.15, 
𝜆𝜆3: 0.05, 
𝜆𝜆4: 0.1} 

0.01 

Cardiovascular 
inpatients 

[128, 64, 32] [128, 64, 32, 26] [1, 2, 4, 8] 

{𝜆𝜆1: 0.6, 
𝜆𝜆2: 0.15, 
𝜆𝜆3: 0.05, 
𝜆𝜆4: 0.1} 

0.01 

Japan Covid-19 
transmission 

[128, 64, 32] [128, 64, 32, 15] [1, 2, 4, 8] 

{𝜆𝜆1: 0.6, 
𝜆𝜆2: 0.15, 
𝜆𝜆3: 0.05, 
𝜆𝜆4: 0.1} 

0.01 

 

  



Supplementary Table 4. Comparison to other forecasting methods. 
 Lorenz 96 Power grid Dream4 

RMSE PCC RMSE PCC RMSE PCC 

CReP 0.1086 0.9908 0.1127 0.9868 0.0984 0.8894 

ARNN 0.2328 0.8206 0.1501 0.9784 0.2281 0.8167 

STICM 0.1822 0.9752 0.1530 0.9854 0.1080 0.9928 

LSTM 0.4883 0.8303 0.3916 0.9659 0.8063 0.0615 

ARIMA 0.4204 0.6156 0.2558 0.9583 0.2650 0.1218 

SVR 0.8311 0.1618 0.4856 0.9540 0.6779 0.0566 

Informer 0.1543 0.9005  0.1163 0.9837 0.4716 0.0489 

  



Supplementary Table 5. The performance of CReP on different target variables. 

Lorenz 96 y2 y17 y21 y39 y29 

RMSE 0.1086 0.1332 0.1284 0.1212 0.1334 

PCC 0.9908 0.9624 0.9570 0.9533 0.9522 

TPR 1.0 1.0 0.83 0.83 1.0 

FPR 0.05 0.05 0.06 0.06 0.05 

Power grid y33 y68 y38 y103 y28 

RMSE 0.1127 0.1638 0.0550 0.0939 0.1152 

PCC 0.9868 0.9832 0.9979 0.9946 0.9909 

TPR 1.0 0.80 0.80 1.0 0.67 

FPR 0.03 0.03 0.03 0.04 0.04 

DREAM4 y18 y5 y39 y11 y32 

RMSE 0.0984 0.0429 0.0536 0.1257 0.0691 

PCC 0.8894 0.9608 0.9283 0.8506 0.9209 

TPR 0.67 1.0 0.67 1.0 0.67 

FPR 0.10 0.05 0.11 0.06 0.09 

 

  



Supplementary Notes 

Supplementary Note 1. Dynamical systems and delay embedding theorem 

For a general discrete time dissipative system, the dynamics can be defined as  

𝐗𝐗𝑡𝑡+1 = 𝜙𝜙(𝐗𝐗𝑡𝑡), 

where 𝜙𝜙:ℝ𝑛𝑛 → ℝ𝑛𝑛 is a nonlinear map, and its values are defined in the 𝑛𝑛-dimensional state space 

𝐗𝐗𝑡𝑡 = (𝑥𝑥1𝑡𝑡,𝑥𝑥2𝑡𝑡 ,⋯ ,𝑥𝑥𝑛𝑛𝑡𝑡 )′ at a time point 𝑡𝑡, where symbol “ ′ ” is the transpose of a vector, and any 

time eval between two consecutive time points is equal. After a sufficiently long time, all of states 

are converged into a compact manifold 𝒱𝒱. Denote 𝒜𝒜 as the system’s attractor contained in the 

manifold 𝒱𝒱 with the box-counting dimension 𝑑𝑑𝒜𝒜. The delay embedding theorem claims that the 

original high dimensional system’s attractor 𝒜𝒜 can be topologically reconstructed by only using 

the long-term observation of a single variable under certain conditions. The Takens’ embedding 

theorem is stated as follows 1–3.  

Theorem 1: Let 𝒱𝒱 be a compact manifold with the box-counting dimension 𝑑𝑑. For a smooth (we 

mean at least ℂ2) diffeomorphism 𝜙𝜙:𝒱𝒱 → 𝒱𝒱 and a smooth (we mean at least ℂ2) function ℎ:𝒱𝒱 →

ℝ1, it is a generic property that the mapping Φ𝜙𝜙,ℎ(𝑋𝑋):𝒱𝒱 → ℝ𝐿𝐿 is an embedding when 𝐿𝐿 > 2𝑑𝑑, 

that is, 

Φ𝜙𝜙,ℎ(𝑋𝑋) = (ℎ(𝑋𝑋),ℎ ∘ 𝜙𝜙(𝑋𝑋),⋯ ,ℎ ∘ 𝜙𝜙𝐿𝐿−1(𝑋𝑋))′, 

where symbol “ ∘ ” is the function composition operation.  

Takens proved that there is an open and dense set of pairs (𝜙𝜙,ℎ) for which the mapping Φ𝜙𝜙,ℎ 

is an embedding 1. Moreover, the generalized embedding theorem is also a kind of embedding 

theorem which is stated as follows 4.  

Theorem 2: Let 𝒱𝒱 be a compact manifold with the box-counting dimension 𝑑𝑑. For a set of 𝐿𝐿 

smooth (we mean at least ℂ2 ) observation functions {𝑦𝑦1, 𝑦𝑦2,⋯ ,𝑦𝑦𝐿𝐿}  where 𝑦𝑦𝑘𝑘:𝒱𝒱 → ℝ1 , it is a 

generic property that the mapping 𝜙𝜙𝑦𝑦𝑘𝑘(𝑋𝑋):𝒱𝒱 → ℝ𝐿𝐿 is an embedding when 𝐿𝐿 > 2𝑑𝑑, that is, 

𝜙𝜙𝑦𝑦𝑘𝑘(𝑋𝑋) = �𝑦𝑦1(𝑋𝑋),𝑦𝑦2(𝑋𝑋),⋯ , 𝑦𝑦𝐿𝐿(𝑋𝑋)�. 

Generally, the dimension 𝑑𝑑  of manifold 𝒱𝒱  is much larger than the dimension 𝑑𝑑𝒜𝒜 , which 

limits the application. Then the generalized embedding theorem for fractal attractors 2 was proposed 

to solve this limitation. For the reason that the attractor’s dimension 𝑑𝑑𝒜𝒜 is usually smaller than 

manifold’s dimension 𝑑𝑑, as long as 𝐿𝐿 > 2𝑑𝑑𝒜𝒜, the maps mentioned in Theorems 1 and 2 are still 



one-to-one on 𝒜𝒜 and constrained on each compact subset of a smooth manifold contained in 𝒜𝒜. 

Thus when 𝐿𝐿 > 2𝑑𝑑𝒜𝒜, the dynamics can be reconstructed by the data observed from single variable 

𝑥𝑥𝑘𝑘, 𝑘𝑘 = 1,2,⋯ ,𝑛𝑛. 

In particular, letting 𝑋𝑋 = 𝐗𝐗𝑡𝑡  and ℎ(𝐗𝐗𝑡𝑡) = 𝑦𝑦𝑡𝑡  where 𝑦𝑦𝑡𝑡 ∈ ℝ , then the mapping above has 

the following form with Φ𝜙𝜙,ℎ = Φ and  

Φ(𝐗𝐗𝑡𝑡) = (𝑦𝑦𝑡𝑡,𝑦𝑦𝑡𝑡+1,⋯ ,𝑦𝑦𝑡𝑡+𝐿𝐿−1)′ = 𝐘𝐘𝑡𝑡 

which is used in the primary STI equations. Denote ℳ  as the reconstructed attractor in ℝ𝐿𝐿 

through the mapping Φ. Moreover, since the embedding is a one-to-one mapping, its conjugate 

form 𝐗𝐗𝑡𝑡 = 𝛷𝛷−1(𝐘𝐘𝑡𝑡) = 𝛹𝛹(𝐘𝐘𝑡𝑡) with Ψ:ℳ →𝒜𝒜 can be derived. Note that 𝐗𝐗𝑡𝑡 is 𝑛𝑛-dimensional 

with spatial information, and 𝐘𝐘𝑡𝑡 is a 𝐿𝐿-dimensional vector with temporal information. Therefore, 

the delay embedding theorem establishes a solid theoretical foundation for the spatiotemporal 

information transformation mechanism which will be discussed in the following section. 

To make Takens’ embedding theorem applicable to more real-world scenarios, it has been 

extended to stochastic systems 5,6. Specifically, consider a stochastic system whose state at time 𝑡𝑡 ∈

ℤ evolves under the influence of a noise term 𝜔𝜔𝑡𝑡, randomly drawn from a compact manifold 𝒩𝒩. 

Formally, the stochastic version of Takens’ embedding theorem can be stated as follows. 

Theorem 3: Let 𝒱𝒱 and 𝒩𝒩 be compact manifolds of dimension 𝑑𝑑 ≥ 1 and 𝑑̅𝑑 respectively. Let 

Σ = 𝒩𝒩ℤ be the space of bi-infinite sequences 𝜔𝜔 = (⋯ ,𝜔𝜔−1,𝜔𝜔0,𝜔𝜔1,⋯ ) of elements of 𝒩𝒩 with 

the product topology. Suppose that 𝐿𝐿 > 2𝑑𝑑. Then for 𝑟𝑟 ≥ 1, there exists a residual set of (𝜙𝜙,ℎ) ∈

𝒟𝒟𝑟𝑟(𝒱𝒱 × 𝒩𝒩,𝒱𝒱) × 𝒞𝒞𝑟𝑟(𝒱𝒱,ℝ1) such that for any (𝜙𝜙,ℎ) in this set there is an open dense set of 𝜔𝜔 in 

Σ such that Φ𝜙𝜙,ℎ,𝜔𝜔 is an embedding, that is, 

Φ𝜙𝜙,ℎ,𝜔𝜔 = (ℎ(𝑋𝑋),ℎ ∘ 𝜙𝜙𝜔𝜔0
(𝑋𝑋),⋯ ,ℎ ∘ 𝜙𝜙𝜔𝜔𝐿𝐿−2⋯𝜔𝜔0

(𝑋𝑋))′, 

where 𝜙𝜙𝜔𝜔𝑡𝑡⋯𝜔𝜔0 = 𝜙𝜙𝜔𝜔𝑡𝑡 ∘ ⋯∘ 𝜙𝜙𝜔𝜔0 and 𝜙𝜙𝜔𝜔𝑖𝑖
(∙) = 𝜙𝜙(∙,𝜔𝜔𝑖𝑖). 

According to Theorem 3, even in the presence of noise, the original dynamical system can be 

topologically reconstructed through a delay mapping, which is generically an embedding under 

certain conditions. Building on these theorems, dynamic causation has been theoretically formulated 

and is applicable to a wide range of real-world scenarios 7,8. 

  



Supplementary Note 2. Spatiotemporal information transformation (STI) 

mechanism 

The steady-state or the attractor is constrained in a low dimensional space for a high-

dimensional system, which also holds for many real-world systems. By exploring such a low-

dimensional feature, spatiotemporal information (STI) transformation 3,9,10 has theoretically been 

derived from the delay embedding theorem 2, which can transform spatial information of high-

dimensional data to the temporal information of any target variable. Assuming 𝐿𝐿 > 2𝑑𝑑 > 0 where 

𝑑𝑑 is the box-counting dimension of the attractor 𝒜𝒜  or manifold 𝒱𝒱 , 𝐿𝐿  is the number of 

embeddings, the STI equations can be stated as follows at 𝑡𝑡 =  1, 2, … ,𝑚𝑚 (𝑚𝑚 is the length of 𝑋𝑋), 

�Φ
(𝐗𝐗𝑡𝑡) = 𝐘𝐘𝑡𝑡

𝐗𝐗𝑡𝑡 = Ψ(𝐘𝐘𝑡𝑡)
, (1) 

where Φ:𝒜𝒜 →ℳ  and Ψ:ℳ →𝒜𝒜  are differentiable functions satisfying Φ ∘ Ψ = 𝑖𝑖𝑖𝑖 . Here, 

note that 𝐗𝐗𝑡𝑡 is 𝑛𝑛-dimensional. Clearly, the left-hand side of Supplementary Eq. (1) is the spatial 

information of 𝑛𝑛  variables while the right-hand side is the temporal information of the target 

variable. The first equation is the primary form and the second equation is the conjugate form of the 

STI equations in Supplementary Eq. (1).  

Through the STI transformation equation, the state space of high-dimensional complex system 

is topologically conjugated to the reconstructed state space of a single variable from the system 

using a delay embedding scheme. Furthermore, the generalized embedding theorem illustrates that 

the reconstructed delay embedding manifold of a single variable can be replaced by a non-delay 

embedding manifold involving multiple variables as long as certain dimensionality conditions are 

met. Based on this mechanism, the concept of dynamic causation can be extended to a more 

generalized form, which will be elaborated in detail in the following section. 

  



Supplementary Note 3. Dynamic causation with the STI mechanism 

According to dynamical systems theory, if two variables (say, 𝑎𝑎 and 𝑏𝑏) are from the same 

dynamic system, they are causally related. Specifically, when the variable 𝑎𝑎  acts as an 

environmental driver of the variable 𝑏𝑏, the historical information from 𝑎𝑎 is contained within the 

time series of 𝑏𝑏. Therefore, the temporal information of 𝑎𝑎 can be recovered from 𝑏𝑏. To illustrate 

this more clearly, we consider a discrete model which describes the causality from 𝑎𝑎 to 𝑏𝑏 based 

on the instant dynamic causality (iDC) 7 as follows: 

�
𝑎𝑎𝑡𝑡+𝐿𝐿∆𝑡𝑡 = 𝑔𝑔�𝑎𝑎𝑡𝑡+(𝐿𝐿−1)∆𝑡𝑡,⋯ , 𝑎𝑎𝑡𝑡�+ 𝜖𝜖𝑎𝑎,𝑡𝑡 ,
𝑏𝑏𝑡𝑡+𝐿𝐿∆𝑡𝑡 = 𝑓𝑓�𝑎𝑎𝑡𝑡+(𝐿𝐿−1)∆𝑡𝑡,⋯ , 𝑎𝑎𝑡𝑡,𝑏𝑏𝑡𝑡+(𝐿𝐿−1)∆𝑡𝑡,⋯ , 𝑏𝑏𝑡𝑡�+ 𝜖𝜖𝑏𝑏,𝑡𝑡 ,

 

where 𝑓𝑓 and 𝑔𝑔 are two nonlinear functions, and 𝜖𝜖𝑎𝑎,𝑡𝑡 and 𝜖𝜖𝑏𝑏,𝑡𝑡 include the intrinsic noise and the 

discretization error. The variables 𝑎𝑎𝑡𝑡+𝑖𝑖∆𝑡𝑡  ( 𝑖𝑖 = 0,1,⋯ , 𝐿𝐿 − 1 ) are denoted as 𝐀𝐀𝑡𝑡 =

(𝑎𝑎𝑡𝑡,𝑎𝑎𝑡𝑡+∆𝑡𝑡,⋯ , 𝑎𝑎𝑡𝑡+(𝐿𝐿−1)∆𝑡𝑡)′ , and the variables 𝑏𝑏𝑡𝑡+𝑖𝑖∆𝑡𝑡  ( 𝑖𝑖 = 0,1,⋯ , 𝐿𝐿 ) are denoted as 𝐁𝐁𝑡𝑡 =

(𝑏𝑏𝑡𝑡,𝑏𝑏𝑡𝑡+∆𝑡𝑡,⋯ , 𝑏𝑏𝑡𝑡+𝐿𝐿∆𝑡𝑡)′ . Based on the assumption of steady dynamics, ((𝐀𝐀𝑡𝑡)′, (𝐁𝐁𝑡𝑡)′)′  is on an 

attractive manifold with box-counting dimension 𝑑𝑑. As the necessary conditions are satisfied 

according to the concept of dynamical causality 11, we can apply the implicit function theorem to 

derive 𝐀𝐀𝑡𝑡 as 

𝐀𝐀𝑡𝑡 = ℎ(𝐁𝐁𝑡𝑡, 𝜖𝜖𝑏𝑏,𝑡𝑡), (2) 

where ℎ sufficiently exists when 𝐿𝐿 > 2𝑑𝑑, and ℎ is generically the embedding map from the delay 

manifold 𝑀𝑀𝑏𝑏 = {𝐁𝐁𝑡𝑡|𝑡𝑡 ∈ ℝ} to 𝑀𝑀𝑎𝑎 = {𝐀𝐀𝑡𝑡|𝑡𝑡 ∈ ℝ} according to Takens’ embedding theorem and its 

stochastic version 5–8. The causal equation illustrates the mapping direction from the effect variable 

to the cause variable, and serves as a theoretically grounded principle to identify causality. On the 

other hand, we cannot apply the implicit function theorem to derive 𝐁𝐁𝑡𝑡 using 𝐀𝐀𝑡𝑡, given that the 

necessary conditions are not satisfied in this case. Therefore 𝐀𝐀𝑡𝑡 can be predicted reliably using 𝐁𝐁𝑡𝑡, 

but not vice versa 12–15. Note that Convergent Cross Mapping (CCM) 16 has been proposed as a 

method for constructing ℎ through a linear combination of local neighbors. 

The dynamic causation is based on delay embedding theorem, and establishes the embedding 

mapping from delay manifold of the effect variable to that of the cause variable 7,13,15. In other words, 

it emphasizes on the temporal information recovery. To fully utilize the rich spatial information of 

high-dimensional and short-term data, the dynamic causation can be extended to a more general 

version, not constrained on the temporal information. Specifically, the mapping ℎ in the causal 



equation can be extended to map a non-delay manifold to a delay manifold. The generalized 

embedding theorem (see Theorem 2) 4, which expands Takens’ embedding theorem 1, is capable of 

addressing more generic scenarios. According to the theorem, the delay embedding manifold of the 

effect variable 𝑏𝑏 can be topologically conjugated to a non-delay embedding manifold when the 

embedding dimension meets certain conditions, which is summarized as the spatiotemporal 

information (STI) transformation 17,18. Let 𝐂𝐂𝑡𝑡 = (𝑐𝑐1𝑡𝑡, 𝑐𝑐2𝑡𝑡 ,⋯ , 𝑐𝑐𝑞𝑞𝑡𝑡)  represent the multidimensional 

representation of 𝑀𝑀𝑏𝑏 at time 𝑡𝑡 in terms of topologically conjugacy, where 𝑞𝑞 > 2𝑑̃𝑑 and 𝑑̃𝑑 is the 

box-counting dimension of 𝑀𝑀𝑏𝑏. Clearly, the vector 𝐂𝐂𝑡𝑡 is non-delay embedding. When the variable 

𝑎𝑎 causes variable 𝑏𝑏, 𝐀𝐀𝑡𝑡 can be reliably predicted using 𝐂𝐂𝑡𝑡 and we can also obtain the equation: 

𝐀𝐀𝑡𝑡 = ℎ�(𝐂𝐂𝑡𝑡, 𝜖𝜖𝑐𝑐,𝑡𝑡), (3) 

where 𝜖𝜖𝑐𝑐,𝑡𝑡 is the approximation error, and ℎ� maps from the non-delay manifold 𝑀𝑀𝑐𝑐 = {𝐂𝐂𝑡𝑡|𝑡𝑡 ∈

ℝ} to the delay manifold 𝑀𝑀𝑎𝑎 = {𝐀𝐀𝑡𝑡|𝑡𝑡 ∈ ℝ}. Therefore, we generalize dynamic causation with the 

STI transformation, which is illustrated with the Lorenz example (see Fig. 1a in main text). Similarly, 

we can use the time delay embedding 𝐁𝐁𝑡𝑡 to reliably predict a non-delay embedding vector which 

is topologically conjugated to 𝐀𝐀𝑡𝑡 under certain conditions. 

The generalized dynamic causation with the STI transformation, provides a promising 

perspective for causal analysis and multistep forecasting of high-dimensional but short-term time 

series. Given the observed spatiotemporal information, it is promising to causally decompose it into 

different latent factors which represent different causal relationships with the target variable. The 

decomposition process can be realized through causal representation learning based on dynamic 

causation. Therefore, the rich spatial information of original data is effectively employed to predict 

future values of the target variable. Correspondingly, the causal representations can be utilized to 

recover the original high-dimensional data.  

  



Supplementary Note 4. Layer-wise relevance propagation interpretation method. 

With the rapid development of deep learning, artificial neural networks are known for their 

ability to learn complex relationships/functions between inputs and outputs 19. For example, they 

can learn the mapping from observed data 𝑋𝑋 to its cause representation 𝑆𝑆. However, interpreting 

how a neural network performs such transformation remains challenging. Layer-wise relevance 

propagation (LRP), introduced by Sebastian Bach in 2015 20,21, is an effective method for explaining 

deep neural network models by considering the network’s weights and structure. Its core idea is to 

redistribute the output backwards to the input variables layer by layer based on relevance 

propagation rules between two adjacent layers 19. This method has demonstrated its efficacy and 

accuracy for both classification and regression tasks 19,22,23.  

In contrast to the direction of network propagation, LRP computes the relevance scores of input 

variables for the output by backpropagating from the output layer to the input layer, as shown in 

Supplementary Figure 2. It fully leverages the network’s weights and parameters to estimate the 

importance of input variables for the output. Specifically, given a trained neural network, such as a 

Multilayer Perceptron (MLP) 24, the observed 𝑛𝑛 variables are processed through the network to 

produce a prediction output. LRP then redistributes the output back to the input variables by 

assigning relevance scores to assess the importance of each input variable to the network’s output. 

For a multilayer neural network, let 𝑐𝑐𝑖𝑖 and 𝑐𝑐𝑗𝑗 represent neurons in adjacent layers 𝑙𝑙 and 𝑙𝑙 + 1, 

respectively, where 𝑖𝑖 and 𝑗𝑗 denote the indices of the neurons. A common mapping from one layer 

to the next one can be expressed in the following form: 

𝑐𝑐𝑗𝑗 = 𝜎𝜎� � 𝑧𝑧𝑖𝑖𝑖𝑖
𝑖𝑖:𝑖𝑖 ∈ 𝐾𝐾

� , (4) 

where 𝑧𝑧𝑖𝑖𝑖𝑖 = 𝑤𝑤𝑖𝑖𝑖𝑖𝑐𝑐𝑖𝑖, 𝜎𝜎 is the activation function, and 𝑤𝑤𝑖𝑖𝑖𝑖 is the weight between neurons 𝑐𝑐𝑖𝑖 and 

𝑐𝑐𝑗𝑗 . The set 𝐾𝐾  contains all neurons in the 𝑙𝑙 -th layer. LRP calculates the relevance scores of all 

neurons from the output 𝑓𝑓(𝑋𝑋) backward to the input variables. Let 𝑅𝑅𝑖𝑖
(𝑙𝑙) and 𝑅𝑅𝑗𝑗

(𝑙𝑙+1) denote the 

relevance scores of neurons 𝑐𝑐𝑖𝑖  and 𝑐𝑐𝑗𝑗  in layers 𝑙𝑙  and 𝑙𝑙 + 1 , respectively. The amount of 

relevance score 𝑅𝑅𝑗𝑗
(𝑙𝑙+1) that spread to neuron 𝑐𝑐𝑖𝑖 from neuron 𝑐𝑐𝑗𝑗 is denoted as 𝑅𝑅𝑖𝑖←𝑗𝑗

(𝑙𝑙,𝑙𝑙+1). By posing 

the following constraint: 



𝑅𝑅𝑖𝑖
(𝑙𝑙) = � 𝑅𝑅𝑖𝑖←𝑗𝑗

(𝑙𝑙,𝑙𝑙+1)

𝑗𝑗: 𝑐𝑐𝑖𝑖 is input for neuron 𝑐𝑐𝑗𝑗

, (5) 

the conservation property for the relevance scores would hold between layers globally 19: 

� 𝑅𝑅𝑘𝑘
(1)𝑛𝑛

𝑘𝑘=1
= ⋯ = � 𝑅𝑅𝑖𝑖

(𝑙𝑙)
𝑛𝑛𝑙𝑙

𝑖𝑖=1
= � 𝑅𝑅𝑗𝑗

(𝑙𝑙+1)𝑛𝑛𝑙𝑙+1

𝑗𝑗=1
= ⋯ = 𝑓𝑓(𝑋𝑋), (6) 

where 𝑛𝑛 is the number of input variables, 𝑛𝑛𝑙𝑙 and 𝑛𝑛𝑙𝑙+1 are the number of neurons in layer 𝑙𝑙 and 

𝑙𝑙 + 1, and the output value 𝑓𝑓(𝑋𝑋) is the relevance score of the output neuron. The key process for 

LRP is to calculate the message 𝑅𝑅𝑖𝑖←𝑗𝑗
(𝑙𝑙,𝑙𝑙+1), for which various rules have been proposed 20. The adopted 

propagation method in this work is the 𝛼𝛼𝛼𝛼-rule 20 defined as 

𝑅𝑅𝑖𝑖←𝑗𝑗
(𝑙𝑙,𝑙𝑙+1) = �𝛼𝛼

𝑧𝑧𝑖𝑖𝑖𝑖+

𝑧𝑧𝑗𝑗+
+ 𝛽𝛽

𝑧𝑧𝑖𝑖𝑖𝑖−

𝑧𝑧𝑗𝑗−
�𝑅𝑅𝑗𝑗

(𝑙𝑙+1), (7) 

where 𝑧𝑧𝑖𝑖𝑖𝑖+ = max {𝑧𝑧𝑖𝑖𝑖𝑖 , 0} , 𝑧𝑧𝑖𝑖𝑖𝑖− = min {𝑧𝑧𝑖𝑖𝑖𝑖 , 0} , 𝑧𝑧𝑗𝑗+ = ∑ 𝑧𝑧𝑖𝑖𝑖𝑖+𝑖𝑖  , and 𝑧𝑧𝑗𝑗− = ∑ 𝑧𝑧𝑖𝑖𝑖𝑖−𝑖𝑖  . The parameters 𝛼𝛼 

and 𝛽𝛽  need to satisfy the constraint 𝛼𝛼 + 𝛽𝛽 = 1 . By propagating relevance layer by layer, the 

relevance scores 𝑅𝑅𝑘𝑘
(1) (𝑘𝑘 = 1,2,⋯ ,𝑛𝑛)  are obtained to evaluate the contribution of each input 

variable to the network output. Higher relevance scores indicate greater contributions of the input 

variables to the network’s output.  

In the CReP framework, causal representations are too abstract to interpret directly, so LRP is 

employed to explicitly explain the learned causal information. Given that the causal representations 

are multidimensional outputs, interpreting implicit representations with LRP requires computing the 

relevance scores of input variables for all output neurons and then integrating these scores. 

Additionally, we aggregate the relevance scores of input variables across all time points to assess 

the contribution of each input variable to the causal representations, making these scores 

independent of specific time points, as shown in Supplementary Figure 2. In this study, these 

relevance scores are used to measure the strength of each input variable as a cause of 𝑦𝑦 and as an 

effect of 𝑦𝑦. The specific LRP computation process within the CReP framework is detailed in the 

algorithm section. 

  



Supplementary Note 5. The CReP algorithm 

The CReP framework effectively leverages the observed spatiotemporal information via causal 

decomposition, thereby improving the accuracy and robustness of multistep forecasting. The 

determination of 𝐻𝐻,𝑔𝑔, 𝑓𝑓,𝐻𝐻−1 relies on a self-supervised learning scheme. In this study, each layer 

of the nonlinear mappings is followed by the LeakyReLU activation function. The CReP algorithm 

is carried out to predict the future values {𝑦𝑦𝑚𝑚+1,𝑦𝑦𝑚𝑚+2,⋯ ,𝑦𝑦𝑚𝑚+𝐿𝐿−1} of the target variable 𝑦𝑦, which 

is selected from {𝑥𝑥1,𝑥𝑥2,⋯ , 𝑥𝑥𝑛𝑛}, and explore the causal relationships for 𝑦𝑦 through the following 

procedure. 

Step1. Construct the STI-based causal equations. To efficiently utilize the known 

spatiotemporal information 𝑋𝑋 , we decompose it into three mutually orthogonal causal 

representations implicitly based on their causal relationship with the target variable 𝑦𝑦 through the 

nonlinear function 𝐻𝐻, and then recover the original information using the causal representations 

through the inverse mapping 𝐻𝐻−1  (Eq. (6) in main text). Therefore, assuming 𝑔𝑔 =

(𝑔𝑔1,𝑔𝑔2,⋯ ,𝑔𝑔𝐿𝐿)′  and 𝑓𝑓 = (𝑓𝑓1,𝑓𝑓2,⋯ , 𝑓𝑓𝑞𝑞)′ , we can establish the following causal equations with 

regard to the target variable 𝑦𝑦  according their implicit causal information based on the TCN 

scheme: 

⎝

⎜
⎛
𝑔𝑔1�(𝐙𝐙1), 𝜖𝜖𝑧𝑧,𝑡𝑡�
𝑔𝑔2�(𝐙𝐙1), 𝜖𝜖𝑧𝑧,𝑡𝑡�

⋮
𝑔𝑔𝐿𝐿�(𝐙𝐙1), 𝜖𝜖𝑧𝑧,𝑡𝑡�

  

𝑔𝑔1�(𝐙𝐙1,𝐙𝐙2), 𝜖𝜖𝑧𝑧,𝑡𝑡�
𝑔𝑔2�(𝐙𝐙1,𝐙𝐙2), 𝜖𝜖𝑧𝑧,𝑡𝑡�

⋮
𝑔𝑔𝐿𝐿�(𝐙𝐙1,𝐙𝐙2), 𝜖𝜖𝑧𝑧,𝑡𝑡�

  

⋯
⋯
⋱
⋯

  

𝑔𝑔1�(𝐙𝐙𝑚𝑚−𝑤𝑤,⋯ ,𝐙𝐙𝑚𝑚), 𝜖𝜖𝑧𝑧,𝑡𝑡�
𝑔𝑔2�(𝐙𝐙𝑚𝑚−𝑤𝑤,⋯ ,𝐙𝐙𝑚𝑚), 𝜖𝜖𝑧𝑧,𝑡𝑡�

⋮
𝑔𝑔𝐿𝐿�(𝐙𝐙𝑚𝑚−𝑤𝑤 ,⋯ ,𝐙𝐙𝑚𝑚), 𝜖𝜖𝑧𝑧,𝑡𝑡�⎠

⎟
⎞

= �

𝑦𝑦1

𝑦𝑦2
⋮
𝑦𝑦𝐿𝐿

 

𝑦𝑦2

𝑦𝑦3
⋮

𝑦𝑦𝐿𝐿+1
 

⋯
⋯
⋱
⋯

 

𝑦𝑦𝑚𝑚

𝑦𝑦𝑚𝑚+1

⋮
𝑦𝑦𝑚𝑚+𝐿𝐿−1

� , (8) 

⎝

⎜
⎛
𝑓𝑓1�(𝐘𝐘1), 𝜖𝜖𝑦𝑦,𝑡𝑡�
𝑓𝑓2�(𝐘𝐘1), 𝜖𝜖𝑦𝑦,𝑡𝑡�

⋮
𝑓𝑓𝑞𝑞�(𝐘𝐘1), 𝜖𝜖𝑦𝑦,𝑡𝑡�

  

𝑓𝑓1�(𝐘𝐘1,𝐘𝐘2), 𝜖𝜖𝑦𝑦,𝑡𝑡�
𝑓𝑓2�(𝐘𝐘1,𝐘𝐘2), 𝜖𝜖𝑦𝑦,𝑡𝑡�

⋮
𝑓𝑓𝑞𝑞�(𝐘𝐘1,𝐘𝐘2), 𝜖𝜖𝑦𝑦,𝑡𝑡�

  

⋯
⋯
⋱
⋯

  

𝑓𝑓1�(𝐘𝐘𝑚𝑚−𝑤𝑤,⋯ ,𝐘𝐘𝑚𝑚), 𝜖𝜖𝑦𝑦,𝑡𝑡�
𝑓𝑓2�(𝐘𝐘𝑚𝑚−𝑤𝑤,⋯ ,𝐘𝐘𝑚𝑚), 𝜖𝜖𝑦𝑦,𝑡𝑡�

⋮
𝑓𝑓𝑞𝑞�(𝐘𝐘𝑚𝑚−𝑤𝑤 ,⋯ ,𝐘𝐘𝑚𝑚), 𝜖𝜖𝑦𝑦,𝑡𝑡�⎠

⎟
⎞

=

⎝

⎛

𝑠𝑠11

𝑠𝑠21
⋮
𝑠𝑠𝑞𝑞1

     

𝑠𝑠12

𝑠𝑠22
⋮
𝑠𝑠𝑞𝑞2

     

⋯
⋯
⋱
⋯

     

𝑠𝑠1𝑚𝑚
𝑠𝑠2𝑚𝑚
⋮
𝑠𝑠𝑞𝑞𝑚𝑚⎠

⎞ . (9) 

By leveraging dynamic causation with 𝑦𝑦 , the CReP framework provides the multistep 

forecasting of the target variable, i.e., {𝑦𝑦𝑚𝑚+1,𝑦𝑦𝑚𝑚+2,⋯ , 𝑦𝑦𝑚𝑚+𝐿𝐿−1}, simultaneously uncovering the 

implicit causal interactions for 𝑦𝑦  through analyzing and interpreting the causal representations 

𝑆𝑆,𝑍𝑍,𝑉𝑉. 

Step2. Train the CReP network. Given that the future values of 𝑦𝑦 are unknown information, 

we employ a self-supervised learning scheme to train the network. Specifically, the nonlinear 

functions 𝐻𝐻,𝐻𝐻−1,𝑓𝑓,𝑔𝑔 are optimized using a “consistently self-constraint scheme” 17 which focuses 

on both the prediction accuracy of observed historical values and the preservation of temporal 



consistency for unknown future values. According to the CReP framework, there are some high-

level requirements for the network training. 

For the delay embedding matrix 𝑌𝑌 (Eq. (5) in main text), there are 𝑚𝑚 known historical values 

{𝑦𝑦1,𝑦𝑦2,⋯ ,𝑦𝑦𝑚𝑚}  and 𝐿𝐿 − 1  unknown future values {𝑦𝑦𝑚𝑚+1,𝑦𝑦𝑚𝑚+2,⋯ , 𝑦𝑦𝑚𝑚+𝐿𝐿−1}  remaining to be 

predicted. The estimated values of 𝑌𝑌 in each iteration, obtained through the functions 𝐻𝐻 and 𝑔𝑔, 

are given as follows: 

𝑌𝑌� = �

(𝑦𝑦�1)1
(𝑦𝑦�2)2
⋮

(𝑦𝑦�𝐿𝐿)𝐿𝐿

   

(𝑦𝑦�2)1
(𝑦𝑦�3)2
⋮

(𝑦𝑦�𝐿𝐿+1)𝐿𝐿

   

⋯
⋯
⋱
⋯

   

(𝑦𝑦�𝑚𝑚)1
(𝑦𝑦�𝑚𝑚+1)2

⋮
(𝑦𝑦�𝑚𝑚+𝐿𝐿−1)𝐿𝐿

� , (10) 

where (𝑦𝑦�𝑡𝑡)𝑗𝑗 denotes the estimated value of 𝑦𝑦 at time point 𝑡𝑡 (𝑡𝑡 ∈ {1,2,⋯ ,𝑚𝑚 + 𝐿𝐿 − 1}) using 

the 𝑗𝑗-th sub-mapping function 𝑔𝑔𝑗𝑗 (𝑗𝑗 ∈ {1,2,⋯ , 𝐿𝐿}) according to Supplementary Eq. (8). Since the 

historical information is known at time points {1,2,⋯ ,𝑚𝑚}, we establish 𝑚𝑚 − 1 self-constrained 

conditions to ensure the accuracy of the estimated values {𝑦𝑦�1,𝑦𝑦�2,⋯ ,𝑦𝑦�𝑚𝑚}: 

𝑔𝑔𝑗𝑗−1�(𝐙𝐙𝑡𝑡−𝑤𝑤 ,𝐙𝐙𝑡𝑡−𝑤𝑤+1,⋯ ,𝐙𝐙𝑡𝑡), 𝜖𝜖𝑧𝑧,𝑡𝑡� = 𝑔𝑔𝑗𝑗�(𝐙𝐙𝑡𝑡−𝑤𝑤−2,𝐙𝐙𝑡𝑡−𝑤𝑤−1,⋯ ,𝐙𝐙𝑡𝑡−1), 𝜖𝜖𝑧𝑧,𝑡𝑡�, (11) 

where 𝑗𝑗 ∈ {2,3,⋯ , 𝐿𝐿}  and 𝐙𝐙𝑡𝑡 = (𝑧𝑧1𝑡𝑡, 𝑧𝑧2𝑡𝑡 ,⋯ , 𝑧𝑧𝑞𝑞𝑡𝑡)′  is an embedding vector representing effect 

information of 𝑦𝑦  at time point 𝑡𝑡 . For the unknown future values, to ensure the temporal 

consistency of the estimated values {𝑦𝑦�𝑚𝑚+1,𝑦𝑦�𝑚𝑚+2,⋯ ,𝑦𝑦�𝑚𝑚+𝐿𝐿−1}, we establish a similar set of 𝐿𝐿 − 2 

self-constrained conditions. In total, these 𝑚𝑚 + 𝐿𝐿 − 3  conditions regulate the network training 

process by enforcing temporal sequence consistency across samples. 

Through the auto perception procedure mentioned above, the optimization of the CReP 

framework is accomplished through minimizing the following loss function, which comprises four 

weighted components: 

ℒ = 𝜆𝜆1ℒDS + 𝜆𝜆2ℒFC + 𝜆𝜆3ℒREC + 𝜆𝜆4ℒORTH. (12) 

In Eq. (12), the first part ℒDS is the determined-state loss for the target variable 𝑦𝑦, calculated 

from the estimated values of the known states {𝑦𝑦1,𝑦𝑦2,⋯ ,𝑦𝑦𝑚𝑚} with the following form: 

ℒDS = �
1

2𝑚𝑚𝑚𝑚 − 𝐿𝐿2 + 𝐿𝐿
���(𝑦𝑦�𝑡𝑡)𝑗𝑗 − 𝑦𝑦𝑡𝑡�2

𝑚𝑚

𝑡𝑡=𝑗𝑗

𝐿𝐿

𝑗𝑗=1

, (13) 

where (𝑦𝑦�𝑡𝑡)𝑗𝑗  ( 𝑡𝑡 = 1,2,⋯ ,𝑚𝑚  ) denotes the estimated value of 𝑦𝑦  at time point 𝑡𝑡  by the sub-

mapping function 𝑔𝑔𝑗𝑗, and 𝑦𝑦𝑡𝑡 ( 𝑡𝑡 = 1,2,⋯ ,𝑚𝑚 ) is the true value. The loss ℒDS quantifies the error 



between the estimation (𝑦𝑦�𝑡𝑡)𝑗𝑗  and the ground truth 𝑦𝑦𝑡𝑡  for all historical time points 𝑡𝑡  (𝑡𝑡 =

1,2,⋯ ,𝑚𝑚). 

In Eq. (12), the second part ℒFC  is the future consistency loss for the target variable 𝑦𝑦 , 

calculated from the estimated unknown values {𝑦𝑦𝑚𝑚+1,𝑦𝑦𝑚𝑚+2,⋯ ,𝑦𝑦𝑚𝑚+𝐿𝐿−1} with the following form: 

ℒFC = �
1

2𝑚𝑚𝑚𝑚 − 𝐿𝐿2 + 𝐿𝐿
� � �(𝑦𝑦�𝑡𝑡)𝑗𝑗 − mean(𝑦𝑦�𝑡𝑡)�

2
𝑚𝑚+𝑗𝑗−1

𝑡𝑡=𝑚𝑚+1

𝐿𝐿

𝑗𝑗=2

, (14) 

where (𝑦𝑦�𝑡𝑡)𝑗𝑗 (𝑡𝑡 = 𝑚𝑚 + 1,𝑚𝑚 + 2,⋯ ,𝑚𝑚 + 𝐿𝐿 − 1) is the estimated future value of 𝑦𝑦 at time point 

 𝑡𝑡 by the sub-mapping function 𝑔𝑔𝑗𝑗, and mean(𝑦𝑦�𝑡𝑡) (𝑡𝑡 = 1,2,⋯ ,𝑚𝑚) is the average of all predicted 

values (𝑦𝑦�𝑡𝑡)𝑗𝑗  for the same time point 𝑡𝑡 . Minimizing the loss ℒFC  ensures that predictions for 

different sub-mapping functions but corresponding to the same future time point 𝑡𝑡  remain 

consistent, thus preserving temporal consistency and enhancing the stability of predictions.  

In Eq. (12), the third part ℒREC is the reconstruction loss for latent representation 𝑆𝑆 and the 

spatiotemporal information 𝑋𝑋. It contains two parts: 

ℒREC = ℒREC_X + ℒREC_S, (15) 

where ℒREC_X  is the reconstruction loss for the original information 𝑋𝑋 , and ℒREC_S  is the 

reconstruction loss for the latent cause representation 𝑆𝑆, recovered by 𝑌𝑌 through the function 𝑓𝑓. 

Specifically,  

ℒREC_X = ��𝑋𝑋 − 𝑋𝑋���
F

, (16) 

and 

ℒREC_S = ��𝑆𝑆 − 𝑆̂𝑆��
F

, (17) 

where 𝑋𝑋 = [𝐗𝐗1,𝐗𝐗2,⋯ ,𝐗𝐗𝑚𝑚] , 𝑋𝑋� = [𝐗𝐗�1,𝐗𝐗�2,⋯ ,𝐗𝐗�𝑚𝑚] , 𝑆𝑆 = [𝐒𝐒1, 𝐒𝐒2,⋯ , 𝐒𝐒𝑚𝑚] , and 𝑆̂𝑆 =

[𝐒𝐒�1, 𝐒𝐒�2,⋯ , 𝐒𝐒�𝑚𝑚] , with || · ||F  representing the Frobenius norm. The loss ℒREC  quantifies the 

information recovery for both the overall spatiotemporal data and the latent cause factor. 

The last part ℒORTH in Eq. (12) is the orthogonal loss for the causal representations 𝑆𝑆,𝑍𝑍,𝑉𝑉 

defined as:  

ℒORTH = ���𝐒𝐒𝑖𝑖 ,𝐙𝐙𝑗𝑗�
𝑞𝑞

𝑗𝑗=1

𝑞𝑞

𝑖𝑖=1

+��⟨𝐒𝐒𝑖𝑖 ,𝐕𝐕𝑘𝑘⟩
𝑞𝑞

𝑘𝑘=1

𝑞𝑞

𝑖𝑖=1

+ ���𝐙𝐙𝑗𝑗 ,𝐕𝐕𝑘𝑘�
𝑞𝑞

𝑘𝑘=1

𝑞𝑞

𝑗𝑗=1

, (18) 

where 𝐒𝐒𝑖𝑖 = [𝑠𝑠𝑖𝑖1, 𝑠𝑠𝑖𝑖2,⋯ , 𝑠𝑠𝑖𝑖𝑚𝑚] , 𝐙𝐙𝑗𝑗 = [𝑧𝑧𝑗𝑗1, 𝑧𝑧𝑗𝑗2,⋯ , 𝑧𝑧𝑗𝑗𝑚𝑚] , 𝐕𝐕𝑘𝑘 = [𝑣𝑣𝑘𝑘1,𝑣𝑣𝑘𝑘2,⋯ , 𝑣𝑣𝑘𝑘𝑚𝑚] , and ⟨⋅,⋅⟩  is the inner 



product operation. The loss ℒORTH enforces orthogonality among the three causal representations, 

thus ensuring efficient use of the original information 𝑋𝑋 and enhancing the robustness of the causal 

analysis and multistep forecasting. 

Based on the loss function in Eq. (12) with the four important components, the network is 

trained in a self-supervised manner. The combination of ℒDS and ℒFC ensures accurate fitting of 

the nonlinear mapping 𝑔𝑔 and robust prediction based on causal decomposition. The reconstruction 

loss ℒREC  guarantees the consistency of the information recovery in the decomposition and 

reconstruction process. The orthogonal loss ℒORTH facilitates the efficient exploitation of observed 

information 𝑋𝑋, and the reliable causal analysis for the target variable in the dynamic system. In the 

end, the 𝐿𝐿 − 1  future values {𝑦𝑦𝑚𝑚+1,𝑦𝑦𝑚𝑚+2,⋯ , 𝑦𝑦𝑚𝑚+𝐿𝐿−1}  can be determined from the estimated 

delay embedding matrix 𝑌𝑌�  as follows: 

𝑦𝑦𝑚𝑚+𝑖𝑖 = mean�𝑦𝑦�𝑚𝑚+𝑖𝑖� =
1

𝐿𝐿 − 𝑖𝑖
� �𝑦𝑦�𝑚𝑚+𝑖𝑖�𝑗𝑗

𝐿𝐿

𝑗𝑗=𝑖𝑖+1

, (19) 

where 𝑖𝑖 = 1,2,⋯ ,𝐿𝐿 − 1.  

Step3. Infer the causal network based on 𝜶𝜶𝜶𝜶-LRP.  

The CReP framework is capable of not only making multistep prediction for the target variable, 

but also discovering the causal interactions in the dynamic system. In CReP, causal representations 

𝑆𝑆,𝑍𝑍,𝑉𝑉 are derived based on their causal relationships with the target variable 𝑦𝑦. However, these 

latent representations may be too abstract to interpret directly in a practical context. To uncover the 

causal links associated with 𝑦𝑦—the causes and effects—𝛼𝛼𝛼𝛼 -LRP is employed to explain the 

transformation mechanism 𝐻𝐻 from 𝑋𝑋 to 𝑆𝑆 and 𝑍𝑍. Specifically, for a trained encoder that maps 

the original information to the latent causal representations, 𝛼𝛼𝛼𝛼-LRP is utilized to compute the 

relevance scores of each input variable with respect to 𝑆𝑆 and 𝑍𝑍 (see Fig. 1c in main text). This 

approach assesses the contribution of each variable to different causal representations. The 

procedure is as follows: 

Given a trained neural network, where 𝐗𝐗𝑡𝑡 = (𝑥𝑥1𝑡𝑡,𝑥𝑥2𝑡𝑡 ,⋯ ,𝑥𝑥𝑛𝑛𝑡𝑡 )  is mapped to 𝐒𝐒𝑡𝑡 =

(𝑠𝑠1𝑡𝑡, 𝑠𝑠2𝑡𝑡 ,⋯ , 𝑠𝑠𝑞𝑞𝑡𝑡) and 𝐙𝐙𝑡𝑡 = (𝑧𝑧1𝑡𝑡, 𝑧𝑧2𝑡𝑡,⋯ , 𝑧𝑧𝑞𝑞𝑡𝑡), the relevance scores of each variable 𝑥𝑥𝑘𝑘𝑡𝑡  (𝑘𝑘 = 1, 2, ⋯ ,

𝑛𝑛) to the output 𝐒𝐒𝑡𝑡 and 𝐙𝐙𝑡𝑡 at time point 𝑡𝑡 are calculated respectively. For a multioutput neural 

network, the relevance scores of 𝑥𝑥𝑘𝑘𝑡𝑡   to all 𝑞𝑞  output neurons {𝑠𝑠1𝑡𝑡, 𝑠𝑠2𝑡𝑡 ,⋯ , 𝑠𝑠𝑞𝑞𝑡𝑡}  and {𝑧𝑧1𝑡𝑡, 𝑧𝑧2𝑡𝑡 ,⋯ , 𝑧𝑧𝑞𝑞𝑡𝑡} 

are averaged:  



𝑅𝑅𝑅𝑅𝑘𝑘,𝐒𝐒𝑡𝑡 =
1
𝑞𝑞
�𝑅𝑅𝑅𝑅𝑘𝑘,𝑠𝑠𝑖𝑖

𝑡𝑡

𝑞𝑞

𝑖𝑖=1

, (20) 

𝑅𝑅𝑅𝑅𝑘𝑘,𝐙𝐙𝑡𝑡 =
1
𝑞𝑞
�𝑅𝑅𝑅𝑅𝑘𝑘,𝑧𝑧𝑖𝑖

𝑡𝑡

𝑞𝑞

𝑖𝑖=1

, (21) 

where 𝑅𝑅𝑅𝑅𝑘𝑘,𝑠𝑠𝑖𝑖
𝑡𝑡   and 𝑅𝑅𝑅𝑅𝑘𝑘,𝑧𝑧𝑖𝑖

𝑡𝑡  denote the relevance scores of the 𝑘𝑘 -th input variable to the output 

neurons 𝑠𝑠𝑖𝑖𝑡𝑡 and 𝑧𝑧𝑖𝑖𝑡𝑡, 𝑅𝑅𝑅𝑅𝑘𝑘,𝐒𝐒𝑡𝑡 and 𝑅𝑅𝑅𝑅𝑘𝑘,𝐙𝐙𝑡𝑡 denote the relevance scores of the 𝑘𝑘-th input variable to 

the vector outputs 𝐒𝐒𝑡𝑡 and 𝐙𝐙𝑡𝑡. To aggregate the relevance scores across all time points, we then 

average 𝑅𝑅𝑅𝑅𝑘𝑘,𝐒𝐒𝑡𝑡 and 𝑅𝑅𝑅𝑅𝑘𝑘,𝐙𝐙𝑡𝑡 for 𝑡𝑡 = 1,2,⋯ ,𝑚𝑚 to calculate 𝑅𝑅𝑅𝑅𝑘𝑘,𝑆𝑆 and 𝑅𝑅𝑅𝑅𝑘𝑘,𝑍𝑍, which refer to the 

contribution of the 𝑘𝑘 -th input variable 𝑥𝑥𝑘𝑘  to the cause representation 𝑆𝑆  and the effect 

representation 𝑍𝑍: 

𝑅𝑅𝑅𝑅𝑘𝑘,𝑆𝑆 =
1
𝑚𝑚
�𝑅𝑅𝑅𝑅𝑘𝑘,𝐒𝐒𝑡𝑡

𝑚𝑚

𝑡𝑡=1

, (22) 

𝑅𝑅𝑅𝑅𝑘𝑘,𝑍𝑍 =
1
𝑚𝑚
�𝑅𝑅𝑅𝑅𝑘𝑘,𝐙𝐙𝑡𝑡

𝑚𝑚

𝑡𝑡=1

. (23) 

A higher value of 𝑅𝑅𝑅𝑅𝑘𝑘,𝑆𝑆 indicates a stronger causal link from 𝑥𝑥𝑘𝑘 to the target variable 𝑦𝑦, while a 

higher value of 𝑅𝑅𝑅𝑅𝑘𝑘,𝑍𝑍  indicates a stronger causal link from 𝑦𝑦  to 𝑥𝑥𝑘𝑘 . Consequently, the causal 

strength networks of 𝑦𝑦 can be inferred by interpreting the latent causal representations 𝑆𝑆 and 𝑍𝑍 

from a practical perspective.  

  



Supplementary Note 6. Datasets used in this study 

Lorenz 96 system 

The CReP framework was first applied to simulated models, one of which is a synthetic 60-

dimensional coupled Lorenz 96 system, introduced by Edward Lorenz in 1996 25. It is a simplified 

mathematical model used to study atmospheric dynamics and chaotic behavior in weather prediction. 

The system consists of a set of ordinary differential equations for 𝑛𝑛 variables that describe how a 

series of variables evolve over time with the following equations: 

𝑑𝑑𝑥𝑥𝑖𝑖
𝑑𝑑𝑑𝑑

= (𝑥𝑥𝑖𝑖+1 − 𝑥𝑥𝑖𝑖−2)𝑥𝑥𝑖𝑖−1 − 𝑥𝑥𝑖𝑖 + 𝐹𝐹, (24) 

where 𝑖𝑖 = 1,2,⋯ ,𝑛𝑛 and the parameter 𝐹𝐹 is a constant external forcing term that drives the system. 

The value of 𝐹𝐹 controls the level of external forcing applied to the system, and higher values of 𝐹𝐹 

introduce more turbulence and complexity. In the implementation of Lorenz 96 system, the initial 

values of all variables were set by a normal distribution and the time interval was set as ∆𝑡𝑡 = 0.03. 

The level of external forcing was set as 𝐹𝐹 = 5, and the data was collected after transient dynamics. 

In this work, CReP used the generated time-course datasets from Supplementary Eq. (24) to forecast 

the time evolution as illustration examples. For this dataset, 𝑚𝑚 = 50 was used as the length of 

known time points and the next 𝐿𝐿 − 1 = 15 steps of the target variable were forecasted. 

Power grid system 

The second simulated dataset used to validate the performance of our model is the power grid 

system modeled by Kuramoto equations, which is used to study synchronization phenomena in 

systems of coupled oscillators. It was introduced by Yoshiki Kuramoto in 1975 26. The model 

explores how a large number of oscillators, each with its own natural frequency, can synchronize 

when coupled together. We applied the CReP framework to a power grid system involving 120 units, 

which can be represented as follows: 

𝑑𝑑𝜃𝜃𝑖𝑖
𝑑𝑑𝑑𝑑

= 𝜔𝜔𝑖𝑖 + 𝛾𝛾�𝐴𝐴𝑖𝑖𝑖𝑖 sin�𝜃𝜃𝑗𝑗 − 𝜃𝜃𝑖𝑖�
𝑁𝑁

𝑗𝑗=1

, (25) 

where 𝜃𝜃𝑖𝑖 and 𝜔𝜔𝑖𝑖 are the phase and natural frequency of the 𝑖𝑖-th oscillator respectively, 𝛾𝛾 is the 

coupling strength, while pairwise interactions are encoded in the adjacency matrix 𝐴𝐴 27. In certain 

coupling conditions, this type of system displays highly intricate chaotic behavior instead of 

achieving synchronization.  



In the implementation of power grid, the initial values of all variables were set as zeros. The 

coupling strength was set as 𝛾𝛾 = 0.4, the time interval was set as ∆𝑡𝑡 = 0.02, and the data was 

collected after transient dynamics. Additionally, to more accurately capture the important dynamic 

information within the data, we applied trigonometric transformations to the generated time-course 

datasets from Supplementary Eq. (25) and sampled with a step size of 5, thereby enhancing the 

accuracy and reliability of the predictions 27. For this dataset, the length of known time points was 

set as 𝑚𝑚 = 30, and the next 𝐿𝐿 − 1 = 9 steps of the target variable were forecasted. The detailed 

forecasting results and causal analysis performance are illustrated in Supplementary Figure 3 and 

Figure 4. 

Gene regulatory network 

The DREAM4 (Dialogue for Reverse Engineering Assessments and Methods) dataset 28–30 is 

a benchmark for evaluating algorithms in gene regulatory network inference, featuring simulated 

gene expression time series data generated from known biological networks. This dataset, produced 

using GeneNetWeaver (GNW) 31, includes various challenges, each characterized by distinct 

network structures, noise levels, and the number of genes. Numerous researchers utilize DREAM4 

to assess the performance of causal inference methods and enhance the understanding of underlying 

biological mechanisms. By integrating GNW’s capabilities, DREAM4 provides a robust framework 

for testing and refining methodologies in systems biology. 

In this work, we utilized the DREAM in silico dataset with 50 nodes (𝑛𝑛 = 50), one of the 

DREAM challenges in GNW. The generated time series shows how the gene network responds to a 

perturbation and how it relaxes upon removal of the perturbation. This enables us to explore the 

complex relationships among biological gene expressions and make predictions for specific gene 

expression. The dataset was simulated using Stochastic Differential Equations (SDEs), with the 

noise coefficient set to 0.01. The time step for the time series in GNW was set as 1 during dataset 

generation. Due to the instability of the simulated time series data containing stochastic noise term, 

we performed a simple smoothing procedure on the dataset before applying the CReP method, using 

a moving average with a sliding window size of 5. The target variable was selected in this work as 

𝑥𝑥18 due to its complex interaction profile. For this dataset, the past 40 time points (𝑚𝑚 = 40) were 

treated as known information, while the future 8 time points (𝐿𝐿 − 1 = 8)  were designated for 

prediction. 



Hongkong cardiovascular inpatients dataset 

In addition to the simulated datasets, CReP has been applied to two real-world datasets, one of 

which is the Hongkong cardiovascular inpatients. This dataset encompasses multiple time series, 

including indices of air pollutants and the daily counts of cardiovascular inpatients at major hospitals 

in Hong Kong 32. Based on the assumption that the number of cardiovascular inpatients is strongly 

correlated with air pollutant levels 33, the CReP method was employed to forecast inpatient numbers. 

For the 14-dimensional system (𝑛𝑛 = 14), the 70 determined-state time points were used (𝑚𝑚 = 70), 

and the 25 future values remained to be predicted (𝐿𝐿 − 1 = 25 ). Using daily concentrations of 

nitrogen dioxide (NO2), sulphur dioxide (SO2), ozone (O3), respirable suspended particulates 

(Rspar), along with mean daily temperature and relative humidity data from air monitoring stations 

in Hong Kong (1994-1997), the CReP method aids in predicting the short-term dynamics of daily 

cardiovascular disease admissions.  

COVID-19 spread dataset in Japan 

COVID-19, as a highly contagious disease, had an initial reproduction number estimated at 

6.47 34. Research consistently shows that early interventions—such as mask usage, social distancing, 

self-isolation, quarantine, and even large-scale lockdowns—are crucial in controlling, or at the very 

least, slowing down the transmission of the virus 35. Consequently, predicting the spread of COVID-

19 is critical for the implementation of timely public health measures designed to minimize the 

outbreak’s severity and its further dissemination. The COVID-19 spread dataset contains a series of 

number representing COVID-19 daily new cases of 47 districts (𝐷𝐷 = 47) in Japan 36. The CReP 

framework took the past 𝑚𝑚 = 30 steps time series as known information and provided a 14-step-

ahead prediction (𝐿𝐿 − 1 = 14) of COVID-19 case numbers in Tokyo. Fig. 5 in the main text and 

Supplementary Figure 4 have demonstrated the excellent accuracy of CReP. Moreover, the inferred 

causality of COVID-19 transmission with regard to the target variable is shown in Supplementary 

Figure 3. 

  



Supplementary Note 7. The procedure of ablation study on loss function in CReP. 

To further demonstrate the effectiveness of CReP framework, we conduct an ablation study by 

eliminating different loss terms from our training loss in the main text. The experiment results on 

three simulation datasets are presented in Table 2 in main text. The “without ℒREC”, “without ℒFC” 

and “without ℒORTH” columns indicate that the reconstruction loss, the future-consistency loss and 

the orthogonal loss are eliminated from loss function during training CReP, respectively. Removing 

ℒREC  prevents CReP from guaranteeing the recovery of original high-dimensional information. 

Without ℒFC , the temporally self-constrained conditions are not enforced, and the removal of 

ℒORTH means that CReP is prone to extracting overlapping or insufficient causal information from 

observed data.   

In this ablation study, the model performance is evaluated from two perspectives: time series 

forecasting and causal analysis. Forecasting performance is assessed using the root mean square 

error (RMSE), while causal performance requires further quantification of inferred causal strengths 

to enable accuracy as a metric. To evaluate the causal results, we separated the cause variables and 

effect variables from the set of all input variables based on their relevance scores (contribution 

weights) to the corresponding representations, i.e., 𝑆𝑆  (cause representation) and 𝑍𝑍  (effect 

representation), as shown in Supplementary Figure 5. The separation standard is determined by the 

statistical significance of the relevance scores. Below, we illustrate this process using the cause 

variables identification as an example. 

Step1. Score ranking. 

For all input variables {𝑥𝑥1,𝑥𝑥2,⋯ ,𝑥𝑥𝑛𝑛} , let {𝑅𝑅𝑅𝑅𝜋𝜋(1),𝑆𝑆,𝑅𝑅𝑅𝑅𝜋𝜋(2),𝑆𝑆,⋯ ,𝑅𝑅𝑅𝑅𝜋𝜋(𝑛𝑛),𝑆𝑆}  denote their 

relevance scores to the cause representation ordering in descending order, i.e., 𝑅𝑅𝑅𝑅𝜋𝜋(1),𝑆𝑆 ≥

𝑅𝑅𝑅𝑅𝜋𝜋(2),𝑆𝑆 ≥ ⋯ ≥ 𝑅𝑅𝑅𝑅𝜋𝜋(𝑛𝑛),𝑆𝑆, where 𝜋𝜋 denotes the permutation of indices corresponding to the sorted 

scores. A higher score implies a stronger causal influence on the target variable. 

Step2. Candidate thresholds and grouping. 

We considered several candidate thresholds, specifically the top 5%, 10%, 15% and 20% of 

the ranked scores, to distinguish between cause variables and non-cause variables. Formally, for a 

threshold 𝜏𝜏 ∈ {0.05,0.10,0.15,0.20}, the set of causes is defined as 

𝒞𝒞(𝜏𝜏) = �𝑥𝑥𝜋𝜋(𝑖𝑖) � 𝑖𝑖 ≤ ⌈𝜏𝜏 ⋅ 𝑛𝑛⌉} 

Step3. Statistical significance testing. 



To determine the optimal threshold, we applied the Mann-Whitney U test 37,38 to evaluate the 

significance of the difference between the medians of the two groups—cause variables and non-

cause variables. This non-parametric test is appropriate as the relevance scores may not follow a 

normal distribution. For each candidate threshold 𝜏𝜏, we performed the test with the null hypothesis 

𝐻𝐻0 stating that the two groups have identical distributions. The U statistic was used to compute the 

P-value, and we selected the threshold 𝜏𝜏∗ with the smallest P-value: 

𝜏𝜏∗ = argmin
𝜏𝜏

𝑝𝑝(𝜏𝜏)  

The variables classified under the selected threshold 𝒞𝒞(𝜏𝜏∗) were identified as causes of the target 

variable. 

Step4. Identification of effect variables. 

The same procedure was followed to determine the effect variables based on their relevance 

scores to the effect representation 𝑍𝑍. 

With the causes and effects identified, we then constructed a directed causal network centered 

around the target variable for evaluating (shown in Supplementary Figure 5). Each directed edge 

𝑒𝑒𝑖𝑖𝑖𝑖:𝑥𝑥𝑖𝑖 → 𝑥𝑥𝑗𝑗 in the inferred network was treated as a sample. The edge was labeled as: 

label�𝑒𝑒𝑖𝑖𝑖𝑖� = �
1, if the edge 𝑥𝑥𝑖𝑖 → 𝑥𝑥𝑗𝑗  exists
0, otherwise

 

This enabled us to quantitatively assess the causal analysis results using metrics commonly 

employed in classification tasks. In the end, we evaluated the causal discovery performance using 

accuracy (ACC) and recall (REC), which are defined as follows: 

ACC=
TP+TN

TP+TN+FP+FN
, 

REC=
TP

TP+FN
, 

where TP, TN, FP and FN denote the numbers of true positives, true negatives, false positives, 

and false negatives, respectively. These two metrics provide a comprehensive assessment of the 

model’s ability to distinguish between causal and non-causal relationships. Additionally, we 

evaluated the forecasting performance using the root mean squared error (RMSE) across all samples: 

RMSE = �
1
𝑛𝑛
�(𝑦𝑦�𝑖𝑖 − 𝑦𝑦𝑖𝑖)2
𝑛𝑛

𝑖𝑖=1

 

where 𝑦𝑦�𝑖𝑖 and 𝑦𝑦𝑖𝑖 are the estimation and ground truth, respectively, at time point 𝑡𝑡. The RMSE 



measures the accuracy of the model’s predictions over the entire time series. 

The results of our evaluations (see Table 2 in main text) demonstrate that the model trained 

with the full loss function achieves the best overall performance in both forecasting and causal 

analysis. This indicates that each component of the loss function in the CReP framework plays a 

vital role in enhancing both the accuracy of time-series forecasting and the robustness of causal 

analysis. 

  



Supplementary Note 8. Methods for comparison in this study. 

In this study, the forecasting performance of CReP was compared with other six reprentative 

methods as following. 

 

Auto-reservoir neural network (ARNN) 

Auto-reservoir neural network (ARNN) 18 is an auto-reservoir computing framework to 

efficiently and accurately make multi-step-ahead predictions for short-term high-dimensional time 

series. It is based on Takens’ delay embedding theorem and establishes ARNN-based spatiotemporal 

information (STI) equations. By integrating the RC structure with STI equations, ARNN effectively 

leverages the rich spatial information inherent in high-dimensional data, thereby enabling robust 

and efficient multi-step forecasting of future values. 

 

Spatiotemporal information conversion machine (STICM) 

Spatiotemporal information conversion machine (STICM) 17 is a neural network computing 

framework to efficiently and accurately render a forecasting of a time series by employing a spatial-

temporal information (STI) transformation. By combining the STI equations and Granger causality, 

STICM fully explores the nonlinear features and spatiotemporal causal relations of the observed 

high-dimensional variables. Therefore, STICM not only provides accurate multi-step forecasts but 

also infers the causal factors of the target variable in the sense of Granger causality. 

 

Long short-term memory network (LSTM) 

Long short-term memory (LSTM) 39 is a extensively adopted neural network-based approach, 

particularly effective for processing sequential and temporal data. Built upon a refined recurrent 

neural network (RNN) architecture, LSTM networks are specifically designed to capture long-term 

dependencies in time series data. A typical LSTM unit consists of a memory cell along with three 

key gates: the input gate, the output gate, and the forget gate. The memory cell is responsible for 

retaining historical information, while the gates regulate the flow of information into, out of, and 

within the cell. This gating mechanism enables LSTM networks to selectively preserve or discard 

information, effectively addressing the vanishing gradient problem common in traditional RNNs.  

 



Autoregressive integrated moving average (ARIMA) 

The autoregressive integrated moving average (ARIMA) 40 is a well-established univariate 

approach for time series forecasting. It effectively addresses various characteristics of temporal data, 

including trends, seasonality, cyclical patterns, random errors, and non-stationarity. The ARIMA 

model is characterized by three parameters, denoted as ARIMA(𝑝𝑝,𝑑𝑑, 𝑞𝑞), which correspond to the 

autoregressive (AR), integrated (I), and moving average (MA) components, respectively. The 

general form of the ARIMA(𝑝𝑝,𝑑𝑑,𝑞𝑞) model is expressed as: 

∆𝑑𝑑(𝑧𝑧𝑡𝑡) = 𝜇𝜇 + 𝛽𝛽1∆𝑑𝑑(𝑧𝑧𝑡𝑡−1) + ⋯+ 𝛽𝛽𝑝𝑝∆𝑑𝑑(𝑧𝑧𝑡𝑡−𝑝𝑝) + 𝜀𝜀𝑡𝑡 + 𝜃𝜃1𝜀𝜀𝑡𝑡−1 +⋯+ 𝜃𝜃𝑞𝑞𝜀𝜀𝑡𝑡−𝑞𝑞, 

where ∆𝑑𝑑(𝑧𝑧𝑡𝑡) represents the 𝑑𝑑th-order differenced value of the time series at time 𝑡𝑡, addressing 

non-stationarity. The term 𝜀𝜀𝑡𝑡 denotes the error at time 𝑡𝑡. The coefficients 𝛽𝛽𝑖𝑖 correspond to the 

autoregressive component, while 𝜃𝜃𝑖𝑖 represent the moving average component of the model.  

 

Support vector regression (SVR) 

Support vector regression (SVR) employs the principles of support vector machines to perform 

curve fitting and regression analysis 41,42. As a multivariate method, it predicts future values using 

the following function: 

𝑓𝑓(𝑥𝑥) = �(𝛼𝛼𝑛𝑛 − 𝛼𝛼𝑛𝑛∗)𝐺𝐺(𝑥𝑥𝑛𝑛,𝑥𝑥) + 𝑏𝑏,
𝑁𝑁

𝑛𝑛=1

 

where 𝑥𝑥𝑛𝑛  is a multivariate set of 𝑁𝑁  observations with observed values 𝑥𝑥  and 𝐺𝐺(𝑥𝑥𝑛𝑛,𝑥𝑥) =

𝑒𝑒−|𝑥𝑥𝑛𝑛−𝑥𝑥|2. 

 

Informer 

Informer 43 is a neural network model specifically designed for efficient and scalable time 

series forecasting. It addresses the limitations of traditional Transformer models, particularly their 

high computational complexity when handling long sequences. By introducing the ProbSparse self-

attention mechanism, Informer significantly reduces computation costs while maintaining 

forecasting accuracy. Additionally, it incorporates a generative style decoder and distillation 

techniques to enhance long-term forecasting performance. These features make Informer 

particularly effective for multi-step prediction tasks in large-scale time series data.  
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