
Supplementary Information for

Incorporating External Fields in Analog Ising Machines

Robbe De Prins ∗†1,2, Jacob Lamers ∗†2, Peter Bienstman1, Guy Van der Sande2, Guy
Verschaffelt2, and Thomas Van Vaerenbergh3

1Photonics Research Group, Ghent University – imec, Technologiepark-Zwijnaarde 126,
9052 Gent, Belgium

2Applied Physics Research Group, Vrije Universiteit Brussel, Pleinlaan 2, 1050 Brussels,
Belgium

3Hewlett Packard Labs, Diegem, Belgium

Supplementary Note 1: Simula-
tion of the Ising machine

Simulating a run of the Ising machine begins by draw-
ing the initial spin amplitudes from the same Gaus-
sian distribution as the noise (see further). Their
amplitudes are updated each time step according to
the Euler scheme:

st+1 = st+∆t
(
−st + tanh

(
αst + βtIt

))
+γξt, (S.1)

where st is the vector of all spin amplitudes at time t,
∆t = 0.01 is the Euler time step, α is the linear gain,
It is the vector of the local fields of all spin amplitudes
at time t, γ = 0.001 is the noise strength and ξt is the
vector of the noise terms of all spin amplitudes. Each
noise term is drawn from a Gaussian distribution with
zero mean and a standard deviation of

√
∆t. βt is the

interaction strength at time t and is given by

βt+1 = βt + vβ∆t, (S.2)

where vβ is the annealing speed. The initial β value is
β0 and depends on the method used to implement the
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external fields. For the original external fields and the
spin sign method, β0 = 0 is used as the origin, i.e. all
spin amplitudes equal to zero, is a fixed point only at
β = 0. For the auxiliary spin method, β0 is set to the
value at which the origin undergoes its first pitchfork
bifurcation, as described in Supplementary Note 4.
Because computing this bifurcation point when using
the mean absolute spin method is computationally
expensive, we also set β0 = 0 in that case. More
details can be found in Supplementary Note 3.

The updates in Eq. (S.1) and Eq. (S.2) are re-
peated until either the IM obtains the target energy
or 104/∆t updates are done.

For each problem class, the TTS was calculated for
all possible combinations of parameter values within
the ranges specified in Supplementary Table 1 via a
grid search. The number of points per parameter
in the last column determines the resolution of the
sweep. The TTS mentioned in the main text is the
lowest TTS obtained in this way.

As discussed in the main text, Max-3-Cut problems
involve an additional parameter, B/A, which con-
trols the relative importance of the edge constraints
(weighted by B) compared to the one-hot encoding
constraints (weighted by A). The term proportional
to A is a sum over all vertices and therefore scales
with the number of vertices Nvert, while the term
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proportional to B scales with the number of edges,
i.e., ∝ N2

vert. Consequently, the same relative impor-
tance between constraints is achieved at lower values
of B/A as Nvert increases. Since we use a fixed num-
ber of sampling points (7) in our parameter scan, we
rescale the range of B/A with 1/Nvert to ensure that
the scanned values remain relevant and adequately
capture the region of interest for each value of Nvert.

Supplementary Note 2: Initial
search direction without rescal-
ing of the external fields

When using the original external fields method of
Eq. 3 of the main paper, the time evolution of the
spin amplitudes when using the tanh nonlinearity is
given by

dsi
dt

= −si + tanh

αsi + β
(∑

j

Jijsj + hi

) .

(S.3)
When β = 0, the origin (all spin amplitudes equal
to zero) is a fixed point of the system. We are now
interested in the state that emerges when β is slightly
increased. This means that at a fixed point, for all i

β =
−αsi + tanh−1(si)∑

j Jijsj + hi
. (S.4)

The partial derivative with respect to sk, evaluated
at the origin is given by

∂β

∂sk

∣∣∣∣
s=0,β=0

=
1− α

hk
. (S.5)

Since Eq. (S.4) is invertible for α < 1, we can write:

∂sk
∂β

∣∣∣∣
s=0,β=0

=
hk

1− α
. (S.6)

This means that, when starting from the origin and
increasing β, the system will evolve in a direction
proportional to the external field hi, independent of
the values of the spin couplings Jij .

Supplementary Note 3: Bifurca-
tion of the mean absolute spin
method

In general, the stability of a fixed point is related to
the eigenvalues of the Jacobian matrix evaluated at
that fixed point. When all eigenvalues are negative,
the fixed point is stable. When one eigenvalue be-
comes positive, the fixed point becomes unstable in
the direction of the corresponding eigenvector.

When using the mean absolute spin method in
combination with the tanh nonlinearity, the evolu-
tion of the spin amplitudes is given by:

dsi
dt

= −si+tanh

(
αsi+β

(∑
j

Jijsj+hi
1

N

∑
k

|sk|
))

.

(S.7)
The origin bifurcates when its stability changes, i.e.
when the largest eigenvalue of the Jacobian matrix
goes through zero and becomes positive. The Jaco-
bian matrix evaluated at the origin is given by

Uil

∣∣∣∣
s=0

= −
∂ dsi

dt

∂sl

∣∣∣∣
s=0

= (α− 1)δil + βJil + β
hl

N
lim
sl→0

sign(sl), (S.8)

where δil is the Kronecker delta. So, the Jacobian
matrix when using the mean absolute spin method is
discontinuous at the origin. This means that, in each
of the 2N directions around the origin, the Jacobian
has different eigenvalues and eigenvectors. Therefore,
to locate the bifurcation point of the origin, one must
substitute the signs of the spins of all directions in
Eq. (S.8) and determine whether the principal eigen-
vector has the same signs. The origin will bifurcate in
the direction of such an eigenvector with the eigen-
value that first becomes positive. Because of this,
determining the β value of the bifurcation point of
the origin when using the mean absolute spin method
is computationally more demanding than finding the
ground state by a brute force search, which defeats
the purpose of using an Ising machine.

As the bifurcation point cannot be easily found,
the annealing technique is initialized at β0 = 0. At
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Supplementary Table 1: Parameter sweeps. The ranges of the hyperparameters used to determine
their optimal values.

Problem
class

Parameter
name

Lowest
value

Highest
value

Spacing
type

Number
of points

SK

α −10 1 Linear 12

vβ 10−5 10−1 Log (base 10) 5

ζ 0 2 Linear 11

Beasley

α −10 1 Linear 12

vβ 10−5 10−1 Log (base 10) 5

ζ 0 2 Linear 11

Max-3-Cut

α −10 1 Linear 5

vβ 10−5 10−1 Log (base 10) 5

ζ 0 1.2 Linear 7

B/A 0 60/Nvert Linear 7

this point, however, the origin is still stable in all di-
rections and the spin amplitudes will just remain at
zero. The spin amplitudes will only deviate from zero
when β has been annealed to a value high enough so
that the origin is unstable in at least one direction.
This means that the inability to analytically calcu-
late the bifurcation point of the mean absolute spin
method leads to wasted simulation time and therefore
a slightly inflated TTS.

While it is, in principle, possible to develop a
heuristic to estimate an approximate β0 for the mean
absolute spin method—potentially improving its per-
formance—we do not pursue that direction here. In-
stead, we consider a complementary scenario: setting
β0 = 0 for the auxiliary spin method, rather than us-
ing the value defined in Eq. (S.13) (the latter equation
is used to obtain the results in the main text). This
intentionally introduces an amount of wasted simula-
tion time, similar to that of the mean absolute spin
method, allowing us to assess the impact of β0 on the
TTS of the IM.

Supplementary Fig. 1 illustrates this scenario for
(a) SK problems, (b) Beasley problems, and (c) Max-
3-Cut problems. It mirrors Figs. 2(b), 3(b), and 7(b)
from the main text, but with the data shifted hori-
zontally to the right to reflect the new initialization

at β0 = 0 for the auxiliary spin method. Comparing
Supplementary Fig. 1 with the original figures, we
find that this shift modestly affects the SK problem
data, while its impact on the Beasley and Max-3-Cut
problems is negligible. Importantly, even for the SK
problems, the shift is small enough that it does not al-
ter the relative performance between methods shown
in Fig. 2 of the main text. From these observations
we conclude that setting β0 = 0 for the mean abso-
lute spin method is not the main cause of the lower
performance of this method.

Supplementary Note 4: Bifurca-
tion of the auxiliary spin method

When using the auxiliary spin method in combination
with the tanh nonlinearity, the evolution of the spin
amplitudes is given by:

dsi
dt

= −si + tanh

(
αsi + β

∑
j

J ′
ijsj

)
, (S.9)

where J′ is the extended interaction matrix intro-
duced in Eq. (7) of the main text. The Jacobian
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Supplementary Figure 1: Comparison of time-to-solution between the auxiliary spin method
and the spin sign method. This comparison is made for (a) SK problems, (b) Beasley problems, and
(c) Max-3-Cut problems. These plots replicate Figs. 2(b), 3(b), and 7(b) from the main text, but with the
auxiliary spin method initialized at β0 = 0 instead of the value given in Eq. (S.13). Comparison with the
original figures shows that the choice of β0 has a limited effect on the TTS and does not alter the relative
performance between methods.

matrix evaluated at the origin is given by

Uil

∣∣∣∣
s=0

= −
∂ dsi

dt

∂sl

∣∣∣∣
s=0

= (α− 1)δil + βJ ′
il. (S.10)

The eigenvalues of this matrix λi are given by

λi = α− 1 + βµi, (S.11)

where µi are the eigenvalues of the extended interac-
tion matrix J′. When all eigenvalues λi are negative,
the origin is stable. When one eigenvalue λi becomes
positive, the origin becomes unstable in the direction
of the corresponding eigenvector. This happens when

λ+ = 0 = α− 1 + βµ+ (S.12)

β =
1− α

µ+
, (S.13)

where µ+ is the largest eigenvalue of the extended
interaction matrix J′.

Supplementary Note 5: PySA
operation

The PySA algorithm performs simulated annealing
with parallel tempering on nreplicas replicas at differ-
ent temperatures. These replicas are initialized in

random states and at a temperature given by

Tk =

{
TminR

k−1 k = 1, ..., nreplicas − 1

0 k = nreplicas

where Tk is the temperature of replica k and R is
given by

R = exp

(
1

nreplicas − 2
log

(
Tmax

Tmin

))
.

So, there is one replica at temperature zero and the
other replicas have temperatures distributed between
Tmin and Tmax.
The replicas are then updated in sweeps. In our

case, a sweep consists of attempting a spin flip for
each spin in random order. In total nsweeps are per-
formed for each replica.

This procedure of initializing and performing
sweeps is repeated nreads times.

In order to search for the ground state energies of
the Sherrington-Kirkpatrick (SK) spin glasses, the al-
gorithm was run five times, using different values for
the parameters. The values of these parameters can
be found in Supplementary Table 2. This resulted in
the same energies that were obtained by the Ising ma-
chine simulations for problems of 100 and 150 spins.
However, for the problems with 200 spins, the Ising
machine found equal or lower energies than PySA.
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Supplementary Table 2: PySA parameters.
Parameter values used to search for the ground state
energy of SK problems.

Run nsweeps nreplicas nreads Tmin Tmax

1 100 5000 1000 0.01 3.0

2 1000 500 1000 0.01 3.0

3 500 500 1000 0.001 6.0

4 500 1000 500 0.001 10.0

5 500 1000 800 0.001 15.0

Supplementary Note 6: Optimal
ζ for SK and Beasley problems

As discussed in the Methods section of the main text,
setting ζ = 1 guarantees that the ground state of
the binary Hamiltonian solves the original COP. This
guarantee is lost for ζ ̸= 1. However, small devi-
ations from ζ = 1 can still be expected to provide
valid solutions in many cases. Moreover, adding ζ
as an additional tunable parameter cannot deterio-
rate the performance. Supplementary Figs. 2 and 3
examine whether such improvements are practically
meaningful. Supplementary Fig. 2 compares the TTS
obtained using an optimized ζ with the TTS using
fixed ζ = 1 for SK problems; Supplementary Fig. 3
shows the same comparison for Beasley instances. In
both cases, when methods other than the original
external fields are used, most data points lie close
to the diagonal, indicating that optimizing ζ leads
to minimal improvement in TTS. This effect is most
pronounced for the spin sign method.

Supplementary Note 7: Trans-
formation from binary spins to
bipolar spins

When solving the Beasley instances of the BiqMac
library, the goal is to find the configuration of binary
spins xi ∈ {0, 1} that minimizes xTQx, with Q a
symmetric matrix.
This problem can be rewritten in terms of bipolar

spins σi ∈ {−1, 1} using the transformation

xi =
σi + 1

2
. (S.14)

The objective function now becomes∑
ij

Qijxixj =
∑
ij

Qij
σi + 1

2

σj + 1

2
(S.15)

=
1

4

∑
ij

Qij

(
σiσj + σi + σj + 1

)
.

(S.16)

Using that Q is symmetric∑
ij

Qijσi =
∑
ij

Qjiσj =
∑
ij

Qijσj , (S.17)

We can rewrite the objective function with the follow-
ing definitions: Jij := − 1

2 Q̃ij and hi := − 1
2

∑
j Qij ,

where Q̃ is the same as Q, but with the diagonal
elements set to zero:

−1

2

∑
ij

Jijσiσj −
∑
i

hiσi. (S.18)

Here, we neglected the constant term and the diago-
nal elements of the interaction matrix, as they are of
no importance when minimizing the objective func-
tion.

Note that the problem in terms of binary spins does
not have any external fields, but the same problem
in terms of bipolar spins does.

When tackling Max-3-Cut problems, a similar pro-
cedure can be applied. The Hamiltonian of such
problems is given by

H = A
∑
v∈V

(
1−

3∑
i=1

xv,i

)2

+B
∑

(uv)∈E

3∑
i=1

xu,ixv,i,

(S.19)
This can again be rewritten in terms of bipolar spins
by using the transformation of Eq. (S.14).

H = A
∑
v∈V

(
1−

3∑
i=1

σv,i + 1

2

)2

+B
∑

(uv)∈E

3∑
i=1

σu,i + 1

2

σv,i + 1

2
.
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Supplementary Figure 2: Comparison of time-to-solution between ζ = 1 and the optimal ζ
that minimizes the TTS, for each of the methods, for SK problems. Panels (a)-(d) correspond
to the original external fields, auxiliary spin method, mean absolute spin method, and spin sign method,
respectively. In panel (a), 6 data points coincide in the grey area in the top right. The corresponding COPs
could not be solved with ζ = 1, nor with optimal ζ (i.e. TTS = ∞, SR = 0%), given the allocated compute
time of t = 104.

We can rewrite the first term as follows

A
∑
v∈V

(
1−

3∑
i=1

σv,i + 1

2

)2

= A
∑
v∈V

(
1 +

( 3∑
i=1

σv,i + 1

2

)2

− 2

3∑
i=1

σv,i + 1

2

)

= A
∑
v∈V

(
3∑

i,j=1

σv,iσv,j

4
+

3∑
i=1

σv,i

2
+

1

4

)
.

The second term can be rewritten as

B
∑

(uv)∈E

3∑
i=1

σu,i + 1

2

σv,i + 1

2

= B
∑

(uv)∈E

3∑
i=1

(
σu,iσv,i

4
+

1

4

)

+B
∑

(uv)∈E

3∑
i=1

(σu,i

4
+

σv,i

4

)

= B
∑

(uv)∈E

3∑
i=1

(
σu,iσv,i

4
+

1

4

)

+B
∑
v∈V

3∑
i=1

σv,i

4
deg(v)

where in the last line, we changed the sum of the sec-
ond term from going over all edges of the graph, to
going over all vertices. This, while once again ignor-
ing all constant terms gives

H =
A

4

∑
v∈V

∑
i̸=j

σv,iσv,j +
B

4

∑
(uv)∈E

3∑
i=1

σu,iσv,i

+
∑
v∈V

3∑
i=1

(
A

2
+

B

4
deg(v)

)
σv,i,

(S.20)

Supplementary Note 8: Optimal
ζ for Max-3-Cut problems

As explained in the main text, the optimal ζ value
for Max-3-Cut problems converges to 0.6 as the prob-
lem size increases. While there is some variation on
this problem-specific optimal ζ value, using ζ = 0.6
yields comparable performance across all problems
and methods of implementing the external fields.
Supplementary Fig. 4 compares the time-to-solution
(TTS) achieved using the optimized value of ζ (ver-
tical axis) versus a fixed value of ζ (horizontal axis)
for all Max-3-Cut problem instances. Each row cor-
responds to a different fixed value: ζ = 0.4, ζ = 0.6,
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Supplementary Figure 3: Comparison of time-to-solution between ζ = 1 and the optimal ζ
that minimizes the TTS, for each of the methods, for Beasley problems. If COPs could not be
solved with ζ = 1, nor with optimal ζ (i.e. TTS = ∞, SR = 0%), given the allocated compute time of
t = 104, then they appear in the grey area at the top right. These data points coincide. The number of such
COPs in Fig. (a)–(d) is 17, 16, 5, and 0, respectively.

and ζ = 0.8 and each column represents one of the
four methods considered to implement external fields.
In these plots, each point represents a single prob-
lem instance. Points lying on the diagonal indicate
that either the fixed value of ζ is the instance-specific
optimal value or that it has a similar performance.
Notably, for ζ = 0.6, the majority of points clus-
ter tightly around the diagonal across all methods,
suggesting that this choice often yields near-optimal
performance. In contrast, for ζ = 0.4 and ζ = 0.8,
many points fall noticeably below the diagonal, indi-
cating that fixing ζ to these values more frequently
results in suboptimal performance.

Supplementary Note 9: Extend-
ing the connection between ζ and
the embedding validity to larger
problems

Due to limited computational resources, it is not fea-
sible to generate mapping-correctness plots like Fig. 6
from the main text for systems larger than 30 spins.
However, as the IM is only expected to perform well
when the mapping is correct, regions of high suc-
cess rate can serve as a proxy for identifying regions
of valid mapping. As illustrated in Supplementary

Fig. 5, the success rate under slow annealing con-
ditions strongly correlates with the correct-mapping
region identified in Fig. 6 of the main text. Notably,
using ζ = 0.4 or ζ = 0.6 allows for a broader range of
B/A values that yield high success rates. To quantify
this trend, Supplementary Fig. 6 shows the fraction
of tested B/A values (defined in Supplementary Ta-
ble 1) that result in success rates larger than 10%
as a function of system size. The figure reveals that
this fraction shrinks with increasing problem size for
ζ = 1, while such a strong decrease is not observed
for ζ = 0.6. Even though these figures are made using
the original external fields, the conclusions also hold
for the other methods, as the mapping correctness is
independent of the method of implementing the ex-
ternal field. Moreover, the conclusions also hold when
varying the arbitrary threshold of 10% success rate.

Supplementary Note 10: Opti-
mal working point for the spin
sign method.

Supplementary Figs. 7–9 present the success rate,
TTS, and average runtime T of successful runs for
all problem instances. Supplementary Fig. 7 corre-
sponds to the SK instances, where the number fol-
lowing “N” in the label indicates the number of spins.
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Supplementary Fig. 8 and Supplementary Fig. 9 re-
port results for the Beasley and Max-3-Cut problems,
respectively, using the BiqMac naming convention.

Across these figures, the spin-sign method often ex-
hibits substantially lower success rates than the other
three methods. However, its significantly shorter av-
erage runtime frequently results in superior TTS per-
formance. This is because, when optimizing for TTS,
the hyperparameter optimization tends to favor sce-
narios in which the spin-sign method rapidly con-
verges, albeit with lower success probabilities, lead-
ing to a lower overall TTS. This type of operation is
sometimes referred to as fail fast mode [1]. Note that
it is more often observed for smaller problem sizes.
For larger problems, T tends to be more similar be-
tween all methods.

It is also important to note that the spin-sign
method does not universally underperform in terms
of success rate. While its success rates can be lower
when performing a hyperparameter optimization that
minimizes TTS, this is a consequence of favoring fast-
converging configurations rather than a fundamental
limitation of the method. In fact, several instances
are solvable only with this method, while the oth-
ers fail. Furthermore, as shown in Supplementary
Fig. 10, when the hyperparameters are optimized
to maximize success rate instead of TTS, the spin-
sign method operates in a regime with consistently
higher success rates than before, often comparable to
or higher than those of the other methods.

Supplementary Note 11: Max-
imal cut-values for Max-3-Cut
problems from the Gset library.

In Fig. 7 of the main text, we showed that the spin-
sign method successfully solves the Max-3-Cut prob-
lem on the first five graphs of the Gset benchmark set.
The other methods generally fail to do so, with one
exception: the auxiliary spin method succeeds on the
G4 instance but fails on the others. For each method,
Supplementary Table 3 lists the maximal cut values
obtained after hyperparameter optimization (cf. Sup-
plementary Note 1).

Supplementary Note 12: Exact
vs. approximate balance between
spin couplings and external fields

In the Methods section of the main text, we intro-
duced different methods for incorporating external
fields in analog IMs and illustrated their impact on
spin dynamics using a 3-spin COP. The original ex-
ternal fields showed to be prone to magnitude im-
balances between the spin couplings Jij and external
fields hi, most clearly reflected in the initial search
direction, which depends exclusively on hi and not
on Jij (cf. Supplementary Note 2). To reduce this
imbalance, the mean absolute spin and auxiliary spin
methods apply a continuously varying correction fac-
tor to the external fields. This factor mitigates, but
does not eliminate, the discrepancy.

The spin sign method, in contrast, preserves the
exact magnitudes of all interactions as defined in the
binary Hamiltonian (Eq. 1 of the main text). As a
result, it reproduces the intended energy landscape
more faithfully and governs spin evolution accord-
ingly. To formalize this comparison, we define the
error metric ϵi, which quantifies how much the effec-
tive ratio between spin couplings and external fields,
as experienced by spin i, deviates from the target
ratio set by the Ising Hamiltonian:

ϵi =

∣∣∣∑j Jijxj

hiΓ

∣∣∣∣∣∣∑j Jij sgn(xj)

hi

∣∣∣ =
∣∣∣∣∣

∑
j Jijxj

Γ
∑

j Jij sgn(xj)

∣∣∣∣∣ . (S.21)

Here, Γ denotes the time-dependent correction factor
introduced by the methods:

Γ =


1, for the original external fields,
1
N

∑
k |sk| , for the mean absolute spin method,

xaux, for the auxiliary spin method.

(S.22)
By construction, ϵi = 1 for all i under the spin sign
method.

Supplementary Fig. 11 shows the temporal evolu-
tion for the Beasley problem bqp50-2 under the dif-
ferent methods. Qualitatively similar results were
observed for other COPs, confirming that the fol-
lowing conclusions are not specific to this instance.
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Supplementary Table 3: Maximum cut for GSET. Maximal cut-values for the first five graphs of the
Gset benchmarks using the different methods under consideration. Values in bold highlight where the best
known solution is obtained.

Graph Best known
solution [2]

Spin sign
method

Original
external fields

Auxiliary
spin method

Mean absolute
spin method

G1 15165 15165 15160 15159 15156

G2 15172 15172 15164 15165 15162

G3 15173 15173 15166 15168 15168

G4 15184 15184 15178 15184 15174

G5 15193 15193 15189 15191 15191

Panels (a–d) display the spin amplitudes, which gen-
erally converge to ±1, although a subset of spins re-
main frustrated and fail to do so. Panels (e–h) report
the problem-solving progress, showing that all meth-
ods eventually reach the solution but require differ-
ent operating times. Note that frustrated spins with
zero amplitude may persist even when the IM energy
coincides with the ground state, indicating that the
ground state energy is achieved regardless of whether
those spins map to +1 or −1. Panels (i–l) present
the error metric ϵi. For the original external fields
of panel (i), ϵi starts near zero, reflecting that the
initial search direction is dominated by hi and inde-
pendent of Jij (cf. Supplementary Note 2). As the
IM evolves, ϵi exhibits irregular fluctuations and de-
viates from unity. This indicates that the intended
binary energy landscape is not faithfully represented
during the active search. As time progresses even fur-
ther, the spin amplitudes generally converge to ±1.
As is clear from Eq. (S.21), this makes most ϵi ap-
proach 1 (although some remain offset due to spin
frustrations). While this indicates a more faithful
representation of the intended energy landscape, it
occurs only after the spins have effectively “frozen”
due to convergence, and therefore does not reflect ac-
curate behavior during the search phase. Considering
panels (j) and (k), we observe that both the mean ab-
solute spin method and the auxiliary spin method do
not suffer from a field-dominated initial search direc-
tion, such that ϵi > 0 at t = 0. However, during
the remainder of the evolution (t > 0), we still ob-

serve erratic fluctuations that differ from unity. This
indicates that, even though these two methods aim
to assess the imbalances between external fields and
spin couplings using a global continuously-varying Γ-
factor, they cannot enforce the exact intended ratio
for each spin. The spin sign method, in contrast,
maintains exact consistency with the relative magni-
tudes of all terms in the binary Hamiltonian and thus
provides a more faithful representation of the energy
landscape governing spin evolution.
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Supplementary Figure 4: Comparison of the TTS achieved with optimized ζ values versus
fixed ζ ∈ {0.4, 0.6, 0.8} for Max-3-Cut instances. Each column corresponds to a method to implement
external fields: the original external fields (panels a,e,i), the auxiliary spin method (panels b,f,j), the mean
absolute spin method (panels c,g,k), and the spin sign method (panels d,h,l). The vertical axis of each panel
shows the TTS obtained using the optimal ζ per instance, while the horizontal axis shows the TTS with a
fixed value of ζ. Panels (a–d), (e–h), and (i–l) correspond to fixed ζ values of 0.4, 0.6, and 0.8, respectively.
Each point represents a single problem instance. Points lying on the diagonal indicate equal performance
between fixed and optimized ζ.
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Supplementary Figure 5: Correlation between
success rate and correct mapping. Success rate
of the g05 10.0 graph when rescaling the external
fields with a constant ζ, as a function of ζ and B/A
when slow annealing is performed (dβ/dt = 0.001).
No dynamic rescaling factor is applied. Other pa-
rameters are set as follows: α = −1, γ = 0.001,
ninit = 100.
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Supplementary Figure 6: Fraction of valid
B/A values. Fraction of the tested B

A values (de-
fined in Supplementray Table 1) for which the success
rate exceeds an arbitrary threshold of 10% as a func-
tion of the number of spins. Each dot represents the
mean value across 10 Max-3-Cut problems. Shaded
areas represent the standard deviation. The under-
lying simulations were performed for the original ex-
ternal fields method, α = −1, and dβ

dt = 0.001.
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Supplementary Figure 7: Performance for SK problems. For every SK problem instance and for
every implementation method for the external fields, the values of α and vβ are determined that minimize
TTS. For those values of the hyperparameters, the success rate (panel a), time-to-solution (TTS, panel b),
and average runtime T of successful runs (panel c) is shown. TTS bars that reach the upper edge denote
TTS=∞.
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Supplementary Figure 8: Performance for Beasley problems. For every Beasley problem instance
and for every implementation method for the external fields, the values of α and vβ are determined that
minimize TTS. For those values of the hyperparameters, the success rate (panel a), time-to-solution (TTS,
panel b), and average runtime T of successful runs (panel c) is shown. TTS bars that reach the upper edge
denote TTS=∞.
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Supplementary Figure 9: Performance for Max-3-Cut problems. For every Max-3-Cut problem
instance and for every implementation method for the external fields, the values of α and vβ are determined
that minimize TTS. For those values of the hyperparameters, the success rate (panel a), time-to-solution
(TTS, panel b), and average runtime T of successful runs (panel c) is shown. TTS bars that reach the upper
edge denote TTS=∞.
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Supplementary Figure 10: Performance for all problems when prioritizing success rate. Results
with hyperparameters chosen to maximize success rate. This contrasts with the main text, where hyperpa-
rameters are chosen to minimize TTS. Panels (a) and (b) show maxα,vβ SR for SK and Beasley problems,
respectively, with ζ = 1. Panel (c) shows maxα,vβ ,

B
A
SR for Max-3-Cut problems, with ζ = 0.6.
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Supplementary Figure 11: Temporal evolution of the spin amplitudes, Ising energy and error
metric. Temporal evolution for the Beasley problem bqp50-2 for the different methods under consideration.
(a–d) Spin amplitudes generally converge to ±1, though some spins remain frustrated. (e–h) All methods
eventually reach the solution, with varying operating times. (i–l) The error metric ϵi fluctuates for the
original external fields, mean absolute spin, and auxiliary spin methods, while remaining exactly 1 for the
spin sign method. This highlights that only the spin sign method preserves the intended balance between
spin couplings and external fields, faithfully representing the binary Hamiltonian.
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