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Supplementary Note 1: SU(N) generators and

structure constant

In this appendix, we show explicit examples of SU(N) generators τα intro-
duced in Matrix Models section of the main text. Our normalization is

Tr(τατβ) = δαβ . (1)

For the SU(2) theory, an explicit example of such generators is obtained by
rescaling Pauli matrices as σ1√

2
, σ2√

2
, and σ3√

2
. For the SU(3) theory, we can use

the Gell–Mann matrices λ1,2,··· ,8 such that

τα =
λα√
2

(α = 1, 2, · · · , 8) . (2)

The Gell–Mann matrices are defined by

λ1 =

 0 1 0
1 0 0
0 0 0

 , λ2 =

 0 −i 0
i 0 0
0 0 0

 , λ3 =

 1 0 0
0 −1 0
0 0 0

 ,

λ4 =

 0 0 1
0 0 0
1 0 0

 , λ5 =

 0 0 −i
0 0 0
i 0 0

 ,

λ6 =

 0 0 0
0 0 1
0 1 0

 , λ7 =

 0 0 0
0 0 −i
0 i 0

 , λ8 =
1√
3

 1 0 0
0 1 0
0 0 −2

 .

(3)

For SU(N) theory, we can use Sab√
2
, Aab√

2
(a < b), and Dn√

n(n+1)
(n = 1, · · · , N −

1), where

(Sab)ij ≡ δaiδbj + δajδbi, (Aab)ij ≡ i (δaiδbj − δajδbi) (4)
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and

Dn ≡ diag(1, · · · , 1,−n, 0, · · · , 0) . (5)

The structure constant fαβγ is defined by

[τα, τβ] = i
∑
γ

fαβγτγ . (6)

Equivalently,

fαβγ = −i · Tr ([τα, τβ]τγ) . (7)

Combining this expression and trace cyclicity, we can see that fαβγ is totally
antisymmetric.

Supplementary Note 2: Some aspects of gauge

symmetry

In this appendix, we discuss a few issues associated with the gauge symmetry,
mostly following ref. [1].

When our universal framework is applied to gauge theories—specifically
to matrix models and orbifold-lattice constructions—the extended Hilbert
space is employed. The use of this extended Hilbert space often causes
unnecessary concern due to a widespread misunderstanding that “physical
states must be gauge-invariant.” We will address this point in Supplementary
Note 2, Extended Hilbert space and gauge-invariant Hilbert space. There is
no problem as long as the Hamiltonian gauge-invariant. The truncation of
the coordinate and momentum bases breaks the gauge symmetry. We argue
that the restoration of gauge symmetry can be achieved efficiently in the
universal framework.

Extended Hilbert space and gauge-invariant Hilbert space

In the Hamiltonian formulation in the At = 0 gauge, it is often said that
“physical states must be gauge invariant”. In fact, however, the gauge-
invariant Hilbert space is only one of many equivalent ways to describe phys-
ical states [2, 3, 4].
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Firstly, let us see how the singlet condition arises. Let us take the canoni-
cal partition function as an example, although essentially the same argument
holds for real-time evolution. As demonstrated in refs.[5, 6] for the cases of
Hermitian and unitary matrix models, the path integral formalism can be
rewritten in terms of the operator formalism on the extended Hilbert space
as

Z(T ) =

∫
[dϕ][dAt]e

−S[ϕ,At] =
1

volG

∫
G
dgTrHext

(
ĝe−Ĥ/T

)
. (8)

Here, At is the temporal component of the gauge field and ϕ is for all other
fields including the spatial component of the gauge field. G is the local gauge
transformation, which is G =

∏
x⃗:sites[SU(N)]x⃗ for the case of the lattice gauge

theory, volG is the volume of G, and ĝ acts on the Hilbert space as a gauge
transformation corresponding to a group element g ∈ G. The integral

∫
G dg is

taken using the Haar measure. 1
volG

∫
G dg ĝ is a projector from the extended

Hilbert space. If one follows the derivation [5, 6] carefully, one can see that
g is the Polyakov line and the integration of g is the integration of At. The
same expression holds for discrete groups, replacing volG with the number
of elements and

∫
dg with the sum over all elements. Historically, the first

example is the system of N indistinguishable bosons, which can be seen as
a gauge theory with SN gauge symmetry. The projector 1

volG
∫
G dg ĝ forces

us to identify the states related by gauge transformation, like we do in path
integral or in classical electrodynamics, or, as Bose and Einstein did, bosons
are not distinguishable. We can take any state on a gauge orbit [2, 3, 4], and
we can also take the linear combination of all the states on the orbit and
obtain a single state. The latter leads to another, equivalent expression of
the partition function,

Z(T ) = TrHinv

(
e−Ĥ/T

)
. (9)

There is no reason that one must use Hinv. By properly avoiding the
double counting of euqivalent states, we can describe the same physics by
using Hext.

For quantum simulations, the gauge-invariant Hilbert space poses a seri-
ous challenge that must be addressed before it can be employed for large-scale
simulations capable of achieving quantum advantage [1]. Namely, due to the
non-local nature of the basis, encoding the states and the Hamiltonian is
complicated and requires substantial computation on a classical computer,
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which becomes a bottleneck because of the exponential growth of the Hilbert-
space dimension with the number of qubits. Furthermore, the circuit depth
grows exponentially. These issues stand in stark contrast to our universal
approach. This makes it difficult to take the lattice size sufficiently large and
the lattice spacing sufficiently small.

The key role of gauge symmetry is to introduce a massless vector field
compatible with Lorentz symmetry without having negative-norm states [7,
8, 9]. On a lattice, Lorentz symmetry is broken by construction. In the lat-
tice Hamiltonian formulation, Lorentz symmetry is restored when the trun-
cation of the Hilbert space is removed and the continuum limit is taken. The
gauge-invariant Hilbert-space approach makes it difficult to take these lim-
its and, as a result, the original motivation for introducing gauge symmetry
may be undermined. Somewhat counter-intuitively, by relinquishing exact
gauge symmetry at the truncated level, one can better preserve the original
motivation for gauge symmetry.

Truncation effect on gauge symmetry

Because our universal framework allows to take the truncation level Λ large,
we can remove the truncation effects, including but not limited to those on
the gauge symmetry. To demonstrate it, let us study a one-matrix model
with the SU(2) gauge group. The coordinate and momebntum operators are
X̂ = 1√

2

∑3
α=1 X̂ασ

α and P̂ = 1√
2

∑3
α=1 P̂ασ

α, respectively. Because there are
only three bosons, we can use exact diagonalization to study the properties of
this model. Unlike multi-matrix models, the gauge-fixed approach is efficient
for this case. However, we use the extended Hilbert space here because our
motivation is to understand the truncation effect in this approach. For the
Hamiltonian, we use

Ĥ = Tr

(
1

2
P̂ 2 +

1

2
X̂2 +

1

4
X̂4

)
. (10)

The generators of SU(2) gauge transformation is

Ĝα =
∑
β,γ

fαβγX̂βP̂γ, (11)
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or written more explicitly,

Ĝ1 =
√
2
(
X̂2P̂3 − X̂3P̂2

)
,

Ĝ2 =
√
2
(
X̂3P̂1 − X̂1P̂3

)
,

Ĝ3 =
√
2
(
X̂1P̂2 − X̂2P̂1

)
. (12)

To estimate the truncation effect, we use the ground-state energy E0 and
the vacuum expectation value of

∑
α Ĝ

2
α. We take the coordinate basis, so

that X̂α take the form of (14) with (16). For P̂α, we use (21), but we use the
Fourier transform to express them in the coordinate basis. Therefore, while
X̂α are diagonal, P̂α are dense matrices.

Supplementary Fig. 1 shows |E0(Λ)−E0(Λ+2)| and ⟨Ĝ2⟩ obtained using
the ground state, R = 8 (fix) and even values of Λ. We can see exponentially
fast convergence to the ground state, including an exponential decay of ⟨Ĝ2⟩
indicating the exponentially fast restoration of SU(2) symmetry. (Note that
the exact gauge symmetry requires R → ∞ as well and hence ⟨Ĝ2⟩ does not
become exactly zero at finite R.)

Supplementary References
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Supplementary Figure 1: Convergence of ground-state observables with
truncation level. Panel (a) shows the difference |E0(Λ)−E0(Λ + 2)| at fixed
R = 8, which is positive for Λ ≤ 14 and negative for Λ ≥ 16. Panel (b)
shows the expectation value of ⟨Ĝ2⟩ obtained from the ground state at fixed
R = 8 for various values of Λ.
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