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The electrical generation of spin signals is of central interest for spintronics, where graphene
stands as a relevant platform as its spin-orbit coupling (SOC) is tuned by proximity effects. Here,
we propose an enhancement of spin-charge interconversion in graphene by controlling the intra-
particle entanglement between the spin and pseudospin degrees of freedom. We demonstrate that,
although the spin alone is not conserved in Rashba-Dirac systems, a combined spin-pseudospin
operator is conserved. This conserved quantity represents the interconversion between pure spin
and pseudospin textures to a spin-pseudospin entangled structure, where Kane-Mele SOC tunes
this balance. By these means, we achieve spin-charge interconversion of 100% efficiency via the
Rashba-Edelstein effect. Quantum transport simulations in disordered micron-size systems demon-
strate the robustness of this effect, and also reveal a disorder resilient spin Hall effect generated by
the interplay between Rashba and Kane-Mele SOC. Our findings propose a platform for maximally
efficient spin-charge interconversion, and establish spin-pseudospin correlations as a mechanism to

tailor spintronic devices.

INTRODUCTION

Spin-charge interconversion (SCI) mechanisms lie at
the core of spintronic technologies, generating current-
driven spin signals which can then be used for informa-
tion processing [1, 2]. Traditionally, the development of
efficient SCI relies on bulk heavy metals with a large spin-
orbit coupling (SOC); however, van der Waals materials
offer new possibilities as SOC can be tuned by proxim-
ity effects [3-5]. Graphene is particularly relevant in this
context [6, 7]. Its long spin diffusion length makes it an
ideal platform for spin transport and spin logic opera-
tions [8-11]; while SOC can be induced and tailored by
proximity effects stacking graphene with transition metal
dichalcogenides (TMDs) [12-18] or topological insulators
(TIs) [19-22]. Efficient SCI via the Rashba-Edelstein ef-
fect (REE, also called inverse spin galvanic effect) and
the spin Hall effect (SHE) has been shown in graphene-
based heterostructures [23-26], even outperforming bulk
heavy metals and non-van der Waals interfaces [25]; with
the additional advantage of gate-tunability.

Most of graphene’s unique features emerge from pseu-
dospin related effects [27-31], where the pseudospin de-
gree of freedom stemming from its bipartite sublat-
tice structure generates the characteristic massless Dirac
fermion behaviour. SOC in graphene is mediated by
the pseudospin, and thus spin-pseudospin correlations
play a central role in spin-related transport. Indeed,
the weak localisation to weak antilocalisation transi-
tion in graphene is driven by both pseudospin and
spin coherence effects [32, 33]; while the spin relax-
ation near the Dirac point is dominated by intra-particle

spin-pseudospin entanglement [34], as well as the elec-
tric dipole spin resonance [35]. However, the role of
spin-pseudospin correlations in SCI has not been fully
understood. While graphene exhibits a unique verti-
cal Rashba splitting enabling an efficient REE [36, 37],
spin-pseudospin entanglement is most prominent in this
regime [37, 38]. More recently, spin-pseudospin en-
tanglement was proposed to drive spin-orbit torques in
graphene beyond the electron gas regime generating un-
conventional spin-orbit torque fields [39, 40].

Here, we propose an enhanced SCI regime in graphene
by controlling spin-pseudospin entanglement. We
demonstrate the manipulation of spin-pseudospin entan-
glement by tuning different SOC fields; namely, Rashba
and Kane-Mele (also called intrinsic) SOC. While spin
angular momentum is not a conserved quantity due to
Rashba SOC, we show that a combined spin-pseudospin
operator is conserved, representing the interconversion
between pure spin and pseudospin textures to a spin-
pseudospin entangled structure, where Kane-Mele SOC
tunes the spin-entanglement balance. By these means,
the REE is optimised up to maximal efficiency of 100%,
surpassing the previous theoretical maximum predicted
in structures without Kane-Mele SOC [37]. We further-
more demonstrate the enhanced REE is highly robust
by performing real-space simulations of micron-scale sys-
tems including disorder, maintaining a nearly maximal
efficiency. Additionally, we demonstrate that Kane-Mele
SOC reinstates a finite SHE in Rashba-Dirac systems
even in presence of disorder, which is otherwise sup-
pressed [41].
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FIG. 1. Depiction of the Rashba-Edelstein effect (REE) originating from helical spin textures in graphene. (a) Depiction of
the Fermi contours with helical spin-momentum locking, represented by the blue and red arrows, with no applied electric field
(€ = 0). (b) Depiction of the REE, where the applied electric field € generates a carrier redistribution, represented by the
faded Fermi contours, generating a net spin density Srer x 2 X € (yellow arrow) (c, d) Band structure for (c) Axkm = 0 and
(d) Axkm = Ar = 10meV, with Axm and Ar the Kane-Mele and Rashba spin-orbit coupling (SOC) parameters. The Rashba
pseudogap (RPG) is shaded in gray, while the light and dark red (blue) curves correspond to the x = + (x = —) subspace,

as defined in Eq. (2).

(e) Spin helicity (bottom axis) and spin-pseudospin entanglement (top axis) of the bands. Kane-Mele

SOC reduces the effective mass in the blue cone, suppressing entanglement and enhancing the spin helicity throughout the

pseudogap, leading to a larger REE.

RESULTS AND DISCUSSION

In the REE, broken mirror symmetry parallel to the
two-dimensional plane induces helical spin-momentum
locking via Rashba SOC, where the spin texture winds
about the Fermi contour orthogonal to the momentum.
When applying a current, the non-equilibrium carrier
redistribution generates a net spin density of the form
Sgep < 2 X &€, with € the driving electric field, as de-
picted in panels (a) and (b) of Fig. 1. Vertical Rashba
splitting in graphene generates favourable conditions for
the REE as the current is carried through a single spin-
helical band near the charge neutrality point [37]. How-
ever, because the pseudospin mediates spin-momentum
locking, the spin texture is quenched by spin-pseudospin
entanglement, representing the main limiting factor for
the REE efficiency. Controlling spin-pseudospin entan-
glement thus emerges as the path towards optimizing
SCI, as demonstrated in the following.

We consider a minimal graphene model endowed with
Rashba SOC and Kane-Mele SOC. The low-energy Bloch
Hamiltonian is

Hi = hvg, (kITzUlc + kyay) — )\?R (crysz — TZCT,ESy)
(1)
- ?Tzazsz )
with vg, ~ 106 ms™! the velocity of massless electrons in
bare graphene, and Ay and Ay,; the Rashba and Kane-
Mele SOC parameters respectively. The spin, pseudospin
and valley degrees of freedom are respectively represented

by the Pauli vectors s, o and 7. We will focus our
analysis on the 7, = +1 subspace without loss of gen-
erality, as shown in the Supplementary Note S1. Kane-
Mele SOC has been shown to be enhanced up to the
meV scale in graphene/TT heterostructures [19, 21], while
the emergence of Rashba SOC depends on the stacking
and is typically smaller [20-22]. On the other hand, in
graphene/TMD bilayers Rashba SOC can range up to
~ 15meV [13, 14, 42], while Kane-Mele SOC is negligi-
ble, but could be enhanced by decoration with adatoms
[43, 44] or nanoparticles [45].

At large momentum the bare graphene Hamiltonian
dominates, represented by the first term in Eq. (1); and
thus the bands are completely pseudospin polarised along
the radial direction, (o) = +k. Each subset of bands
splits into clockwise and counter-clockwise spin helicity
due to Rashba SOC, (s) = +£¢ = +2x k, while Kane-
Mele SOC does not influence the band structure in this
regime. The resulting eigenstates, labelled by the radial
pseudospin direction p and spin helicity £ (with p, E==),
have the fully disentangled form |u, &) = |uk), ® |€5).,
where the first and second components correspond to the
pseudospin and spin projected substates, which are the
respective eigenstates of the operators oy = ok and
s, =s-@. Near the Dirac point, however, the SOC terms
become of comparable strength to the bare graphene
hamiltonian, resulting in the hybridisation of the asymp-
totic pure states and emergence of spin-pseudospin en-
tanglement.

We express the Hamiltonian in the asymptotic eigenba-
sis, revealing that the spectrum separates in two decou-



pled Dirac cones, one for each spin-pseudospin winding
direction, labelled by x = sign (o x s) - 2. The Hamilto-
nian projected to subspace x reads

AR ( +hvgek
3
2

Af 1AM + XAR)
_ _ 2
Hiex = X 2 Lax AkM + XAR) ’

—hvg k

where the matrix elements correspond to the basis of
pure states |—, —x) and |4, +x). The cones are gapped
by an effective mass of magnitude |A,| = [Ag + xAxm],
which promotes maximally entangled states of the form
%ﬂ—, —x) £ |+, +x)) at k£ = 0. The resulting bands are
Ey+ = xAr/2%e,, withe, = [(wgk)?+A2 /4]'/2 while
the spin and pseudospin textures are (s), + = E£xp, @
and (o)y,+ = ipxk, with py, = hwgk /ey, where we have
dropped the k index for simplicity (see Supplementary
Note S1 for complete calculations). We note that Kane-
Mele SOC, unlike other interactions such as a valley-
Zeeman SOC, preserves the nature of the Rashba-Dirac
system, marked by the spin-pseudospin winding of the
bands.

The spin and pseudospin textures respectively re-
main fully helical and radial, but their magnitudes are
quenched near the Dirac point. Because of SOC, the
pure spin and pseudospin angular momenta are not con-
served quantities, but these rather take the form of cou-
pled spin-pseudospin operators. In particular we ob-
tain the conserved quantity Q = oys,, with eigenvalues
(Q)x,+ = x- The separable contribution to (Q) is given
by (Q)sep = (0k)(5,), and is determined by the pure spin
and pseudospin textures. On the other hand, we find that
the non-separable contribution, given by (Q) — (Q)sep,
is determined by the spin-pseudospin entanglement, as
(OkSe)xt = (Ok)x£(50) v+ = XC5 4, where C'is the con-
currence, which quantifies entanglement from 0 to 1 from
pure to maximally entangled states respectively [38, 46]
(see Supplementary Note S1 for explicit calculation). We
conclude that the conserved quantity Q = ogs, rep-
resents the interconversion of angular momentum from
the individual spin and pseudospin projections to spin-
pseudospin entanglement. Finally, by expressing this re-
lation as

(o +Ci=1, (3a)
(@2 +C2i=1, (3b)

we explicitly show that the entanglement is proportional
to the quenching of the individual spin and pseudospin
textures.

The spin texture throughout the Rashba pseudogap is
enhanced by including Kane-Mele SOC, as shown in pan-
els (¢) and (d) of Fig. 1, for Axkp = 0 and Akm = Ar,
respectively, while the light and dark red (blue) curves
correspond to the y =+ (x =—) cone. The energy gap
of the red x = + (blue x = —) cone is crossed by the
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FIG. 2. REE results. Panels (a) and (b) show the Rahbsa-
Edelstein effect (REE) efficiency, Orgg, as a function of the
Fermi energy in the constant broadening approximation and
in the real-space disordered system, respectively. The REE is
optimised up to maximal efficiency Orgr = *1 for Kane-Mele
and Rashba spin-orbit coupling parameters of equal magni-
tude (Akm ==2ARr) in the constant broadening approximation
, remaining robust against disorder. Panel (c) shows the
maximum |Orgg| as a function of the disorder strength W.
In all panels, the colour of the curves indicates the value of
Akm according to the colourbar. [Agr = 10meV]

upper (lower) band of the opposite cone, forming the
Rashba pseudogap, shaded in gray, where the Fermi level
is intersected by a single spin helical band. Kane-Mele
SOC opens the gap of the red y = + cone, while that
of the blue y = — cone closes, reducing spin-pseudospin
entanglement in the latter and enhancing the spin he-
licity throughout the pseudogap, as shown in panel (d).
By these means, the spin texture can be tuned in the
low-energy regime allowing to optimise the REE up to
maximal efficiency, which we demonstrate below.

We quantify the REE efficiency adopting the defini-
tion proposed by Offidani, et al.[37], which corresponds
to the ratio between the transversal non-equilibrium spin
density Sy, and the charge current J,, yielding the ef-
ficiency ©Orgr = 2evS,/(hJ;). Here v corresponds to
the transport velocity required to adimensionalise the
spin-to-current ratio. Within a perturbative treatment
of disorder, v remounts to the Fermi velocity obtained
from the band structure, vp = h~19E/0k, as originally
considered[37]. We extend this definition beyond the per-
turbative regime in order to further explore the robust-
ness of SCI, as discussed in the Methods section.

We compute the non-equilibrium spin density at Fermi
level ep using the Kubo-Bastin formula [47], yielding

hE h O0GT .
Sy(er) = E/d&f(E)ImTr[ImG"'§sy§jw} , (4)



with f the Fermi-Dirac distribution (we take the zero
temperature limit), Gt = lim, o+ [e — H +in]~* the re-
tarded Green’s function, ) the system size, £ the driving
electric field (taken along the x axis), and H and j the
Hamiltonian and current operators respectively. The lon-
gitudinal current is computed identically, but replacing
the spin operator %sy by the current operator j,. We
refer the reader to the methods section for further detail.
We first consider a simplified transport framework,
where the only effect of disorder is to introduce a con-
stant energy broadening 7 > 0 in the Green’s function
while the Hamiltonian is perfectly pristine. We refer to
this framework as the constant broadening approxima-
tion. For 7 smaller than all other energy scales, the fi-
nite broadening translates into a finite relaxation time
T, = h/2n. This approach is equivalent to the semi-
classical Boltzmann transport regime within the constant
relaxation time approximation, and only captures the ef-
fects of a finite lifetime of the non-equilibrium quasipar-
ticles, while omitting higher order scattering processes
such as skew scattering or side-jump scattering [1]. We
obtain for the non-equilibrium expectation values

ef,
4777;7 Z k

Sy(er) = (sp)sign(ow) . (5a)

Jolep) = & ”gr&” Zk| o)l (5b)

where the sum is performed over all Fermi momenta.
Both S, and J, are Fermi surface phenomena, propor-
tional to 7, and therefore the REE efficiency is indepen-
dent of the chosen broadening. Within the pseudogap
there is a single Fermi momenta and ©Ogrgg is uniquely
determined by the spin helicity of the gap-crossing band,
i.e. OrRgE = (sy,)sign(ok)|,,; while outside the pseudo-
gap bands of opposite helicities counteract. Thus, the
REE is maximised at the pseudogap edges, yielding

2Ar (AR + AkMm)

, 6
3AR + AkM ( )

max @REE =

where we have considered Ag,A\xkym > 0. Ogrggr(er) is
shown in Fig. 2-(a) for different values of Ak, demon-
strating the enhancement of the REE due to Kane-Mele
SOC. Not only does the maximum value of |Orgg| in-
crease with Ak, but it also peaks throughout a wider
spectral range. Remarkably, the REE is optimised up to
maximal efficiency of Orgg = 1 for Ak = £Ar due
to the complete suppression of spin-pseudospin entangle-
ment throughout the Rashba pseudogap, surpassing the
previous theoretical maximum [37].

Beyond the constant broadening approximation, we
demonstrate the robustness of the enhanced REE by
performing real-space simulations in disordered systems,

treating impurity scattering in a non-perturbative fash-
ion. Because we intend to discern transport phenomena
within the Rashba pseudogap, we require a spectral reso-
lution on the meV scale, where a large system size is nec-
essary to avoid spurious finite-size effects. For this, we
compute Eq. (4) by the Kernel Polynomial method, de-
veloping an energy-filtering technique [48-51], which al-
lows us to simulate a graphene sheet of ~ 28 um? (~ 10°
atoms) with a numerical Jackson spectral broadening of
n ~ 1meV generated by the finite polynomial expan-
sion. Anderson disorder is included as random on-site
potentials in the range [—W/2,W/2], and is treated on
equal footing to the pristine Hamiltonian. The relax-
ation time is now determined by both the methodology-
induced quasiparticle lifetime 7,,, as well as by scattering
with the disorder potential, represented by 7, yielding
the total relaxation time 7=! = 7! + 7.7 [49]. Further-
more, the non-perturbative treatment of disorder consid-
ers scattering effects beyond the semiclassical constant
relaxation time approximation. We refer the reader to
the Methods section for further detail on the methodol-
ogy.

Our results reveal a remarkable robustness of the REE,
with the REE efficiency shown in Fig. 2-(b, c¢), while
the raw S, and J, calculations are presented in Supple-
mentary Note S3. Indeed, both S, and J, scale with
the relaxation time as they are Fermi surface phenom-
ena, and are therefore suppressed with stronger disorder,
where the disorder-induced suppression is weaker within
the RPG, granted by a larger 7,. The REE efficiency,
on the other hand, characterises the ratio of electric cur-
rent converted to spin density, and is more robust to
the effects of disorder, as shown in Fig. 2-(b). The
largest efficiency losses occur at the pseudogap edges,
where disorder-induced scattering enables transitions be-
tween bands of opposite helicities, thus breaking the RPG
regime. For Axy = 0 we observe that the Orpg peak,
which in the constant broadening approximation occurs
at the RPG edges, is reduced by the disorder-induced
smearing of the RPG, as shown in Fig. 2-(b). On the
other hand, for Ay = AR, the plateau-shaped maximum
grants further robustness to the REE, with the |Orgg|
peak value nearly fully preserved for all disorder intensi-
ties explored.

We now show that SCI via the SHE is also enhanced by
modifying spin-pseudospin entanglement. While in the
Kane-Mele dominated system the SHE is topological and
robust to disorder [52, 53], in a pure Rashba-Dirac sys-
tem the intrinsic contribution to the SHE is countered by
disorder [41, 54]. Therefore, we focus on the Mgy < Ar
regime. Theoretical calculations of the intrinsic contri-
bution have shown the emergence of a peak in the SHE
within the RPG due to Kane-Mele SOC [55]; however,
its response against disorder remains unexplored. To ad-
dress this issue we compute the spin Hall current in real-
space disordered systems using Eq. (4), replacing hs, /2
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FIG. 3. Spin Hall effect (SHE) conductivity, osug, for Axkm =
AR (main panel) and Axm = 0 (inset), without disorder and
with disorder of W = 2.7eV, respectively shown in dashed
and solid lines. Ar and Akxwm are the Rashba and Kane-Mele
spin-orbit coupling paameters. [Ag = 10meV]

for the spin current operator j; = h/4{vy,s.}, where v
corresponds to the velocity operator.

Our results for the spin Hall conductivity ospyg are
shown in Fig. 3, with and without Kane-Mele SOC in the
main panel and inset, respectively. For the pure Rashba
system our real-space simulations capture the disorder-
induced suppression of the intrinsic SHE, as shown in
the inset of Fig. 3, in accordance with theoretical predic-
tions based on covariant conservation laws and diagram-
matic analysis of higher order scattering events [41]. Such
result showcases the power of our methodology for the
treatment of disorder effects. When including Kane-Mele
SOC, our results show that outside the RPG the SHE re-
mains similar to that of the pure Rashba system, while a
prominent ogyp peak emerges from the band touching at
charge neutrality. The inter-band transition originating
this peak occurs between Dirac cones of opposite spin-
pseudospin winding x, which we find is proportional to
the difference in entanglement between both Dirac cones
(see Supplementary Note S1.). The oggg peak is highly
robust to disorder, as shown in Fig. 3; while, similar to
the pure Rashba system, away from the charge neutrality
point the SHE is suppressed. By these means, the inter-
play between Rashba and Kane-Mele SOC reinstates a fi-
nite SHE in a Rashba-Dirac system, even in the Rashba
dominated regime where there is no topological quan-
tum spin Hall effect gap. This result resembles that ob-
tained for valley-Zeeman SOC, where the interplay with
the Rashba field yields a finite SHE [41]. However, we
note that in the latter case intervalley scattering strongly
suppresses the SHE [32], while in the present system both
intra and intervalley scattering act on the same level.

Altogether, our results unveil the role of spin-
pseudospin correlations for spin-charge interconversion
mechanisms in graphene. In particular, we have shown
that spin-pseudospin entanglement can serve as a robust
tool both to optimise spin-momentum locking in order
to enhance the Rashba-Edelstein effect up to maximal
efficiency; as well as to tune inter-band transitions gen-
erating a finite spin Hall effect. While we have here pro-

vided a proof of concept from a minimal graphene model,
further research along this path may address these phe-
nomena in other Dirac materials, as well as discern the ef-
fects of spin-pseudospin correlations for spin-orbit torque
in magnetic devices.

METHODS

Quantum transport: framework

Under a driving electric field, the macroscopic non-
equilibrium density of some observable O, is given by
Eq. (4), replacing the spin operator %sy for O©. This
expression may be further separated in Fermi surface and
Fermi sea contributions [47]

Outler) = —= /dz—:(—ﬁ) Tr [In G+ O I G* (£:5)]

7 Oe
(7a)
_2h + A OReGT )
Osealer) = m/dsf Im Tr [ImG (’)T (8;7)} .
(7b)

In the constant broadening approximation the system
is considered to be periodic, while a finite yet small
broadening 1 > 0 is introduced in the Green’s func-
tion. The trace is taken in reciprocal space as Q~! Tr —
S, [ d®k/(2m)?, where the sum is performed over all
eigenstates. For the Fermi surface contribution we use
Zn,m ImGH(E,) ImGT(E,) = > ,(ImG*"(E,))?, and
[ den?/(e? +n?)~? = 7/2n to obtain

4’k .
Osuri(er) = 7 Enj / W(S(En’k —er)(O) k(€ Ghnke
(8)
with 7,, = fi/2n the n-induced relaxation time. The Fermi
sea contribution on the other hand is finite in the n — 0%
limit, given by

Osca(EF) _2h2/((;71_l;:2f(En)

Im (E), x|O|Ep ) (B k|€ - F| En k)
(En,k: - Em,k:)2 + 772 .

(9)

The REE spin density and longitudinal current obtained
in Eq. (5) are respectively calculated from Eq. (8) by re-
placing O — Zs, and O — j, = —evg,0,, where we have
assumed £ = £ exploiting the rotational symmetry of
the system. The intrinsic spin Hall current, on the other
hand, is a Fermi sea phenomena, obtained by replacing
O — ji = h/4{vy,s.} in Eq. (9).

Quantum transport: numerics



The raw output of our simulations is non-equilibrium
expectation values of the form Ogur and Oge,, as pre-
sented previously. Within the constant broadening ap-
proximation we use Egs. (8) and (9), with the Bloch
representation of the O and j operators and the bands
derived from the Bloch Hamiltonian in Eq. (1), selecting
an 7 value much smaller than all other energy scales of
the system.

For real-space calculations in disordered systems we
use Egs. (7a) and (7b), along with real-space tight bind-
ing representations of the involved operators. The tight-
binding graphene Hamiltonian is

i\ . r; i
H= Z —ocle; + ?Rc;r& (z X ﬁ)cfr
(i.3) i

iAkm TASB " Tij
E cTszcj Q; COS (3 arccos £ ) +

i ~— =2
((id)) 63 V3ag.c
Z ’LUZ'CICZ' s

where c;r is the electron spinor creation operator at po-

sition 7;, r; ; = r; — r;j, and ra_,p is a vector pointing
from a site of sublattice A to its nearest neighbour of
sublattice B, with ac.c = 0.142nm the nearest neigh-
bour distance, and «; = =+ for cj of sublattice A(B).
Here 79 = 2.7¢eV is the nearest neighbour hopping, Ar
and Akyr are the Rashba and Kane-Mele SOC parame-
ters respectively, and w; is a random number from the
uniform distribution [-W/2, W/2] with W the Anderson
disorder parameter.

Transport calculations are performed using the full
Kubo-Bastin equation, given by Egs. (7a) and (7b),
solved by the kernel polynomial method (KPM) [48, 56].
The Green’s function is expanded in Chebyshev polyno-
mials using the Jackson kernel to damp the Gibbs os-
cillations, where the n — 0T limit is taken; however, a
spectral broadening is generated by the expansion. The
resulting broadening parameter is nxpy ~ TAE/M at
the band centre, with AFE the bandwidth and M the
order of the Chebyshev expansion [48]. To compute
transport properties in the meV scale near the Dirac
point we use an energy filtering technique allowing us
to reach nxpy ~ 1 meV with M = 800, with a system
size as large as 10° atoms [40]. Similar to the clean
limit, the quasi-particle lifetime is given by 7,(er) =
lim, o+ 2 [ den?/((er —€)?+n?)?, where the Lorentzian
function must be expanded in Chebyshev polynomials.

We obtain

DY

) gm1gm2
m1,ms odd

(2 - 60,7711)(2 - 60,m2>
-2

7 (eF) ﬂ'AhE< Z

mi,ma even

Tml (éF)TWQ (éF)

1 1
+
(1(m1+m2)2 1(m1m2)2>
h
~1.84 ——,
2n(er)

with g, the Jackson kernel coefficients, T}, the Cheby-
shev polynomials and ép the normalised ep within the
values [—1, 1] by the bandwidth, and where the second
equality was obtained by numerical calculation.

Our simulations also compute the spectral expectation
value of some observable O in equilibrium, given by

Oler) = fﬂ% Tr[ImG* O] , (12)

which in the constant broadening approximation yields

A’k (E,1|O|E,,
o)=Y [ et a0

This is the case for the density of states, required to com-
pute the REE efficiency, where we take O as the identity.

Transport velocity

In order to compute the REE efficiency in real-space
disordered systems, we must construct a definition of
the transport velocity which does not remount to band
structure properties, but rather relies on macroscopic
quantities which can be computed by the KPM simu-
lations. Let’s begin from the constant broadening ap-
proximation. The conductivity is given by Eq. (5b)
of the main text, while the density of states is p(ep) =
(rQ) ' TrIm G (ep) = (21) 7" 224, k(hvge(ox)) ™! The
band structure Fermi velocity vp = h™'0E/0k = vy, (0})
can thus be obtained as v(er) = /20 (er)/e?p(er) T, (c¥)
within the RPG. We now offer an interpretation of
this quantity in terms of the carrier wave packet evo-
lution. We may use the Einstein relation to write the
conductivity as o(ep) = e?p(ep)D , with D(ep) =
limy oo AX?(ep,t)/2t the diffusion coefficient, where
AX?(ep,t) is the mean square displacement of the wave
packet, and t its evolution time. The largest time
scale accessible within the KPM simulations corresponds
to 7,, which can be interpreted as the carrier quasi-
particle coherence time [49]. We thus take D(ep) =
AX?(ep,Ty)/27,. With this, the transport velocity reads

v(er) = /AX?%(ep,T,)/Ty, which we interpret as the

mean velocity of the carriers throughout their evolution.
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