CERN-TH-2025-105

Roughening and dynamics of an electric flux string in a (2+1)D lattice gauge theory:
Supplementary Information

Francesco Di Marcantonio,! * Sunny Pradhan,'> Sofia Vallecorsa,?: *
Mari Carmen Banuls,®% % and Enrique Rico Ortegal 269

YEHU Quantum Center and Department of Physical Chemistry, University
of the Basque Country UPV/EHU, P.O. Box 644, 48080 Bilbao, Spain
2 Buropean Organization for Nuclear Research (CERN),1211 Geneva 23, Switzerland
3 Maz-Planck-Institut fiir Quantenoptik, Hans-Kopfermann-Str. 1, D-85748 Garching, Germany
* Munich Center for Quantum Science and Technology (MCQST), Schellingstr. 4, D-80799 Miinchen, Germany
5 Donostia International Physics Center, 20018 Donostia-San Sebastidn, Spain
SIKERBASQUE, Basque Foundation for Science, Plaza Euskadi 5, 48009 Bilbao, Spain

Supplementary Note A: Duality transformation with
static charges

We consider a lattice A with L plaquettes in the hori-
zontal direction 1 and N plaquettes in the vertical direc-
tion 2. The sites are labeled as v = (x,y), with integer
coordinates 2 and y along 1 and 2, respectively. With pe-
riodic boundary conditions in the vertical direction, we
havex =1,...,.L+1landy=1,...,N,withy+ N =y.
From A we define the dual lattice A*, where the pla-
quettes of the former are the sites of the latter. Each
plaquette O (hence dual site) is labeled with its direct
site v in the bottom left corner.

The main idea of the duality is to map the plaquette
states into spin—% states. We first define the set of oper-
ators pi and pZ for each site of the dual lattice. They
have the same operator algebra as ¢* and ¢”. Then, we
define 17 as the plaquette operator at the site v

ii = (0"0* oo™,

(A1)
Subsequently, we can define p* at v = (z,y) as a string
of 0% starting from the left boundary = = 1:

x

z _ x
'u(l,y) - H U(j,y),i'

j=1

(A2)

Notice that the definition of 4 involves only the o op-
erators on the vertical links.

To write down the dual Hamiltonian, we need to invert
(A1) and (A2) and express the operators o and o* as
a function of u” and p*. The plaquette term is given
by (Al) by definition, while the electric terms require
a bit more work. On the vertical links, away from the
boundary, we observe from (A2) that the electric field
can be written down as an interaction term:

(A3)

J?w;y)vé = M’(zmvy)/j;(zzflvy) :
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On the leftmost boundary = = 1, u* and o3 coincide,
meaning

(A4)

4 _ xT
H(1,y) = 91,2

Now the goal is to find an expression for the electric
fields of on the horizontal links, which can be achieved
by consecutive applications of the Gauss law. We start
with the leftmost boundary x = 1, by considering the
action on physical states of the Gauss law at a site (1,y):

Gy = 0?1,;;),10?1,@;),Qazl,y),—é =4(1,y)- (A5)
3 M xr x
We can substitute (A4) in place of T and Tt
in the above expression and obtain
T(yys = Ay y-1) (AG)

Notice that o*
(Ly)

we move to the right and consider the column z = 2.
Here, the Gauss law at the site (2,y) reads:

5 depends on the charge q(y,). Then,

G29) = 9(2,4),1% 2,927 (2,),-17 (2,9),—2 = 420)- (A7)

Now we can substitute both (A3) and (A6) and express

Jz”z i in terms of dual operators:

T(2,y)

= q(l,y)q(27y)/‘fz,y)ﬂfz,y71)~ (A8)

We see that now it depends on the product of charges
q(1,9)4(2,y)- This process can then be iterated for all the
other fields on the horizontal links, obtaining:

O-(wLy)i = n(:&y)ufx,y)u?m,yfl)? (Ag)

with a phase factor

n@,y) = [Tag (A10)
j=1

that depends on a string of charges on the row relative
to that horizontal link. We can write down the mapping
of the electric fields in a general way as

(A11)

oy p = w(v, D)oy s,
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where 7 is the direction perpendicular to fi. In our case
we have (v = (z,y))

1 =1,
w(v, ) = " R Al12
(©.2) {Hj—l Ay V=2 ( )

This general description for vertical (A3) and horizon-
tal (A9) links is depicted in Suppl. Fig. 1. From (All)
and (A12), we see that the Gauss law is automatically
satisfied:

Gy = w(v,2w(v, Dwv —1,2)w(v —2,1) = ¢,. (A13)
Eventually, we deal with the rightmost boundary of verti-
cal links. We can actually assign N additional dual sites
relative to the right boundary vertices of the cylinder.
We show that, after invoking the Gauss law on these ver-
tices at the boundary, only one survives and enters in the
definition of the vertical links. Before that, we can define
the vertical links also according the same rule used for
bulk vertical links

UZELH,y),Q - “fL-H,y)“fL,y)' (A14)

Starting with v = (L + 1,1) we use the Gauss law

Gy = (L+1 1),1 (L+1 1),2 (L+1 1),-2 — 4L+1,1)
(A15)
where U(LH y,_3 = UZCLH,N),Q which takes into account

the extra symmetry of the system due to the use of peri-

odic boundary conditions. Thus, substituting with (A9)
and (Al4) we obtain

U‘V(ELH’U}Q = qz+1,0)M( L Vil )W, Ny R (L, Ny R (L +1,3)
L+1

= H 4Gy | Mo H(L41,8) (Al6)

We can move to the vertex v = (L 4 1,2)

Grt1,2) = J(IL—',-I,2)710?L+172),§UECL+1,1),2 = 4(r+1,2)-
(A17)
and see a pattern coming out using the previous vertical

link in (A16) to get

J?L-H,Q)é = q(L+L2)UZCL+172),10(IL+1,1),Q
2 L+1
H H aGk) | K2 M o1,y (ALB)
k=1 j=1

We can now generalize for all the rightmost vertical links

y L+1

H H qGk) | By M (L+1,8)-

k=1 j=1

Y (A19)

Notice that for y = N, and using (A14), we obtain the
conservation of charges, that is the product of all the

static charges ¢, is one

N L+1

I I 96w =1

k=1 j=1

(A20)

Another interesting fact is that the last vertical links need

non-local interactions M(ZL}y),quH’N)-

Putting together all these results, we obtain the final
dual Hamiltonian

Hdual - ZMU g Z Z ’U v /Lv,u’v U
UEA v=1,2 v€int A
—9) <Mfl,y> + <H W<L+1,k)é> MfL,nyLH,N))
Yy k=1

(A21)

We remark on the following important fact: the infor-
mation about the static charges is not encoded in the
degrees of freedom of the dual model per se, but only
in the couplings of the interaction term p*p*. The extra
phase factor that appears in this term carries the content
of the Gauss law at each site, as shown by (A13).

The last point left up for discussion is the role of the
additional qubit /i(ZL H1LN) and the topological sectors of
the gauge model. The key insight is the fact that the
plaquettes states do not actually fully specify a physical
state, due to the possibility of non-contractible electric
loops on the cylinder. An electric string is a path along
which 0% = —1, and a loop is just a closed string, without
need of charges. A non-contractible electric loop is an
electric loop that goes around the cylinder and cannot be
removed via plaquette operators. It is possible to define

an indicator for these non-contractible loops. Consider
the string operator at vertical position y:
L+1 y L+1
Sy = H TG = H H Gk | KiL41,nys  (A22)

j=1 k=1 j=1

The product in brackets is a sign factor that depends on
the number of charges below the string in y. The val-
ues of Sy are either +1 or —1 in the vacuum sector, are
independent of y, and are invariant under the applica-
tion of gauge-invariant operators. Hence, the different
eigenspaces of S, are the different topological sectors of
the gauge mode. Using (A3), (A4), and (A19) we obtain

Sy = .U(ZL-&-I,N) = Wa, (A23)

meaning that the value of the ancilla depends on the
topological sector.
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Supplementary Figure 1. Graphical sketch of the dual
transformation of electric field operators. In a dual
formulation of the Zs LGT to the Ising model, electric field
terms map to nearest neighbor interaction in the transver-
sal direction. In particular, electric fields on horizontal links
(right) depend on products of charges along a horizontal path
(highlighted in yellow).

Supplementary Note B: Finite-size scaling for the
deconfining transition

The gauge Hamiltonian® has two phases in the vacuum,
a confining one for strong coupling g > 1 and a decon-
fining one for weak coupling g < 1, with a second-order
phase transition between them (see Figure 1 of the main
text). In the confinement phase, the electric term domi-
nates, and the excitations induced by the plaquettes are
suppressed. Conversely, in the deconfinement phase, the
magnetic term dominates, which, combined with Gauss’
law, realizes a ground state that is a superposition of all
the possible gauge-invariant configurations.

The vacuum phase diagram of the gauge model can be
mapped onto the phase diagram of the quantum Ising
model. The confining and deconfining phases, there-
fore, correspond to the ferromagnetic and paramagnetic
phases, respectively. The duality also extends to the
phase transition point. This means we can detect the
critical point g. of the gauge model by finding its dual in
the Ising model. The order parameter of the dual Ising
model is the magnetization

M=y X ), (B1)

which has a second-order phase transition at the critical
point. Therefore, we expect the magnetic susceptibility
xm = dM /dg to diverge with a critical exponent ~:

xm ~ g =g (B2)

This, however, is true only in the thermodynamic limit

L — oo. At finite size, we see finite peaks of height
XS;L) at positions ggL). The latter can be considered as

pseudo-critical points and shifted to the true value g..

I See Eq. (1) of the main text for reference.

We avoid boundary effects on the magnetization by con-
sidering only sites in the bulk of the system.

We can apply the following reasoning to extract the
true critical point. The correlation length ¢ is also ex-
pected to diverge at the critical point with critical expo-
nent v,

£~ g 7gc|_u~ (B3)

But it is hindered by the finite size, meaning that £ ~ L.
For this reason we replace ¢ with L inside (B3) and invert
the equation to obtain |g — g¢| ~ L™'/*. Therefore, we
can assume that the pseudo-critical points g((;L) follow the
relation

P = aL~" +, (B4)

which we can then fit against our numerical data and
extrapolate g. as

Jc = géoo) = Llim ggL). (B5)

—

The result of this procedure is shown in the bottom sec-
tion of Suppl. Fig. 2, where we have obtained gM =
0.57(1). This value is compatible with the known result
g™ = 0.5731 available in literature [1].

It is important to point out that in the gauge model, M
corresponds to the expectation values of 't Hooft strings,
i.e., the product of strings of ¢ along paths in the dual
lattice, which makes it a non-local order parameter from
the gauge model point of view.

Another method of finding the critical point is by mea-
suring the entanglement entropy (EE), which is defined
as

S=—Trpalogpa, (B6)

where p4 is the reduced density matrix p4 = Trp p, with
A U B being the bipartition of the whole system. In
our case, we simply cut the system in the middle for the
bipartition. Both the ferromagnetic and paramagnetic
phases are gapped, with a finite correlation length £ < L,
meaning that the entanglement saturates quickly with
the system size. On the other hand, at the critical point,
due to & — oo, we expect the entanglement to grow,
especially with increasing system size, and to saturate
to a much higher value when compared to the gapped
phases. Therefore, we expect a maximum in S at the
critical point.

Similarly to before, with the positions géL) of the EE
maxima and finite-size scaling, we can extract the true
value of g.. As before, we can extract g. by extrapolating
for L — oo with an appropriate scaling law, and the data
suggest a simple relation

(L) — g 4 & B7

9o =95+ 7 (B7)

We can see the outcome in the top panel of Suppl. Fig. 2,

where we have obtained a value g“F = 0.570(4), again
compatible with available literature.
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Supplementary Figure 2. Finite-size scaling of entangle-
ment entropy S and magnetic susceptibility xas. Left:
S and xa ((a) and (c) respectively) around the critical point
for L =4,...,7. The EE is computed for a half-lattice bipar-
tition, while the magnetization is evaluated only in the bulk
(square region with side [L/2]). In both cases we used 101
points for g € [0.5,0.6]. Right: the extrapolation for L — oo
of the pseudo-critical points gé”, both for S (b) and xas (d).
From the EE we find g¥¥ = 0.570(4), while from the suscep-
tibility gb* = 0.57(1) (with v = 0.5740.17). Both values of g.
are compatible with the known value g* = 0.5731 that comes
from the literature [1].

We remark that we are not looking for an accurate
estimation of the deconfining critical point, hence the
rudimentary procedure. We only need a value precise
enough to distinguish the second-order phase transition
of the gauge model from the roughening transition of the
flux string. Furthermore, the use of square lattices makes
the extrapolation to the thermodynamic limit much more
sensible than doing so with rectangular lattices.

Supplementary Note C: Higher-order corrections to
the potential

Besides the Liischer term?, other higher-order correc-
tions to the potential can be obtained through the proper
modeling of the flux string. But the latter has not been
an easy task, especially if one intends to quantize the
model. For example, the simplest proposal is the Nambu-
Goto action [2, 3] and it is Lorentz-invariant only at
the critical dimension D = 26. Another example is the
Polyakov action [4], whose quantization leads to an ex-
tra oscillatory mode. The most accepted proposal for a
quantum model of a quantized string comes from the
Polchinski-Strominger action [5], which is an effective
model valid only for long strings.

2 See Eqgs. (17-18) in the main text for reference.

The spectrum for an open string with Dirichlet bound-
ary conditions of the Polchinski-Strominger model is [6]

T 2mn
E, = 1-— D-2)+ —. C1

" UT\/ 1201"2( )+ or? (C1)
By expanding the square root for n = 0 (the ground
state), one can find the higher-order corrections to the
potential. At order r—2 one obtains

7(D—-2) 7D -2)?

Eo(r) =or = = 0= = 5093

+0(r7?). (C2)

Notice that the Liischer term is recovered plus en extra
term & /73, where

72 (D — 2)?

0= =15,

(C3)
Using the same setup used in the main text section
about the confining potential, in particular the part
about the confining potential, an attempt to fit the cor-
rection term (C3) has been made, but the results have
not been promising, as can be seen in Suppl. Fig. 3. In
this regard, we recognize the following issue. First, con-
sidering that (C3) is obtained from the effective action
of a long continuous string, we suspect that the finite-
size and lattice effects in the present setup are still very
strong for such a high-order term. Second, similarly to
the Liischer term, the effective speed of sound wvs of the
string must enter the Hamiltonian description and there-
fore also in (C3) in some, yet to be determined, way.

Supplementary Note D: Scaling of the kink mass
and estimation of g,

Following the definition of Eq. (21) of the main text, we
have computed the kink mass my in the confined phase
in a 30 x 5 lattice, for separations R = 10,11,...,20
and for different couplings. Based on the literature [7—
10], we expect the roughening point to be in the region
0.8 < g < 1.0. Hence, we have used 41 points in interval
[0.8,1.0], while only 11 points in [1.0, 2.0]. The kink mass
as a function of R is shown in Suppl. Fig. 4 only for some
values of the coupling. From observing the data, we have
assumed that at finite sizes, my scales as

mi(R) = mi(00) + = + 22 4 .

7T R (D1)

For this reason, it has been fitted against a high-order
polynomial in 1/R (in this case, fifth-order). Then, an
estimation of the limit value of my(R — o0) is simply
given by the constant term of the polynomial. The results
of this fit are shown in Suppl. Fig. 4 with a dotted line for
some values of g, while the overall shape of my (R — 00)
is depicted in Figure 6e of the main text. The errors on
my from this extrapolation are, on average, in the order
of 1075,
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Supplementary Figure 3. Third order correction to the
static potential. The O(r~3) correction term § times o of
(C3) on a lattice with L = 30. Data of the potential for
r=717,8,...,21 have been used for the fit.

0.6

® =038 40

B og=08 . 4W"“ ¢
» .

8 9g=09
E 0.41 + ¢g=0095
S @ g¢g=1.0 0@
& ¢ g=11 0@®® ©
=1 0.2 vt ol et
E e N %
] e R et

T £ -Q:E‘_"E'.'..n
0.0 &
0.000 0.025 0.050 0.075 0.100

/R

Supplementary Figure 4. Scaling of the kink mass as a
function of 1/R for different values of the coupling.
The dotted lines represent the fit with a fifth-degree polyno-
mial in 1/R.

The gap A near a BKT transition ggkr is known to
exponentially close as [11]

A ~ Aexp (— (D2)

b

N gBKT) ’
when coming from the massive phase (A and b are con-
stant to be determined), whereas A vanishes in the crit-
ical phase in thermodynamic limit. If we suppose that
my indeed quantifies the gap only in the massive phase,
as argued in main text section about the restoration of
rotational symmetry, then from comparing my (R — 00)
to (D2) we should be able to get an estimation of the
roughening point g, = ggkr. In order to do so, we need
to be close enough to the roughening point, but without
falling into the critical phase. For this exact reason that
we select only the points in the interval g € [0.9,1.0]. The
result of the fit is shown in Figure 6f of the main text,
from we have found we find g, = 0.907(1), A = 11(2),
and b = 1.44(6)

We warn that the precision about the roughening point
gr should be taken with a grain of salt. Due to the neb-
ulous relation between the kink mass and the real exci-
tation gap of the string in the vicinity of the transition
point, it is still unclear what the proper finite-size scal-
ing procedure should be applied to my. For example, we

have been unable to apply the techniques developed in
[12, 13], since my does not reflect the gap in the critical
phase. Second, it should be noted that the extrapolation
of mx(R — o0) yields in the interval [0.8,0.925] slightly
negative values in the order of =102 to —10~* with an
error in the order of 107°. The magnitude of this error is
sensitive to the order of the polynomial used in (D1). We
suspect that the issue lies with logarithmic corrections to
the gap at the BKT point [14].

Supplementary Note E: Numerical methods analysis

In MPS simulations, a typical, problem-agnostic source
of error is the approximation of the bond dimension .
Nevertheless, our specific problem under study requires
additional considerations. The finiteness of the system
considerably influences the outcome of the experiments,
even if performed in ideal settings. For this reason, we
need to take into account finite size effects (as already
explained in SN B). Since we embed our system in a 2D
lattice, we have both transversal and longitudinal finite-
size effects. The scaling in those two dimensions allows
us to retrieve what would be the correct thermodynamic
limit. Since we use MPS (a notoriously 1D technique)
for a 2D lattice, we present different approaches to em-
bed the lattice dof within the MPS sites. This study
is motivated by the observation that different mappings
can change the computational cost [15]. In particular,
we compare our strip scheme (already shown in Figure 3
of the main text) with a more common one in literature
[16], the snake, winding across the cylinder. Eventually,
when studying the dynamics of the model, we have an-
other source of numerical error due to the approximation
of the evolution operator, that is, the Trotter error. In
this section, we show all the techniques adopted to obtain
the static and dynamic results with a consistent degree
of reliability.

1. MPS mapping

The 2D system under study, when mapped to the Ising
model, looses its long range character which was present
on the direct lattice. Then, to represent the dual Hamil-
tonian with our MPS we need to further map it down to
a 1D chain. It has been shown, [15] that preserving the
locality of the 2D interactions into the TN structure is
crucial to have an efficient numerical approach. A simple
snake curve across the dual lattice results in a long range
interaction model onto the 1D chain. Another approach,
if our system is L x N, is to group IV sites forming an
enlarged tensor and executing the DMRG on the final
chain of L super-sites. The latter, is the method chosen
in our research as also pointed out in the main text. Un-
fortunately, both methods have an exponential scaling
in increasing the vertical size N, but the snake is more
suited for studying quasi-2D systems. From the theory,



we are interested in a ladder system and this justifies
blocking vertical slices of our cylinder. Our approach
maintains the interactions to nearest neighbors and al-
lows for an easier definition and interpretation of the
string observables. In addition, when looking at the dy-
namics, the long range interactions will need many more
layers than the one we use for trotterization. We heuristi-
cally find that a converging bond dimension for the strip
is x = 212, A reason why this bond dimension leads us
to convergence can be related exactly to the local nature
of this mapping. This can be enough to study the rough
physics of the model due to the fact that the bulk gauge
theory is still massive and no abrupt change is shown
in the entropy for finite strings. By performing a sin-
gular value decomposition (SVD) of the super-sites with
d = 2"V we show that we can recover the snake curve but
with a higher (inhomogeneous) bond dimension, increas-
ing up to x = x 2¥/2. Then, the cost increases and it
can be comparable to that of the strip geometry revealing
that none of the two methods really wins over the other
in terms of computational cost.

2. Vacuum sector analysis

For the results of the vacuum sector presented in
the previous SN B, we use square obc lattices of side
N = L = 4,5,6,7 and maximum bond dimension of
X = 64. As the physical dimension of our MPS is, as
shown in Figure 3 of the main text, 2"V, the larger the
transversal size, the more entanglement will build up, and
the larger should be the bond dimension to well represent
the true ground state. Thus, we take the largest lattice
of 7 x 7 to show its convergence in y, implying this will
be valid for smaller lattices. The convergence of the bond
dimension depends on the observable we are analyzing,
and can have different rates. Here, we are interested in
the convergence for the two quantities dM/dg and the
entanglement entropy S. To do so, we look at the differ-
ence between a maximum bond dimension and the others
A)?(XmaX7 X) for the observable O we are interested in.
The results in Suppl. Fig. 5 show that this difference goes
to 1075 - 10~ 7 already for bond dimension y = 64 that
is the one used in the previous SN B to find the critical
point g. with great precision.

3. Two-particle sector analysis

The numerics of the two-particle sector makes use of
cylindrical lattices, which allows us to reduce finite size
effects in the transversal direction. The effective string
symmetry is U(1) in the thermodynamic limit, but for us
the transversal fluctuations are truncated and effectively
represented by a Zy gauge group. Thus, as already seen
for the entropy (inset of Figure 4c of the main text) and
the string width (Figure 4a), the transversal size N highly
influences the observed physics as g — g., the deconfine-
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Supplementary Figure 5. Ground state convergence in
bond dimension. Convergence in bond dimension of 't
Hooft and EE for 6 x 6 lattice. (a) Difference between the
maximum bond dimension 512 and smaller ones for the Mag-
netic Susceptibility. (b) Difference between the maximum
bond dimension 512 and smaller ones for Entanglement En-
tropy (b). At x = 64, we have in both quantities a significant
convergence of 107° - 1077, We explain this difference in
the order of magnitude because of the phase transition that
we are crossing. (c) Schmidt values decay at two different
electric couplings g. At the pseudo-critical point géL:@, the
system is “harder” to approximate than for other g and the
tail of Schmidt values decays slower than, e.g., g = 0.7.

ment point. This is not true for all the coupling values
g, as for some quantities the results are independent of
N. Even though the results converge in N, most of the
quantities we are interested in are valid for the limit of
R — o0, and thus, need to converge in our longitudinal
size L. Hence, fixing N, we show these two aspects in the
following: convergence in bond dimension of the EE and
w? for fixed charge separations R, and convergence to
the asymptotic limit of the Liischer term, central charge,
and on-axis vs. off-axis comparisons varying R.

Firstly, for a lattice 6 x 30 we find a maximum rela-
tive error between the string widths w?(g = 0.625, R =
19,x = 256) and w?(g = 0.625,R = 19,x = 128)
of 4 x 107%. Nonetheless, the entropy converges more
slowly, and higher bond dimensions are needed (top panel
of Suppl. Fig. 6). We show in the bottom panel of
Suppl. Fig. 6 the EE for a cylinder 4 x 70 with a string of
R =50, and x = 64,96,128,192. Here we can appreci-
ate the computational hardness of the roughening region,
that is, where the bond dimension struggles the most to
converge.

Then, we address the convergence to the Liischer term
~ and central charge ¢ that should be —x/12, and 1,
respectively, in the crossover region. This analysis allows
us to see that the extent of the roughening region depends
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Supplementary Figure 6. Convergence in bond dimen-
sion of the entanglement entropy. We use lattices of
6 x 30 and 4 x 70. (a) The lattice with transversal size
N = 6 shows a convergence in bond dimension around 0.90
for x = 128. For x = 256 we see convergence with y = 512 for
all the couplings g > 0.8. This is valid for R = 20. (b) The
same procedure is applied for N = 4, but we take a larger lon-
gitudinal size L = 70 and maximum string of R = 50. Here
we can appreciate the complexity of the roughening region
where the x required to correctly represent the ground state
of a large string grows.

on the transversal size N as depicted in Suppl. Fig. 7.
The larger the IV, the more the plateaus in the Liischer
term and the central charge sweep couplings up to the
thermodynamical limit of the deconfining point g., the
actual critical point of our model. On the other hand, by
increasing the length of the cylinder and the separations
R considered in the fits to extract v and ¢, we observe
a flattening of the plateaus to the expected theoretical
values. As a last remark, we also report the difference in
the on-axis and off-axis string tensions oog — 0o, at the
onset of the critical region for the string. The oscillations
present also in the right plot of Figure 5 of the main text
are not due to the transversal size N (here it is clear that
for N =5 and N = 6 the result is unchanged), but they
are caused by the short R considered for the fit of the
on-axis and off-axis potentials.

00 &)
-
g 0.2 ‘
f:j N o T‘r‘l‘l’ T goi
—

—0.4 1 f

0.7 0.8 0.9 1.0

y
o
|

<
ot

central charge ¢

5,30], 5 x 50
0

30,501, 4 x 70

0.04 4=
0.6 0.7 0.8 0.9 1.0
() g

0.00025 A —— R € [25,30]
—— R e [15,20]

—— R € [15,20]

5% 30 : Ymax — 128

5 X 50 ; Ymax = 128

6 x 30 ; Xmax = 256

0.80 0.85 0.90 0.95 1.00
g

Supplementary Figure 7. Liischer term -+, central
charge ¢, and string tension difference for increasing
transversal N and longitudinal L size. (a) The Liischer
term v is affected by both N and L. By increasing N, we
increase the extent of the roughening region, by increasing
L, and consequently R, the value of v(g) gets closer to the
universal value (black dashed line). (b) The same results
seem to apply also for the central charge ¢, which is extracted
fitting for different R following Eq. (15) of the main text.
The plateau gets closer to the bosonic string prediction of
¢ =1 (black dashed line) as we use larger strings with many
transversal degrees of freedom available for fluctuations. (c)
The difference in on-axis and off-axis potentials of the string
tension 0. We change N and L and see that the onset of
the roughening region depends more on the length R of the
strings than on the transversal size IN.

4. Dynamical error analysis

In this section, we see the main limitations of our
TEBD algorithm. The Trotterization procedure can
greatly affect the expectation values of our observables.
From Suppl. Fig. 8a—d, we see that the string width varies
by changing the 6t, with a great influence at short times
as shown in the inset, but the entanglement entropy con-
verges faster. The transversal size also plays a big role in
the saturation of the quantum fluctuations of the string.
Letting N grow to 7, we see that the spreading of the
string does not seem to stop for a value in the roughening
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Supplementary Figure 8. Error dynamics in EE and string width w? due to finite trotter step dt, transversal size
N, and bond dimension x. On the upper part, we show the string thickness behavior for trotter steps ¢t € [0.01,0.05] (a),
transversal size N from 5 to 7 (b), and bond dimension x from 128 to 256 (c). While for (a) and (b) we see that w? is affected,
it seems to converge nicely with the bond dimension. On the lower part, we present the entanglement entropy in (d), (e), and
(f) with the same parameters as above. Here, the entropy shows quite different behaviors. It is converging faster for changing

0t and N, but does not converge in bond dimension for ¢ 2> 4.

region. This suggests that more studies on the transver-
sal size are needed to understand when the string is satu-
rating because of the coupling or for the finite transversal
size. This is clear in Suppl. Fig. 8b—e where w? seems to
saturate around ¢ = 2 for N = 5, but the result for larger
N clearly shows that this was a finite size effect. Con-
trarily, the entropy seems to follow a bit better the trend
of larger lattices even though they are not converging.
Finally, in Suppl. Fig. 8c{, the result of changing the
bond dimension, fixing the 6t = 0.05 and the lattice to
30 x 6 shows no particular difference in the trends for a
string of length R = 10.
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