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I. SUPPLEMENTARY NOTE 1

In this section, we define the notation used in the rest of the work for the single-particle projectors, projected
many-body operators, and space group symmetries (App. . We prove that the uniform pairing condition can be
symmetry enforced by choosing orbitals to transform as irreps of a single Wyckoff positions (App. , and extend
this result to bipartite lattices where perfectly flat bands can be systematically constructed.



A. Projected Bands

Our problem projects the main electronic degrees of freedom into the quasi-flat bands of the non-interacting Hamil-
tonian. In a strong coupling approximation, the quasi-flat bands are set to zero energy and the remaining bands are
sent to infinite energy and projected out. As such, the physics depends entirely on the flat band wavefunctions.

Let R index the unit cells and o = 1,..., N, index the orbitals at positions r,. For now we neglect spin, but it
will be introduced later with ¢ =1,]. The electron operators (obeying canonical anti-commutation relations) are

1 : 1 _
T _ —ik-(R+ra) .1 T _ ik-(R+ry) T
C, = — e CR s CRa= 7 e Ck o
ko = 737 %: R.a Ro = 757 Zki k, (1)

where N is the total number of unit cells, which is the number of terms in the R, k sums. The general single-particle
Hamiltonian reads

H= Z CL,aﬁaﬁ(k)Ck,B = ZEn(k)'VLn’Vk,m Tkn = Z[ﬁT(k)]n,aCk,a (2)
k,ap k,n

[e3%

and B(k) = UEU' where E is the diagonal matrix of energies, U is the Norp X Nopp eigenvector matrix, and the
diagonalized electron operators obey {'yk’m,ylt, nt =0k [UTU]mn = Ok k'Omn. For brevity, we often suppress the k
dependence. '

We assume there is a gap around the Ny quasi-flat bands, which we will refer to as the flat bands; in the strong
coupling approximation, we do not require them to be exactly flat. We project all operators into the flat bands
by setting vk, = 0 if n is not one of the flat bands. Now denote U(k) as the N, X Ny occupied eigenstate
matrix which obeys UT(k)U (k) = 1y, and U(k)U'(k) = P(k) where P is the Noyp X Nopp projector matrix obeying
P2 = P, Pl = PTr P = N;. We recall that in the exactly flat case, the eigenstates are degenerate and hence are
only defined up to the gauge freedom U(k) — U(k)W(k) where W(k) € U(Ny) is a unitary matrix with arbitrary k
dependencel. Both UT(k)U (k) and U(k)UT(k) are invariant under this gauge freedom. The projector P(k) encodes
the topology and quantum geometry of the bulk bands. It will play an essential role in the many-body problem,
highlighting the interplay of topology and interactions.

We now define the projected operators. Because we have set all vk ,, to zero other than the flat band operators, an
(over)complete basis of the projected states is given by

Norp Ny
o = Y [U®)]anmen = D UK anmen = D _[URU K)]ages = Y _[P)]asers (3)
n=1 n=1 B B

using Eq. . Because the projector P(k) is Hermitian, we have
EL,Q = Z CL,ﬁPa*B(k) = Z Cch,ﬁPﬂa(k) : (4)
B B

The 6117«1 basis is invariant under the eigenvector gauge freedom (unlike the *yLn operators). However, the barred

operators do not obey canonical anti-commutation relations because they are an overcomplete basis, whereas the ’Ych n
operators form a complete basis. We compute

{Ccar B g} = Y Poar (K){ikar, el 5} Porp(K') = diac [P(K)]ag = St Pas (k) - (5)
a/ﬁ/

We now need the projected position operators in real space. They are defined in analogy to Eq. as

1 ik (Rtra) -
CR,a = —F= € « Ck,a
RS

1 (R
B er HeRare) P (K)en, g
Ko

1 1 : /
- oS [ TR ) s
R’ k3

= pas(R—R')crr g
R'B



where we defined the Fourier transform of the projector, i.e. the real-space correlation function of the non-interacting
flat bands, as

pap(R—R) = 1 DT R Rmp 1) = 57 RO (1) PAOVH )l (V(9as = e K50
Kk k
(7)
The embedding matrix V' (k) defined in Eq. is a unitary diagonal matrix. Although it is sometimes usefull' to take
the thermodynamic limit N' — oo, we will keep A finite throughout this work.
We prove some properties about p(R). It is obvious that p(R) = p'(—R) by Hermiticity of P(k) and Tr p(R) =
Nyogr o follows from Tr P(k) = Ny. We also have the Fourier inversion

P9 = 3RV IRV (). ®)

From the projector property P> = P, we find the convolution identityt
p(R) = p(R—R)p(R) )
R/
which we use to derive the real space anti-commutation relations (and can also be recovered from Eq. . We compute
{erath gl = D paaR=S)p (R —8)ws{esarch o)
SS’,a’ B

= R-S)pf(R —9)].
Zsj[p( )p'( s 10)

=> [P(R—R' +8)p'(S)as
S
= pag(R — Rl) .

In the thermodynamic limit where A" — oo, the flat bands are gapped so P(k) is continuous on the BZ and the real
space correlation function p(R) decays at least exponentially fast.

We now look at the projected density operators fikx o = EL oCk,a- We use the anti-commutation relations Eq. ,
finding ’

g o = éLaék,aéLaék,a = ELaPaa(k)Eka - ELQELaék,aék,a = Poo(K) k.0 (11)
t

where the second term vanishes because ko anti-commutes with itself. In real space, the density nr . = EI{, oCR,
obeys

MR = Ch oCR.aCR o R0 = Cr aPaa(R — R)CR.a — Chk 40k olRalR.a = Paa(0)iR.q (12)

using Eq. . The correlation function elements p,(0) are onsite and measure local density of each orbital. They
will play an important role in the many-body problem.

One may also derive these expressions from the electron operators in the kinetic energy band basis, vk n,. In this
basis, projection simply involves restricting the bands to m € M, where M labels the low-energy flat bands. The
projected density reads

Mo = D UK) 5 U (K)an W Vi (13)

Mo = D UK)amU K anemen D UK UK am e m e

= Z U(k)z,mU(k)O&m Z U(k)ZmL’U(k)a,n/r}/li,m[{ryk,nv ’Ylt,m’} - '-Yli,m/’}/k,n}'yk,n/

m/,n’

= U5 UKam D UK UK)an e [0n.m — 01

m,n m’ . n’

= Ppo(k)7ik - (14)

The zero in the second to last line arises from the antisymmetry upon interchange of the m,m’ indices.



B. Uniform Pairing Condition from the Space group

As Tovmasyan, Peotta, Térmé, and Huber identified in Ref!?, the solvability of the Hubbard model groundstates
and excitations hinges on enforcing a simple criterion called the uniform pairing condition (UPC): Y g, g o
> Ra R,a + NV where N is the total (projected) number operator. (This is not to be confused with the term “unitary
pairing” that refers to the BCS order parameter.) The UPC was originally proposed to ensure equal mean-field pairing
strength on all the orbital sites, but the UPC is simply a property of the single-particle wavefunctions as we will show.

Using Eq. , we expand ﬁ%,a to find
Z ﬁ%{,a = Zpaa (O)FLR,O( (15)
Ra Ra
To enforce Eq. , we must have
1 e
Daa(0) = G Z Pro(k) =€if nro #0, Va (16)
k

where the constant € is independent of o and is fixed by Tr p(0) = > Paa(0) = Ny. We will derive the UPC
(Eq. . from the appearance of the eta-pairing symmetry in the following section App. [l

The case of nr o = 0 can occur for a given « at all R if the wavefunction of the flat bands is exactly zero on the
orbital « (see Eq. ) We will see that this is the case in the bipartite crystalline lattices we consider shortly=.

We now show that space group symmetries can enforce the uniform pairing condition generically: arbitrary hoppings
(preserving () can be chosen as long as the underlying orbitals obey simple symmetry conditions which we make
precise shortly. We consider unitary space group symmetries g € G, g = Tsgs consisting of a symmorphic part g
(a rotation or reflection) and non-symmorphic part Ty (a translation by a fraction of a lattice vector). The vector
representation of g on real-space vectors r is defined to be gr = gr + 8%. The representations in momentum space
take the form D[g] = eigsk"sD[gs] where D][g;] is the Ny X Nypp representation on the orbitals. On the single-particle
Hamiltonian, g enforces

eigskﬁD[gs]iL(k) (eigsk-JD[gs])T _ D[gs]h(k)DT[gs] = h(gsk), (17)

canceling the non-symmorphic phases. From Eq. , Dl[gs]P(k)D'[gs] = P(gk)™. Tt is understood that the
representation matrix D[g] only depends on the symmorphic part of g, and henceforth we drop the s subscript.

We also need some simple notions from topological quantum chemistry. In a lattice with space group G, a Wyckoff
position®® z of multiplicity n consists of the points x1,...,X,, in the unit cell which form an orbit of G: there exists
g € G such that x; = gx; for each x;,x; € x. The site symmetry group of a point x is defined by Gx = {g € G|gx =
x} € G, and all Gx for x € z are isomorphic. Hence in any lattice with G, we can organize the orbitals into irreps of
G, at some Wyckoff position 2. All such irreps are tabulated on the Bilbao Crystallographic Server™. For instance
in G = p2 generated by C5 rotation and translations, the la position (of multiplicity 1) is the origin of the unit cell
and Gy, = {1,Cs} with two 1D irreps (even and odd under C3). The 2e position (of multiplicity 2) is the generic
nonmaximal position consisting of a pair of Ca-related points, so G, is the trivial group {1} (see Fig. .

We can now state our claim.

Lemma. Let x be a Wyckoff position (not necessarily maximal) with site-symmetry group G, and irreps x. The
uniform pairing condition holds between all orbitals forming an irrep x induced from the Wyckoff position z.

Proof. We define G as the group of symmetries of the unit cell, i.e. the space group mod lattice translations. We
define the site-symmetry group H = Gx, = G, where for concreteness Gy, is the point group of the site x; € z.
For a Wyckoff position of multiplicity n and an irrep x of G, with dimension |x| and (irreducible) representations
DX[h] for h € H, the Wyckoff position contains n|x| orbitals per unit cell. We index the orbitals in a tensor product
basis @« = i,a where i = 1,...,n and a = 1,...,|x|. It is useful to note that in this basis, the embedding matrices
are block diagonal, Vi, j3[G] = e_i”'G(S”éab It is natural to employ a coset decomposition separating the onsite

symmetries of H and the bymmetrleb that connect different points in the Wyckoff position. The formal expression is
G= GgH+--+g,H, n= I‘ i such that irreps of H form an induced representation in G%. Hence the representation
matrices of G can be chosen as

Db =1, ® DX[h], heH
DI[g;] = Py, ® L}y, Gi €{G1s -+ n}

where [P;]i; = 0jx,,x, is a permutation matrix? on the n sites of the Wyckoff position, and the Kronecker delta is
understood mod lattice vectors. First we prove uniform pairing holds within the |y| orbitals at a given x;. Choose

(18)


https://www.cryst.ehu.es/cgi-bin/cryst/programs/bandrep.pl
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Supplementary Figure 1. Unit cell of the wallpaper group p2 generated by C> and translations (we take a; = (1,0),a2 = (0, 1) for
ease). There are four maximal Wyckoff positons 1la = (0, 0),1b= (0,1/2),1c= (0,1/2),1d= (1/2,1/2) which all have multiplicity
1 and site symmetry group G, = 2. At la for instance, the site symmetry group is {1, C2}. The non-maximal Wyckoff position
2e= {(z,y),(1 — x,1 — y)} has multiplicity 2 and consists of two general inversion-related points in the unit cell. Since C5
exchanges the two points in 2e, it is not part of the site symmetry group and thus G2. = 1 containing only the identity.

an arbitrary diagonal block of P(k) denoted [P;(k)]ay = Pja,iv(k). We have denoted a = ia and 8 = ib. Note that
P;(k) = P;(k + G) because the embedding matrix acts as Vjq i[G] = e~ G§ .. proportional to the identity. Then
because the BZ is symmetric under H, we have

& DD Pi) = 1 37 P = DX (fv ZH(k)) DX[h]f (19)
k k k

but because DX[h] is irreducible, by Schur’s lemma we find ﬁ >« Pi(k) = €;1},| where ¢; is an arbitrary constant.
That is, the only matrix invariant under an irreducible representation is proportional to the identity. If there were
another invariant matrix, call it M, that matrix M would commute with all symmetries and thus will block-diagonalize
the representation matrices, implying the representation was reducible.

To prove that ¢; = ¢, relating different blocks, we use the fact that there exists ¢ ¢ H such that gx; = x;. Then
because D[§]P(k)D*[g] = P(gk), we find that

FOMUEES DILTEES DL (20)

such that ¢; = ¢;. Thus % >k Paa(k) = € for all a in a the irrep x of the Wyckoff position z. Because Tr P(k) = Ny,
the number of projected bands, we have

! R _ AN

The value of € has physical meaning. From Eq. 7 we see that € = pnn(0), which is the diagonal of the onsite
correlation function. Although we have discussed only unitary symmetry groups in this proof, anti-unitary spatial
symmetries, which do not act on spin, also enforce uniform pairing. This is easily seen because P (k) is Hermitian and
its diagonal elements must be real, so complex conjugation acts trivially. In App. [VI, we use the spinless symmetry
Cs. T to enforce uniform pairing between 6 orbitals.

We now extend this result to the case of a bipartite crystalline lattice consisting of the sublattices L and L. The

integers Ny, and N; denote the number of orbitals on each sublattice, so Ny, = Nz + Nj. Without loss of generality
we take N > N;. We consider single-particle Hamiltonians of the form

h(k) = (;}1 Z ‘;) (22)



where Sk is a Ny x N; rectangular matrix and By is an Nj x N; Hermitian matrix. The number of flat bands is
Ny = Ny — N; >0 and their wavefunctions obey"

0 Sk\ (¥x) 0 B
(5 50) (5) = ()= &

where the existence of Ny = Nj, — N; wavefunctions 9k ,,n = 1,..., Ny in the nullspace of S;L is guaranteed by rank
deficiency. Thus the flat band projector

Ny Ny +
Pl =Y (w‘g") (v 0) =3 (1/""”0“’“’” 8) (29

n=1 n=1

has nonzero entries only in the L sublattice. As such, the projected operators ¢x o = Pag(k)ck,s are only nonzero
when « is an orbital in the L sublattice, and so R aci = 0- Hence for Eq. to hold, we only require p,q(0) to
be independent of a within the L sublattice. As proven in the Lemma above, this is accomplished by requiring the
L sublattice to consist of orbitals within a single irrep. More than one irrep would no longer guarantee the uniform
pairing condition. Again because Tr p(0) = Ny = Ny — N, we have

Ny
=— = . 2
Paa(0) N, e<1 (25)

For simplicity of notation, we will not distinguish between sums over o € L @ L and o € L. This is because the flat
band wavefunctions have no weight in the L sublattice, and so the sums are interchangable (any additional terms
belonging to L are 0).

The notable feature of our construction is the total freedom to choose the hopping elements once the space group
and orbitals are fixed. Using the bipartite crystalline lattice construction, we obtain perfectly flat bands obeying the
uniform pairing condition in all space groups. The topology of the flat bands can be determined directly as the formal
subtraction of the band representations of the two sublattices, and in many cases is fragile topological or obstructed
atomicd. If the formal subtraction results in a “negative” irrep at high symmetry momentum K, then the flat bands
are gapless with the dispersive bands at K. In this case, projection into the flat bands is not justified, but this case
can be analyzed very generally in mean field theoryZ.

Ref® also constructs auxiliary models from the bipartite Hamiltonian in Eq. lb By integrating out the L
sublattice, one obtains the positive semi-definite Ny, x Ny Hamiltonian hr k) = SkS;L which retains the Ny — Ny

zero-energy flat bands with wavefunctions 9y ,, as well as IN; dispersive bands. These models hr (k) also possess the
uniform pairing condition.

1. Spin

To add spin, we impose S, conservation and spinful time-reversal symmetry 7. Together, S, and T ensure the
existence of an eta-pairing operator as we show in App.[[] Enforcing these symmetries, the single-particle Hamiltonian

takes the form
= (k) ~ (hK)
= ( m<k>> } ( ﬁ*(—k)) )

where we used D[T| = io,K, so in particular 7 acts diagonally on the orbital index «, . Here o, acts on the
spin indices and K is complex conjugation. Because of the global symmetry S, we can fix the gauge of T on the
eigenstates so that U¥(k) = UT(—k)* and P+(k) = PT(—k)*. As such we have

1 4 : 1 , : ’
piB(R o R/) _ N Z e—zk-(R-i—rq—R —rg)Pgﬂ(_k)* _ (N Z e—zk-(R-l—ra—R —rﬁ)P(’;B(k)> _ plﬂ(R N Rl)* (27)
k k

which is just the statement that 7 acts locally in real space. If the uniform pairing condition is obeyed by p*(0), it
is also by p'(0) using 7 and S,.



II. SUPPLEMENTARY NOTE 2

In this section, we construct a class of positive semi-definite attractive Hubbard models using the uniform pairing
condition generalizing the model of Ref? (App. . The existence of an eta-pairing symmetry in the models we
consider is protected by S, and 7. We derive the form of the eta-pairing symmetry (App. and show that it
expands the U(1) x U(1) charge-spin symmetry group to a non-abelian SU(2) symmetry group (App. [IC).

A. Attractive Hubbard Models

We now add a Hubbard term H to the non-interacting Hamiltonian H in Eq. H The form of the Hubbard
term was discovered in Ref and yields an eta-pairing symmetry, [H,n] = 0. The first step is to define a projected
Hermitian spin operator

Shia = ChattRot = Cho CRal = MRat — MRoa,l - (28)

With the uniform pairing condition Eq. , the form of this operator naturally gives an attractive Hubbard model.
We define

1 _
H = 301 XG0 (20)

The crucial feature of H is that it is the sum of squares and thus is positive semi-definite. Hence a state |¢)) obeying
H |) = 0 must be a ground state. Now we show that H is an attractive Hubbard model. Using Eq. (12), we compute

1 _ _
H=S|U| RZ(”R,a,T ~ IR,a,)

1 _ _ _ _
=35IU D 2R 0 1R 0l + Pha(0)AR 0t + Pha(0)AR o,
R,
" U] (30)
= U iR.a R0 + 5 Y fRat T IR
R,a R,a
_ _ elU| -
= —|UI) iRatiiRa + %N
R,

%U‘N. To get from line 2 to line 3,

. We have also used the fact that

which is a Hubbard interaction with strength |U| and a chemical potential term

we have employed the uniform pairing condition p],(0) = p%,(0) = #

1 (kK. _ _ _ _ Y
Z ﬁR7u70' = N Z Z e ik—K) (R+ra)cLla’o—cka,o’ = Z c]ta’g—ck(x,o' = Z ’Ylt’n,o"ykvnvg =N (31)

R,a,0 k.k' R,a,0 ka,o k,n,o

where the final sum is over the Ny flat bands. Let us make a brief comment about the form of the attractive Hubbard
term. The form of ) 7R, a,17R,a,, 15 somewhat special because each orbital a only couples to itself (but opposite in
spin). If there is only one orbital per Wyckoff position (i.e. a 1D irrep of G,), this is the same type of term that one
would get from a purely local Coulomb interaction. However if the irrep x is multi-dimensional, like a pair of pg, py
orbitals per site, then a Coulomb interaction coupling the total densities would be Y (3", AR ia,1)(D_, "Ria,)) in the
tensor product notation of App. [[B] where a indexes the orbitals at a given point x; € z. Given that the mechanism
of generating attractive Hubbard interactions is typically phonons with a complicated coupling structure, we view
Eq. as a simple model capturing the essential physics. Although we focus here on an attractive interaction, a
particle-hole transformation™' on the | spins maps all our results to the repulsive case with ferromagnetism.

B. Eta Operators

Generically, the Sﬁ,a operators do not commute among themselves because of the projection (see Eq. ) How-
ever, in the trivial atomic limit case where the orbitals are totally decoupled, S’ﬁﬂ — SR,o is commuting for all R, o,



yielding an infinite number of conserved charges. This is the classical limit where the model contains only strictly local
density operators. This limit does not have superconductivity because there is no coherence — every site is decoupled.
This is an indication that some obstruction to atomic localization, like topology or symmetry protected obstructed
states, is necessary for the projected strong-coupling model to have a superconducting phase.

There is still a nontrivial symmetry operator when the projected bands are not atomic, the eta-pairing symmetry?2.
We use the most general two-body, charge 42, spin 0, momentum 0 operator for our ansatz of the 1’ operator. It
takes the form

I e i
= Zqum,TQm”(q)'Lqm,i (32)
q

involving the yet undetermined matrix §2,,,,(q). We now must discuss the invariance of ! under the eigenvector gauge
freedom U (k) — U°(k)W? (k). Clearly for n' to be a physical symmetry, it must be invariant under the eigenvector
gauge freedom which severely restricts the form of 7 to a simple ansatz. We will find that with S, and 7T, this ansatz
is successful. Since S, and T are the symmetries relevant for real materials, we only consider this case explicitly in
our work. However, we mention that the combination of particle-hole symmetry P and SU(2) spin symmetry also
protects the existence of an 1 operator.

The operators V:Q,n,g are not gauge invariant. Under the eigenvector gauge freedom, we have 'yjl,mo_ —

Yo A/;,n',anL/n(Q) where W?(q) is a unitary matrix. Hence

= D A W (@ (@ g Wi ()

q,mnm’n’

(33)
= 3 A DV @ADVH () T g -
q,m’n’
In order for nT to be invariant, we must have
WHa)Q(a)WH (—aq)* = Q(q) - (34)

The natural object Q transforming in this way is a sewing matrix™?4 relating states at q and —q. Because of the

conjugation in Eq. , the sewing matrix must be that of an anti-unitary symmetry, like time-reversal.

Fixing the gauge of the S, and T sewing matrices so that UT(—q)* = Ut(q), we can choose eigenstates such that
WH(q) = WH—q)* and thus W (q)Q(q)W* (—q)* = WT(q)Q(q)W'(q)T. Thus n' is invariant under the gauge
freedom if WT(q)Q(q)WT(q)" = Q(q) which is satisfied for all arbitrary W'(q) iff Qpnn(q) X dppn- Thus we arrive at
the ansatz

T T T
= Z Ta,m, T =q,m,| (35)

q,m

*

in the gauge-fixed wavefunctions where U'(k) = U*¥(—k)*. The n' operator takes a simpler form in terms of the

projected operators (which are gauge invariant). Recalling v, » = Y, €00 USm(q), we have

_ i ! i T pt ot N CNC A
Nt = Y eharUdm@Us, (—@)e g5, = D el aiPrs@el g5y = el aaqar =D tharthiay (36)
q,maf q,af qo Rao

In the last equality of Eq. , we Fourier transformed to real space. Physically, nt can be understood as creating
a Cooper pair at zero momentum. Note that the wavefunction of Ek,anék,m | decays exponentially outside the
correlation length of p(R), which describes the “size” of the Cooper pair bound state.

We now proceed to the commutator of nT and SR,a:

[Slzi,a» n*] = Z[E£7Q,TER1Q7T - ER,Q,LER,a,w E}t’,ﬁ,TEI{’,B,J
R/

= Z E;,Q,T[ER,a’Tv EE/,ﬁ,TEE/.ﬂ,ﬂ - E;{,a,ﬂER,a,w E;U,ﬁ,'rék’,ﬁ,ﬂ (37)
RS

= ko iPhs(R =Rk, 5| +Ch otk s1Phs(R—R)
RS



9

where we used the anti-commutator {¢k, q 0, ck Bt } = Ok Pap(k)dsor (see Eq. ) We expand the Ek/ 5.0 Operators
using Eq. @ to find

Sl = D Chattho s Pap(R = RO, (R —R") +h o e o0 12 (R = R")p 5 (R~ R)
R/R//,ﬂ/B/
= D ChatChrs Pap(R—ROpLy (R =R") +ch , cho g yphy (R =R (R—R') g
R,R//,B,B,
— Z Ek,a,TCI{/',B',L [pT(R _ R')pT(R/ . 10) ot Ek,a,ick”ﬁ’,T[pi(R - R/)pi(R’ —R")]ap
R/R//,B/

where we used pg 5(R)* = pi 5 (R) thanks to 7 in App. Finally, the convolution identity of p(R) in Eq. @) gives

[Sﬁ,a, WT] = Z CR a TCEN 8, ﬂ?aﬁ/(R R") + CR a ¢C}v/ B, Tpiﬁ’ (R-R")

R// ﬂl

o Z T T | * (R R//) + T (R o R//)

= ‘R,a,tR",5 | Pap’ CR alCRY B, Tpaﬁ’ (39)
R//7ﬁl

T &

= (R0 1Rt T R0 R 0t)

=0

again using Eq. @ to recover the projected operators in the penultimate line. Thus we have proven 7' commutes
with SR s SO it is trivially established that [H, n'] = 0. It follows that the eta-pairing states are all eigenstates:

Huy'™ 0y = n'"H [0) = 0 (40)

and in particular must be groundstates because H is positive semi-definite. Note that because [T, S‘ﬁ’ o) =0, one
could consider much more general (though not necessarily physical) Hamiltonians with an eta-pairing symmetry than
the onsite H = % ZR,a S’ﬁﬁagﬁ,a Hamiltonian studied in this work.

One may also calculate the commutators using the v basis. We define the momentum space spin operator

Sqa =2 ¢ SR (41)
R
= Z (—1)7e7"TT AR a0 (42)
R,a,0
= ()7 qastiac (43)
k,a,0
= Z (-7 (k - Q)]a,m,a[U(k)]a,n,U’Yl—q,m,ngk,n,a~ (44)
k,a,0

The commutator becomes

[Sg.0onT= D D DU (k= P)laim.o UK amoNe—p oMo Vo g7 qi] (45)

k,m,n,0c q,l

= Z Z U* k- p a,m U[U(k)]a,n,o (f}/ltfp,m,’rékvqéln50'7T7T7q,l,¢ - VIchp,m,ﬁk,—qalnfsa,iV;,z,T> (46)

k,m,n,0c q,l
= Z [U* (k - p)}mm,o[U(k)]a,n,a (5U,T711—p,mm7ik,n,¢ - 507¢'71i—p,m}¢71k,n,f) (47)
k,m,n,o
= > (U&= PlmoU® e = U (1o U@ = 0)]imo) Wep i in,y =0 (48)
k,m,n,o

C. Symmetry Algebra

The eta-pairing states 1™ |0) are naturally interpreted as zero-momentum states of charge +2 Cooper pairs, with
n' being their creation operator. Because the states 51" |0) are zero energy for each n, we can obtain eigenstates of
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H by taking superpositions with different numbers of particles. This is the simply the Cooper pair condensate that
appears in the mean-field description. However, we work at fixed particle number in this work.

We now show that the eta-pairing operators form an su(2) charge algebra which extends the usual u(1) charge
algebra. We compute

[77777“ = Z [E—kﬁ,iékﬁﬁ’EL,O(,TET—q,a,J

kqapg
= Z 5k7q5*k,5=lPTa(k)ET—q,a,i - 5kquL,a,TP§a(_k)ékﬁ>T
kqap
=Y A Pha(-K)e 0| — Chor Pia(—K)i st
kag
=Y PL(RPLK) — e, Pra(k)eis, — oo Phs(R)eis.r (49)
kag
=Y Pl (-KPl(-k) = ¢ . Pis(K)aws) — 0ot Pog(K)a st
kag
=> Tr P'(-k) =N
k
=NN;—-N

where we used that PBia(k) = POT(B(fk) and } 5 Pap(k)Ck, = Cia- N is the total number operator so

[N.n'l=2nt,  [N,n)=-21 (50)
Alternatively, in the + band basis,

[, WT} = Z Z [(Y—ar,m/ A Vel m 1 VL,m,T'YT,%m’J (51)

a,mq’,m’
_ { T } T _ AT { T } 59
V—a’,m’ L\ Ve’ m 1y ’yq7m,']‘ ,y—q,m7¢ 'Vq,m,T'Vq’,m/,T ’y—q,m7¢7 V—a',m’,| ( )

a,mq’,m’
=22 Vet O Gaqr Y, = Vo 9t 1Omm daet (53)

a,mq’,m’
= T-amiqmy ~ Vomitams =NNg = N. (54)

a,m

To make the su(2) Lie algebra explicit, the correct normalizations are

" 0% = ieaen®, 0" =m+n)/2, 1Y =iln—n")/2, n*=(N-NNy)/2. (55)

Thus we have shown that the n operators form a representation of SU(2). It is simple to find the dimension of the
representation. For a dimension d irrep of SU(2), n'¢ = 0. Indeed, we know that ntWNs+1) — ( because the projected
Hilbert space only contains 2N N electrons, and n' adds two electrons to the state. It is possible to use the explicit
representations of SU(2) to obtain normalized states |n) oc 51" |0), but we will use a more direct method involving a
generating function in the next section.

We now briefly address the spin symmetries. In the case of S, and T, the many-body S, operator

g _ i 1
S, = Z’Yk,n,ﬂk,nﬁ ~ Yxyn, Ykl (56)
k.n

commutes with H. To see this, we use [5},7117”’0] = sy (where s2 = =£1 for 0 =1 / |) to check that

k,n,o
[SZ’E}LQ,J] = Séék,a,w Thus [S'Z,S‘ﬁa] =0 (so [S,, H] = 0) and also [S.,n!] = 0. Thus we have a U(1) x SU(2)
symmetry group. We emphasize that H breaks spin SU(2), having only U(1) from conservation of S,. One sign of
this, which we will see later, is that the spin +1 excitations are gapped.
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III. SUPPLEMENTARY NOTE 3

In this section, we show that the eta-pairing ground states have ODLRO and thus display superconductivity at zero
temperature. This calculation is tractable using a generating function of the BCS form (App. [[ITA)). In an effort to
be self-contained, we then show that Wick’s theorem holds in the ground state (App. using a similar generating
function with Grassman variables. Our calculations resemble previous calculations involving eta-pairing, for example
Ref14or Refl?,

A. ODLRO

To assess the superconducting properties of the groundstate, we will compute the off-diagonals of the two-body
density matrix:

~ P
R (GS|WRy W/ WRnWRAL|GS) (57)

t

R.n.o 15 the Wannier function obtained from the canonical electron

in an eta-pairing groundstate |GS). Here w
operators

n

1
wR,n,a = W g €

Z41:t'kfyl:n,o" (58)

Such operators can be chosen to be exponentially decaying in obstructed atomic limit bands, and also in fragile bands
if we allow their symmetries to not be represented locallyl®. This is because the only obstruction to exponential
localization is Chern number”. In the Wannier basis (choosing a time-reversal symmetric gauge for the v operators
where UT(k) = U¥(—k)*), the n operator reads

e _ i P ~i(R-R)-q _ i f
M= Yam i ami = D WR,m R m,| z7 Do WRIA=S Twh k- (59)
qm R,R',m q R
To calculate the correlator in Eq. , we will employ a BCS-type ground state as a generating function:
{zh) =exp [ D 2rmth 1wk oy | 10) (60)
R,m

with free parameters zr,,. First we observe that setting zr. ., = z gives
eh = 2l{z} = 2) = (Olee 0y = 3 L oty
zp =z\zp =z2) =(0le""e = 2 nn (61)
n

which we will use to determine the norms of the eta-pairing states. Second, we note the ODLRO correlators appear
when taking derivatives:

0 0

aZR,n aZR/ ,m

{2HE=D = (01e*MWR 1, WRn AW 1 Wk 1€ 10)
ZR,m=—%
open C (©2)
:Z P <O|nana"’in’">TwR/,m,TwR/,m,J,nJm|0> .
n

We now must compute ({z}|{z}). We use the orthogonality of the Wannier basis, {wr. m, o, wk, no'} = ORR/ Omn 0o, o7
to factor Eq. into commuting terms

(3= = (O T ermomememimons TL i)
Rm R'n

= (0 TJ(Q + Zromwrm wrms) [+ 2remwh 2wk, )10)
Rm R'n
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where we used that fact that (w;,ynnwk,m_ ¢)2 = 0. Commuting through the different factors and recalling w;’m
obey canonical commutation relations, we see that
(3= = O IO+ ZRomwr m  wrm ) (L + 2R mtwh w0 )10)
R,mWR,m,|WR,m,T RmYR,m,+YR,m,|
Rom , (64)
= [T+ lzrml?) -
Rm
Comparing to Eq. and using the binomial theorem, using Eq. we obtain
LD lryme = A PV = TTA+ [217) = (1 + )Y
Rm
65)
g NN o (
Do Ol ™oy = (Il
n n
so equating coefficients, the normed eta-pairing states are
1 (NN 2
=2 (YY) T (66)
n!'\ n
Then to obtain the ODLRO correlators, we observe that
02 aen|  =eraalpy = (YN e Rz R @)
agR,n 62R',m {z}==2 n " 7 ’ ,
Comparing to Eq. and using, we obtain
NN . NN —2
< J;L ) (O™ WR m  WR A W 4 W 11710) = < ;; . ) . (68)
For R,n # R/, m, we commute wg ,, | WR, 4+ through wL,’m)TwL,’m)i and obtain
R Rt UROt RN = R T I T (N A
__n(NgN —n) (69)
NN (NN —1)

= v(1—v) +O(1/N)

where we defined the filling v = n/NyN € (0,1). The other notable feature of this calculation is that for R # R/,
there is no dependence on |R — R/| in the correlator. This is reminiscent of the ODRLO in a 7' = 0 Bose-Einstein
condensate, which also has no |R — R/| dependence and is equal to the boson density. Indeed, comparing to mean
field calculations of the superfluid weight*?, v(1 — v) is also obtained as the Cooper pair density.

For exponentially decaying Wannier states, Eq. is a good local measure of off-diagonal long range order. The
ODLRO has the interpretation of correlators between two particles at position R and another two at position R/’:
should the Wannier states fail to be localized Eq. loses this interpretation. We thus must address the question: are
the w degrees of freedom employed in the ODLRO correlation exponentially localized? In the uniform pairing, where
bands are constructed from the S-matrix method, the bands are fragile or obstructed atomic and thus exponentially
localized Wannier states can be found*, but the symmetries cannot be represented locally on them if there is fragile
topology. We remark that it is possible to obtain perfectly flat bands with a nonzero Chern number C,, with uniform
pairing from a single Wyckoff position sublattice, but this requires exponentially decaying (infinite range) hoppings.
The total Chern number C} + € will vanish due to spin-ful time reversal symmetry, and thus it is possible to find
exponentially localized Wannier states by mixing the bands of different spin. However, the calculation in this section
relies on the spin-polarized Wannier states Eq. (58), and thus the optimal decay of the Wannier states, for nonzero
C,, is a power lawl8. An adaptation of Eq. (69) in terms of exponentially localized states when C, # 0 is left for
future work.
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B. Wick’s theorem

We now extend the generating function method of App.[[ITA]to show that a version of Wick’s theorem holds in the
eta -pairing states. In this section we work in the momentum basis using the 'y]z m.o operators. Wick’s theorem shows
that arbitrary correlators can be determined by enumerating the contractions, which allows us to compute expressions
for the norms of the excitations in App. [[V]and calculate expectation values.

The generating function we introduce is the norm N(z, &) of the following state:
ot
€, 2) = exp <Z ék,n,ﬂ;n,g> eN0Y,  N(z,6) = (€, )€, 2) (70)
kno
where &k o are anti-commuting (fermionic) Grassman variables, and bar denotes the complex conjugate £ = ¢t

Taking ¢ derivatives of N(&,z) and then setting ¢ = 0 pulls down ' operators which build the correlation function.
We observe that

T
Moo |€.2) = De, ., exp ( > fv*) e [0) = D, 1€, 2)
k'n'o

(71)
<§7 Z| ’ykvnva = _8gk,n,6 <0‘ 627] eXp ( Z ’Yk/,n/ﬂ'/fk/v"/?a/) - _aék,n,g <§7 Z| °
k'n’o’
We see for instance that
<£’ Z| fyk/anlvo'/’yli,n,o' |£? Z> = _agfk/,"/,c,/ <£’ Z| 8§k,n,o |§7 Z> = a{k,n,aagk/yn/yg/N(z’ g) (72)

(<1 e o W 2 = Py N (6]

and thus by matching powers of |z|* in ¢, 0 N(z,&) and (2| 7k7m70711ma |z), the correlators (n| 'yk7m7a*ylim0 |n)
can be determined. Generally, any correlator with creation operators to the right and annihilation operators to the

left can be reduced by repeated application of Eq. to derivatives of (&, 2|, z) = N(&, 2) (and then setting & — 0).
This defines a normal ordering.

We can compute N(z,&) directly. Because ¢ and ~ are all anti-commuting, we have

ant
€, 2) = exp (Z fk,n,a%i,n,a> e |0)

kno

- (Z et Mo+ Etend iy + Z%i,nﬂf—kM) o

H exp (gk,n,T’Ych,n,T + ffk,n,ﬂik,n,i + z’ylt,n,’r/yik,n,i) 0)
k.n

=T+ Genamns + i ny + &+ Erni€ent)Mn 17 kny) 10)
k.n

using ¢2 = 412 = 0 and [¢7T, 1] = 0. The & operators must be Grassmanns, else [fk,n,T%Tc,nm fk',n’,j*')/]i/’n/ﬁ] % 0. The

only term at second order is the cross term from %(&Lk,n,yyik nt T ’YIT( n Tfk,n,T)Q. Hence we find

N(ng) = <€7 Z|§7 Z> = H (1 + gk,n,TEk,n,T + g*k,n,ié-*k,n,i + (2 + gk,n,Tgfk,n,J)(Z + Efk,n,igk,n,’?)) (74)
k,n

which importantly is decoupled in k and n. Let us expand out a single factor of Eq. :

1+ 2 + Gentbient T Ekniéormt + 28enté-kml + 2 kn 1 €kent + Een -k 1k 1 Ekon.t (75)

which contains only quadratic and quartic terms in &. Because we take ¢ derivatives and then set £ — 0, we see that
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only two- and four- term derivatives (for each k,m) are nonzero. From Eq. , we compute

o 5kk’§mm’6aa’ < |Z>

<Z|'7k/m’a"711mg‘z> = afk,m,ﬂagk’,m’,a’Nk:O B 1 —+ |Z|2
(2] ]2y = 0g, O Nle=o = 20k St (z]2) (76)
Yem{Vk'm't Ee,m, L Ek’.m’,T £=0 1 + |Z|2
Gl Al 1) = BB Nl = et Omm
Yemt Tx'm’ | = Pemr Py SN 1ES0 1+ |Z|2

with all other two derivative terms being zero, and (z|z) = (1 + |2[2)N+N. We observe in the second and third line
a nonzero anomalous BCS-type contraction between vy or vy, The last nonzero term comes from the four-body
derivative:

1

= T\zP (z|z) . (77)

(v sem i Memt Nomt Y em 12) = O 106 e 02 O Nle=o
So far we have given a recipe to compute all normal ordered correlators. Using the canonical anti-commutation
relations of v, all correlators can be manipulated into normal order and then evaluated. However, it is of practical
interest to evaluate correlators directly in any order. We now calculate the one-body contractions, Eqs. and
, in which a 4+ contraction is introduced to be consistent with the fermion anti-commutation relations. This is
a standard result (see Ref™) but we include a proof here to set the notation and be self-contained. All many-body
contractions will be built from these one-body contractions.
We compute the non-normal ordered correlator

(o Mermor|2) = = Eomio e 12) + O Smms 007 (212)
1
= 0kk’Omm/ Voo’ <Z|Z> (_Z + 1) (78)
St S S — L (2]2)
= ’ 100! zZ\z) .

This correlator will define a two-particle contraction to be included in Wick’s theorem: correlators are equal to the
signed sum of all possible two-particle contractions defined in Eqgs. and . Because only two- and four-particle
contractions are nonzero and the two-particle contractions satisfy Wick’s theorem automatically, we only need to
check that Eq. is consistent with this Wick’s theorem. Consider the only non-zero normal ordered four-particle

correlator (z|y_ixm yyka'yltmTvikm 1|2). There are three possible contractions from Wick’s theorem (one vanishing):

<Z‘77km¢7ka71tmTVikm¢‘Z> (2|Y—xkmyYemt|2) <Z|711mTWT,km¢|Z> <z|’77km,|,'711m1~|2> <Z|'Yka7ikm,|,‘Z>

(2l2) a (22) (zl2) (zl2) (2l2)
<Z|'77km¢71km¢|z> <Z‘7km1"711m¢ |2)

(22) (l2)

- () ()~ 00+ (755 (757)

lzP+1 1
(L+127)? 142

matching Eq. (77).
For clarity, we list the nonzero elementary contractions of Wick’s theorem:

1
Z|Z> <Z|fYk’m’0"’yl1;ma|Z> = w(skk’émm’(saa’
1 ' |22
<Z|Z> <Z|711m(r’yk/m’0' |Z> = lelg(skk/(smm’(smﬂ
(79)
1 z ’
oy (lmemeemr|2) = T Do G 8 b

z
<Z|Z> <Z|’711mg’711/m’gl|z> = W‘Sk,fk’(smm’sgéa,fa’

and (z]2) = (1 + |2]2)V, sI/¥ = £1. We will use these results in App. to evaluate Richardson’s criterion.
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IV. SUPPLEMENTARY NOTE 4

In this section, we compute the spectrum and eigenstates of excitations above the eta-pairing ground states. We
show that the fermionic excitations are gapped and perfectly flat (App. , while the bosonic excitations are gapless
and dispersive. We evaluate Richardson’s criterion to show that kinetic energy generically favors superconductivity
at half filling (App. . We then study the bosonic (charge +2 and 0) excitations and find that the spin-0 Cooper
pair spectrum splits into a set of lovv-lying bands described exactly by a single-particle pairing Hamiltonian and a flat
continuum at the two-electron gap (App. [IV C|). The spin 1 Cooper pair spectrum is entirely flat: all states are at the
two-electron gap and are effectively unpalred (App. - We provide explicit examples of the pairing Hamiltonian

(App. m IV DJ) for obstructed atomic and fragile bands. Finally, we show that the spin-0 density mode (Goldstone mode)
has the same spectrum as the spin-0 Cooper pairs. The spin +1 density excitations are all energetically above the
two-electron gap, but have nontrivial dispersion also described by a single-particle Hamiltonian (App. [IV E).

A. Charge +1

Given an eta-pairing pair groundstate |GS) = |n), we can compute the charge +1, spin i% excitations from the
effective Hamiltonian R(k) defined

[H”ykna |GS Zrykma |GS> (80)

By diagonalizing R°(k), we obtain exact eigenstates and their energies. Note that o is not summed over. The
excitation matrix is diagonal in spin because of S, conservation.

It is simplest to perform the excitation calculations in momentum space using the canonical 71t,n,o operators,
which form a complete basis of the projected Hilbert space. First we define momentum space spin operators S‘ﬁ)a =
Yo SEAR,a,0 (recall sZ = £1 for o =1, ) according to

Qz 1 —ik- re) Q2 Qz Qz Qz 1 ik- re) Q2
Sk,a = ﬁ %:6 k(R Q)SR,ou Sk,a = (S—k,a)T’ SR,a = W zk:e e (Rt CX)Sk,oc (81)
such that
1 Qz 1 Qz Qz
= §|U|Z(SR,(1)2 = §|U|Zs—k,(x‘9k,(x . (82)
R,a k,a
H can be written in terms of the v modes using
MR.o0 _C;ao TR0 = NZ o—i(k—K'): (R+ra)CL/aU koo
k,k’
N Z e—’L(k k') (R-‘rl‘a),yk/ m, U[UU (kl)*Ugn(k)]’yk,np' (83)
k,k'mn
= i Z e—i(k—k/)'(l:l-i-lt‘a),y]il’mﬁZM;rfg(k7 K — K) k.o
k.k/ mn

where we defined the sublattice form factor
M7 (k.q) = Ug,, (k+a)*Ug, (k) . (84)

Thus the Fourier transform of the spin operator is

—iq-(R+rqy z
Sia= \ﬁZe a@®ira) 5z

Z —iq- R+ra) Z e*i(kfk’),(Rﬁ»rQ)S ,Y an (k k/ k)
k/,m,o Tk,n,0
\ﬁ Rmn N kKo (85)

- Z N Z —i(k+q—Kk’)- R+ra) (Zj,yk/ . O'an(k K — k)’}/k,n,a
k,k/,mn,o

2?—‘

Z 807q+k m, 0‘ m (ka q)'yk,n,a

k ,mn,c

ﬂ\
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and hence it follows that
[SZ a77kna \/*Zsaﬁyk+qmaan(kv q) . (86)

To prepare to compute the excitation spectrum, we observe

Z[Siqa Oc”ykn o’ ZS—qa a7’7117n,0] + [Siq,a7’ylt7n,o]gé,a

qo

- Z qu, a’ ’YIJLJLJ] + [Sczl,av 711;77L7o':|‘§iq704 (87)
= Z[qu,w [S2.0 Wm0l + 2055 00 Mo 0152 g0
qo

Acting on the groundstate where the second term is zero (recall that Sg
(530> n'] = 0) and using Eq. , we derive

D 157 qaSia Mool IGS) =

o annihilates |n) because S ,[0) = 0 and

Si’ Z [Siq7avﬁyk+qm U]Mm n(k7 q) |GS>

-

qo qom’

! (88)
= 2 e ME (k- q @) M (k) [GS)
qamm/’
where we used that (s2)2 = 1. Thus we obtain
U 1 /
RY, (k) = _ 9l Z M2 (k + q, —q) M2 (k, q)
qam/
U 1 -
| | Z am’ (k + q) am/ (k + q) Uan (k) (89)
qozm/
U] o
and using the uniform pairing condition Eq. (|2 , N Zq 7 (kK +q) =€, we have
RC |U| Z (k)
U
- 6'2 ‘[U*( K)o () (90)
U]
- 75mn
2

which is diagonal for all k and has completely flat bands with an energy gap €|U|/2 above the ground state. Eq.
simply reads

€|U|

GS) = S0 1GS) (o1)

kna

making use of H |GS) = 0. We refer to €|U|/2 as the single-electron gap, whose analogue in BCS theory is the
Bogoliubov quasi-particle gap.
We can repeat this calculation for the hole excitations, defined by

[H, Yin,o) |GS) = Z R, (K) Ym0 |GS) - (92)
Taking the hermitian conjugate of Eq. (86 , we obtain the requisite formula

[gé,ou'yk,nﬂ = \/*Z J’Yk qmnMga(k q)

= T = Z Mnm k+ q, _q)sér}/k—q,m,a .
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All steps in the calculation of R?,, (k) proceed identically for k%, (k) but with the mapping M, Tk, q) = MP(k+
q,—q), so from Eq. we find

_ox

Rgm(k) - 2 N Z M;?am(kv q)M;L,Z (k+q7 _q)
qam/’
2 Nq;n/ a,a( +q, CI) oo ( ,CI)
= Ry, (k)

and hence single particle and hole excitations have the same energies. This is not true for systems that do not satisfy
the uniform pairing condition. For example, the flat band systems in magic angle twisted bilayer graphene have

different particle and hole excitations2!,

B. Richardson Criterion

The Richardson criterion?¥22 is an approximation of the optimal binding energy of the Cooper pair, defined by

EA(N)=E(N+2)—FE(N) —2(E(N +1)— E(N)) where E(N) is the groundstate energy at particle number N. In
the flat band case, E(2n) = 0 Vn due to the eta-pairing symmetry because |n) are zero energy ground states. Thus
EA(N) = —€|U] < 0 demonstrating perfect pairing at all densities. Indeed, we will see in App. [V| that €|U| is the
maximum binding energy computed from the charge +2 Cooper pair excitations.

When weak dispersion (kinetic energy) is added to the model, we will determine which density shows the strongest
pairing: that is, the most negative binding energy Ea(N). To evaluate E(N), E(N +2) at N = 2n in the eta-pairing
groundstates, we need the expectation value of the kinetic energy in the states |n), and for E(N + 1) we need to
compute the expectation value in the charge +1 states atop the N = 2n ground state, which is a four operator
correlator and can be computed with Wick’s theorem.

We consider a more general perturbation than discussed in the Main Text. We consider a perturbation to the
kinetic energy defined in Eq. , namely

f{ + Er/ = Z clt,a,ahgﬁ(k)ckﬁﬂ + Z CLa,aiL;o’ﬁU’ (k)Ck”@J' (95)
k,aB,0 k,afB,00’

where hap(k) is the flat band Hamiltonian and we treat ?L:m 500 (k) as a small perturbation (additional hoppings,

spin-orbit couplings to break 7 and S, etc). When projected into the flat bands (still requiring that the conduction
bands are much higher in energy than the scale of b’ and |U|), we find

H/ - Z Eir(,oz,ah’laa,,ﬁ’a’ (k)Ek,ﬁ,a’

k,afB,00’

= Y o PIa)hy 50 (K) PG (K)o g o0 (96)
k,aa’B3’,00’

= Z V]i,m,aUg:n(k)~ila',,Bo" (k)Ugn(k)’Yk,n,a’

k,aB,00’ ,mn

using Eq. to write the ¢ operators in terms of v operators. Thus the correction to the flat band kinetic energy
Hamiltonian takes the form

IN{/ = Z E;no,na’ (k)')/]im,g'yk,n,o’; E;no',no’ (k> = Z Ug;(k)ﬁiya,ﬁa’ (k) Ugn(k) (97)
kmnoo’ afB

or in matrix form, recalling U, (k) is an Ny, X Ny rectangular matrix,

() - (Ui(k) ) (i}wk) f}@(k)) (Uw(k) ) (98)
[0)) \W(0) Rl (k) U, (k)

U
in the spin ® orbital tensor product basis. We develop an expression for Richardson’s criterion in the general case,
but it may be helpful to point out the simplest case: dispersion E;nyg (k) can be added to the flat bands by taking

E' (k) = Snmboo By 5 (K).

mo,no’
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We now need to compute expectation values. The ground states at N = 2n and N +2 =2(n+ 1) are |n),|n+ 1)
at zeroth order in E/. When H’ is added, we determine the shift in energy with degenerate perturbation theory; by
computing the matrix elements of H' with respect to the unperturbed states:

|H/ Z mo,no’ < |7kmo‘l7kn0‘ >
kmnoo’
|2I?
500’7
= 2 Fnon 00nnbor T (1) 9
= 2P+ NN TRNNE, 2NNE = Bl o

kmo

using Eq. 1) We defined E' = W > kmo E~'7’Mymg as the average of the entire spectrum, which is finite in the
thermodynamic limit. Expanding both sides in powers of z, we find

>k (M)l = e (AT ey
(M) it = (N;/Y v (100)

(n|H|n) = OIN{NE') =v(2N;NE')

L(
NN

recalling N;LN = v is the filling. Next we need the expectation value of H' in the electron excitations Eq. , but
first we must normalize them. We compute

1
T _
<Z|Vk7m,ﬂk,m,a|z> = TIZ\Z (22)
NN NN -1
(") ookt = (1) (101)

(M Yiem.o Moo 1) =1 — v

Because all 711 m.o |) excitations are degenerate, we compute their effective Hamiltonian at first order in degenerate
perturbation theory:

<Z|7k,m/,U’H’71JL,m a Z is,7s’ |’7k m’,o’ ’YIL i, sk 7, Sﬂylt m cr|2> . (102)
k’ijss’

There are only three contractions:

ot
(1+12[2)?

i T _ 2 !
<Z|’Yk,m’,a/’Yk/%S”Yk’,j,s”Yk’m)g Z> = 5kk/5im/5a/35jmaas’ - ‘Z| 5k,—k’6m’j51m3§ 60",—3/8250,—8

(103)
+ |Z|26’mm’6oa’6ijdssl> <Z|Z> '
Plugging in, we find

o B o2) = (U 2N 2 (B0 (€) = 121257 52 Bty () + |26 2NN E )

(104)
Now expanding in powers of |z|? and including the normalization Eq. (101)), we find
NN (et o H' A, o7 1 [ (NN - NN =2\ o -
( fN) < h/k’m 71 them, ! = 1 (( fN )E;n o’ mo’(k) - ( fN 1 )SZ SgE;n(*a)’m’(*a’)(_k)
n —v —v n n— (105)

n—1

+<N N - 2) 5mm/5g,,,2NfNE’> .
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Simplifying the binomal coefficients gives

1—v 1—v

<n|'yk,m’,o’g/’ylt7m,o|n> o 1 ((NfN —-—n — ].)(NfN - n) ~ (k) M o' &0 ~, (,k)
- NyN(NgN =1) molmo )T NN (NN — 1) 7= P2y m!(—o)

n(NyN —n) 5. /2NfNE">

NfN(NfN -1
NfN —-n—1~ n ~
=|—————F, . k o o (—K) + ———8mm 05 2Nt N E’
< NfN—l mo,mo() NfN—].SZSZ m(— a)m(a)( )+Nf./\/_1 mm fN )
(106)
To write the effective Hamiltonian more transparently, we define the matrix notation
[E/(k)]m’a’,mo E;n o’ mo’(k)
(107)

[0, BT (—K)0y|mror me = 87 ‘s Em( o) m (—on) (—K)

where oy is a Pauh matrix acting only on the spin indices. Because H is Hermitian, ET = E*. Thus we can write
the matrix Eq. ( obtained from degenerate perturbation theory as

<n|’7k,m’,a’ﬁll‘/11,m7a|n> _ |:NfNTL 1~

N E'(k) — 12NfNE] . (108)

NN—l ot e

1—v

The eigen-energies of this matrix split the electron excitations which were degenerate at energy ¢|U|/2, forming a
band structure for the charge +1 excitations. Let Ay, [M (k)] denote the smallest eigenvalue of M (k) for all k. Then
the lowest energy state of the one-particle excitations is

NN —n—1-
AUl NN =n=L gy

E(N +1) = Apin |~
(N+1) Am’"[Q NN -1

o, B (~K)o, 12NN E’] (109)

Nf/vq %y N/\/fl

corresponding to the lowest energy single-particle excitation in perturbation theory. With Egs. (100 and (109)), the
Richardson binding energy can be written as

EA(N)=E(N+2)+ E(N)—-2E(N +1)

_nt(n+1) y €|U| NN —-n—-1, e ,
= NN (QNNE)l 2)\mm[ l—l—mE(k) Nf/\f-l yE (—k)oy, NN— 12Nf/\fE
_ 2n+1 2n ' ) NfN*nf [/ Fal%
= —€|U| + 201 — 20)E' — 2\min [(1 —V)E' (k) — Vo—yE/*(—k)ay} +O(1/N)

(110)

where in the last line we took the thermodynamic limit with v = n/NyA. In going from the second to third lines we
have pulled out terms proportional to the identity out of Apin: Amin[al+B] = a+Amin[B]. To determine at what filling
v the superconductor is strongest (i.e. has the largest gap), we need to determine when —Ea (N) is largest. In general,
this would require diagonalizing (1 — v)E'(k) — vo,E"*(~k)o, as a function of v. This is easily done for a specific
model since E’ (k) is an effective single-particle Hamiltonian. Generically, Eq. can reveal material-specific effects
on superconductivity due spin-orbit coupling, applied magnetic field, and other small perturbations.

However, we are able to make a general statement when time-reversal symmetry is preserved by H’, ensuring that
o,E*(~k)o, = E'(k). We first take E/ = 0 for convenience; we will restore nonzero E’ later. Then noting that
Amin[E' (k)] < 0, Amaz[E' (k)] > 0, we find

Ea(N) = —€|U| = 2Amin [(1 — 2)E' (k)

[A—

= —U| -2 {(1 20) M ninl B ()], v < 1/2
(1 =2v)Anae[E'(K)], v>1/2 (111)

Amin[E'(K)]|, v <1/2

=—€lU|+2|1 -2 ~
dul+2 V'{/\mm[E’(k)], v>1/2
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so because the second term is non-negative with a minimum at v = 1/2, we see that EA(N) is minimized (the binding
energy is largest and negative) at v = 1/2. This holds for arbitrary time-reversal symmetric £’ (k) and is independent
of the position of the peak in the density of states, which is very different from standard BCS theory.

Restoring nonzero E’ gives

_ » (1= 20)AinE'(K)], v <1/2
EA(N) = —€¢|lU]+2(1 —2v)E' — 2 {(1 o B, v 1/ N
U] -2 {(1 = 20) O E'(K) = E'T)), - v < 1/2 ()

B (1 = 20)Amae[E' (k) — E'T]), v>1/2°

Because we have subtracted the average E’ from the matrix E’(k)7 Amin [E"(k) — E’I] <0and \as [E’(k) — E’I] > 0.
The energy Ea(N) is still minimized at v = 1/2.

C. Charge +2 Excitations

We now study the charge +2 excitations. To do so, we will compute the scattering matrix Rk/m n kmn(p) on the
complete basis of charge 42 excitations at many-body momentum p defined by

[H A icmo ieno ] 1GS) = D0 i oV ko 1GS) (R (D) i e - (113)
k/

There are three flavors of Cooper pair. The 0 = ¢’ = ﬁ:% cases lead to spin =1 Cooper pairs, while the o = —¢’ case
leads to a spin 0 Cooper pair. We will find that only the spin 0 Cooper pair has low-energy eigenstates below the
two-particle continuum. For instance, we know that there must be a zero-energy excitation n at p = 0 since 7 is a
symimetry.

This calculation is made simpler by using the results from the charge +1 electron excitation matrix. Using Egs.
and , the single electron commutator is

LU IUI 2
[H7 711,7170'] 2 k SN0 Z 27 J’Yk-{-q m, o'M ( )S—q « (114)

qam

and the second term annihilates the groundstate. Now it is straightforward to compute

[H’ ’ylzr)+k,m,o'ryik,n,a"] |GS> = ’YE)Jrk m, O’[H’ ’YT k,n,o’ } |GS> [ ”y;:r)+k m, a]’yT k,n,o’ |GS>
- €‘U|7p+k m, o-PY—k n,o’ ‘GS> + ‘U| f Z 507p+q+k o,m’ Mm m(k + P, q) [Siq,aa ,‘Yik,'rho"] ‘GS>
qam/’

= €‘U|71T)+k m, G'FYT—k n,o’ ‘GS>

+|U|fsasg, > A atm Y kg M (K + P @) M2 (—k, —q) |GS)
qam/’

(115)

/] since S% , annihilates the vacuum. Resum-
:

where in the second line we introduced the commutator [S'iq,a, 'yT_ka

ming gives
[H, 7, Lo 1GS) = U] Lo 1GS)
»Tp+kym,o T —k,n,o” Y 1 Tp4x,m, U'Y_ k,n,0’
+ |U|So Sy N Z’Y:)+k/,67m/’yik/7g/’n/ |GS> M:’L(;m(k +p, K — k)M;L,/:;(—k, Kk — k/)
k'«

(116)
and thus we find

[RGJ/ (p)]k’m’n’,kmn = €|le(skk’(Smn%’(snn + sz SZ’ |U|N Z Mm " k + P, k/ - k)Mz;L’/,Z(_ka k- k/) . (117)



21

The second term describes the nontrivial scattering processes. We observe that
ZM’“ "k p K kMR L (ko k- K) = = 2 Ui + )V (2 + 1) Ui (K)o (k)

- Zu ‘m/n’ a l‘zgzrta(p)’ Z/{kmn a( ) UU* (p+k)Ug;*(_k) .

(118)
Let us consider the case where o = ¢”. Note that if o = o’ Uk,m n.o(P) is symmetric under k' — —(p+k’),m’ < n".
But the electron operators 7; e, 0'7 K on/ o which contract against L{k,m " a( ) in Eq. 1) are anti-symmetric
under k' — —(p + k'),m’ + n'. Thus many-body states which are not in the kernel of Eq. (118 all vanish by
fermion anti-symmetry when o = ¢’. Hence all the spin +1 Cooper pairs all have energy €|U|, which is twice the
single-electron gap. This indicates they are effectively unpaired. Going forward, we take o =1,0" =].

We can think of U = U™ as a large rectangular matrix of dimension N'N7 x No. (In the bipartite case, the matrix
is NN x Ni, because Uy, (k) = 0 for a ¢ L.) In matrix notation, we have

R (p) = UL~ U] U U (p) (19)

Note that U (p)UT(p) is positive semi-definite, so the spin 0 Cooper pair spectrum is below ¢|U|, indicating attractive
pairing. Because U is rectangular, it has low rank and %UUT has many zero eigenvalues. Its nonzero eigenvalues
are the same as the eigenvalues of h(p) = ﬁlﬁ (p)U(p) which is a matrix of dimension N,y X Ngypp. To see this,
define the eigenvector u with energy e(p) by h(p)u = e(p)u. Then Uu is an eigenvector of the scattering matrix:
~UUT(Uu) = Uh(p)u = e(p)Uu. This gives dim h(p) = N, nontrivial eigenvalues, which are nonnegative because
UUT is positive-semi-definite. Note that the rank of U is at most N,,, so all other eigenvalues are zero. Hence we
are led to study the spectrum of

has(p) = %[uwp)u(p)]aﬁ

Z o(P + UL (KU (P + KU, 5 (k)

kmn

NZ (p+k)Ply(—k) (120)

= — Y P,s(p+k)Psa(k)
N; B\P B

where we used P¥(k) = PT(—k)*, and set PT(k) = P(k).

A number of extremely useful statements will be proven about this effective single-particle Hamiltonian in the next
section. For now, we simply remark that the eigenvectors uﬁ (p) and eigenvalues €,(p) are defined as

; hag(p>’ug(l)> = eu(p)uﬁ(p) . (121)

We normalize the eigenvectors such that Zﬁ uﬁ (p)ul*(p) = 8, where p,v €0,..., Ny, — 1 label the boson bands. It
is convenient to decreasingly order the eigenvalues of h(p) such that u = 0 corresponds to the largest eigenvalue. The

full eigenstates of the scattering matrix Eq. (117) not in the kernel of UUT are Y Ukmn,a (p)ug (p) with eigenvalue

R (p)Uu,, = |U](c — eu(p)Uu, (122)

so the many-body energies are |U|(e — €,(p)); 1 = 0 corresponds to the lowest energy band of many-body states.
The eigenvectors Uu, have norm squared uf, (p)U' (p)U(p)u,(p) = Nuf,(p)h(p)uu(p) = Ney(p). Thus we define
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the many-body operators

1
T T T ,
o = e o) Y Mttt ok Uimn.a (P)ugi (D)

kamn

Z W e e Ui (P + K) UL (—k)us (p)

1
N \% NGV’ kamn

(123)
’r
\ﬁ Z \/%7 bkt
e~ P (Rtra) st =
\ﬁ Z \/%7 P )CR,a,TCR,a,¢
which obey
[H,n},]1GS) = [Ul( = €u(p)),,,. |GS) - (124)

Comparing with Eq. , we see that the Cooper pair operators only show onsite pairing in R, a in the ¢ degrees
of freedom, indicating closely bound states. We will show that, up to a normalization, 77:,:0#:0 x nf and that

€u—o(p = 0) = €. Thus the Cooper pair operators 77;,7 ., are deformations of the commuting n' symmetry with the same

Ek’aﬁék’m | orbital structure. They are gapless at p = 0 as a consequence of Goldstone’s theorem. The spectrum

of the n;f)’# operators contains the low lying Cooper pair (which condenses) as well as higher energy Cooper pair
excitations (also known as Leggett modes).
To compute the normalization of the states 7711;7 u 1), we use Wick’s theorem. First we need the correlator

1
<Z| FY—k’,n/,¢7q+k’,7rL’,T7:,+k7m,¢7T_k,n7¢ |Z> = W (|Z‘25q,06n’7n’6p,05nm -0+ 5kk’5nn’5p,q5mm/) <Z|Z>
5o , (125)
= W (|Z‘ 6p,05n’m’6nm + 6kk’6nn’5mm’) <Z|Z> .
We will also need the identity (see Eq. (118]))
o,—0 o* — o* Ue _ 1 o _
Nzukmma NkZU ma - NkZU )_N¥Paa(k)_6 (126)

using the uniform pairing condition. Thus we obtain

14+ |2 Nf./\/ 2 N
( | ‘ Z Z uk’m n’ 5 ) (Q) (‘Z|25n’m’5p706nm + 5kk’ 6nn’5mm’) ukmn,a(p)uu

(2] N, 12) = o, e mea)
61“ EV kk/, a8 mn,m’'n’

= g L S o) (25,0 Y 14 zukmm U UMD 50 | ()
qum P, o m’m’ B “w

1 Nf/\/ 2
A Gl i Zuﬁ* (I2600N € + o () w(p)

Veu(p)e (p

PRl i |220p,0N €2 S uf* (0)us (0) + € (P)
=~ %p.a p,0 v masam
eu(P)ev(p) o g
(127)
In App. [V| we will prove that e(p = 0) = € and ), uf;(0) = 6,0/ Nz where Nf, is the number of orbitals where
P,s(k) is nonzero. With this simple result, we obtain

14 [2[2)NsN =2
<Z| Wq,vnlt,u |Z> = 5qu% (‘Z|26P,ONNL€26/L,V5/L7O + 6/Lu€u(p))
eu(P)ev(P)
= ‘Sp,qfsuﬂ/(l + |Z|2)NfN_2 (|Z|26p,ONNL66u,0 + 1)
0p.q0

= Op,q u,V(l + |Z|2)NfN_2 (|Z|25p705M,0NfN+ 1)

(128)
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making use of € = Ny/N. We see that there is an anomalous term when p = 0, = 0. This is because 77;,0 x nf,

which produces a zero-energy eta-pairing state. These states are the ground states we have already computed the
normalization for in Eq. . Expanding in powers of z and picking p # 0, u # 0, we obtain

NN . . NN —2
S (M) Gl ) = S 0t (Y TF) p 00

(nl ngunb p n) = (1= 1)*8p.q8u

(129)

and in the last line we took the thermodynamic limit A" — oo.

D. Examples of the Cooper Pair Spectrum

To illustrate the Cooper pair spectrum, we consider three examples: an inversion-protected SSH chain in 1D,
an obstructed atomic limit in 2D, and an S-matrix construction of fragile bands in 2D. We use the same notation
h(k) for the single-particle electron Hamiltonian, P(k) for the flat band projector, and h(p) for the bosonic pairing
Hamiltonian for all the models used in this section. We recall that in general, the projection into the flat bands is
valid when W < |U| < t where W is the bandwidth of the flat band (W = 0 if the band is perfectly flat), |U]| is the
interaction strength, and ¢ is the single-particle gap above the flat band.

1. SSH Chain

The 1D Hamiltonian we consider was studied in Ref as a minimal model of a flat band obstructed atomic insulator.
We place s and p orbitals at the la position (the center of the unit cell) in the 1D space group pm. The electron
Hamiltonian is

h(k) = sink g + cos ko (130)

with exactly flat bands at energies +1. The eigenstate of the lower band is

1[(1—e*
Uk)=— ) 131
(k) 2<He_m> (131)
and one can calculate the Berry phase Uti0,U = %, indicating an obstruction to the trivial atomic phase where the
Wannier functions are onsite. Indeed, h(k) obeys inversion symmetry with D[Z]h(k)DT[Z] = h(—k) where D[Z] = o3,

and real space invariants and/or symmetry eigenvalues diagnose h(k) as being in an obstructed atomic limit®.
Projecting into the single flat band, we find that the uniform pairing condition is obeyed:

dk N¢ 1 sin?k  Zsink
P (k) = —e=, Pk) =UMkRU (k) = T2 2 ) 132
[oPaalt) = L == 3. PO = UV E) (_;Sinkcosgg) (132)

Note that the uniform pairing condition is not enforced by inversion because the s and p orbitals are different irreps of
the la Wyckoff position and hence are not interrelated by crystalline symmetry. In other words, adding Z-preserving
hoppings could destroy the uniform pairing condition. However, there may be non-crystallographic symmetries that
enforce UPC. In this model, two anti-commuting symmetries: C = o7 and Z = k — k47, combine into a commuting
unitary symmetry CZ that enforces UPC:

2ktm _igin(k
CZPK)CZ =0y | 0 2 2 ,S”;(k T )~ P (133)
Lsin(k+m)  sin? 5T
Paa(k) = [o1]apPss(k + 7). (134)
5

The form of the interaction is still density-density, with the spin up s-orbital density multiplying the spin down
s-orbital density and the same for the p-orbitals:

Hyo =—[Ul > "Rt MR- (135)

R,a=s,p
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Using the formula for the projector in Eq. (132)), we find the pairing Hamiltonian

dk 1 [ 2+cosp cosp
hap(p) = / - Pap(k +p)Psa(k) = < (136)
27 3 cosp 2-+cosp s

which has eigenvalues €,(p) = (1 + cosp), 1. The many-body energies are E, (p)/|U| = € — €, (p) = (1 — cosp), .
The unpaired continuum of states appears at E/|U| =€ = % The spectrum is depicted in Fig. a).

As a final comment, we note that in this symmetry group pm , one may imagine deforming the s and p orbitals
at la into symmetric and antisymmetric combinations of orbitals at non-maximal Wyckoff positions of s orbitals at
2b. This deformation involves a unitary transformation that combines s and p orbitals at position R into symmetric
and antisymmetric combinations. While the orbitals now obey the uniform pairing condition, the density-density
interactions are not invariant under this transformation. However, the following interaction

|U| _ _
% D [Res tRL (137)
R,o=1,}

H =
is invariant, though we are currently unable to treat this interaction with the eta-pairing operator.

2. p3 Compact Obstructed atomic Insulator

A second compact OAI model with the uniform pairing condition and flat bands was first presented in Ref! in the
wallpaper group p3. The Hamiltonian is built from s and p,, p, orbitals on the la position (the unit cell center) which
form the Cs irreps A,'E,?E. As constructed in Ref the single valence band of the Hamiltonian forms a compact

obstructed atomic limit, much like the obstructed phase of the SSH chain in App. and is indicated by real

. . N . .
space invariants. Thus € = N—fb = % The valence band eigenstate is

1 1 1
1 1 - ; 1 - ;
Ul =5 (1| +5 |2 |t o | o e (138)
2mi _2mi
1 es e 3

We can calculate the pairing Hamiltonian analytically from P(k) = U(k)UT(k):

dk1dk 1 2
has(p) = / gPaﬁ(p + k) P3o (k) = —bap + 5= (cos(p1 + p2) + cosp1 + cosps)

(27)2 9 81
, 111 X 1 (139)
h(p) = ST(COS(ZH +p2) +cospy+cospz) [1 1 1]+ 9 1
111 1

which has eigenvalues €, (p) = 5 (3+ 2 cos(p1 +p2) + 2 cos py + 2 cos p2), 3, 5. The many-body spectrum E,,(p)/|U| =

)
+ —€,(p) is shown in Fig. (b) along with the un-paired continuum at E/|U| =€ = 1.

3. pbmm Fragile S-matriz Bands

Finally, we construct a perfectly flat fragile band in symmetry group p6mm using the S-matrix method introduced
in Ref®. To this end, we choose a 1D irrep (only one to enforce UPC) and place there an s-orbital, as we show
in App. [VD] the Cooper pair transforms like an electronic s-orbital under the crystalline symmetries. As the set
of bands induced from an atomic position is trivial, to get a fragile set of bands one requires the induced band
representation decomposes into two sets, one of them fragile. As shown in Table [VE] the Cooper pair band structure
we desire can be induced by placing any 1D irrep (for instance an s orbital) at the 3c (kagome) positions. The
uniform pairing condition is guaranteed because the orbitals form an irrep of a single Wyckoff position. To obtain flat
bands, we use the S-matrix construction define the two sublattices as L = A$¢ with Nz = 3 orbitals per unit cell and
L= Al? with N; = 1 orbital per unit cell. The A; irrep denotes the s orbital representation at the la and 3c positions
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Supplementary Figure 2. The many-body Cooper pair/density excitation spectrum E,(p) = |U|(e — €,(p)) is shown for (a)
the 1D SSH-like model in App. IV D 1fand (b) the 2D compact obstructed atomic limit in App. IVD2l The blue band is the
quadratic gapless mode guaranteed by the su(2) eta-pairing symmetry. The red band is perfectly flat for both models and is

singly degenerate at % = % in (a) and doubly degenerate at 2 = 2 in (b). The dashed black line shows the macroscopically

o] — 9
degenerate continuum of unpaired states at E = €|U|. The flatness of the Leggett modes (in red) is due to the simple, low-
harmonic structure of the eigenstates. See the Cooper pair spectrum in the Main Text for nontrivially dispersing Leggett

modes.

(see the Bilbao Crystallographic Server https://www.cryst.ehu.es/cgi-bin/cryst/programs/mbandrep.pl)). The
momentum space irreps of the two sublattices are

BL:Ai’CTGmmzfl®F5+K1@K3+M1@M3@M4

. (140)
Bi:AlaTGmm:l—‘l-’-Kl—f—Ml .

In the bipartite S-matrix construction, hoppings are only allowed between the L and L sublattices resulting in
Ny = Np — N; =3 —1=2 flat bands. The momentum space irreps of the flat bands are?
BL@B£=F5+K3+M3@M4 (141)

which is fragile topological?. To be concrete, we choose hoppings such that the single-particle electron Hamiltonian is

0 Stk cosk-a;/2 cos ky/2
h(k) = ( ( )> , Sk)=t|cosk-(a; +az)/2| =t cos(ky + kz2)/2 (142)
S(k) Osxs N
cosk - ay/2 coska /2

where a; = (0,1),a; = C3a; are the lattice vectors and a;/2, (a; + a3)/2,a,/2 are the sites of the 2c position. The
projector into the flat bands of h(k) is given by

0 0 0 0
0 2+ cosky + cos(ky + ky) —2cos &L cos Bathz — cos B cos B2
P(k) = B Ky kg 2 2 B @2 s /(3 + cosky + cos(ky + k2) + cos ka)
0 2 cos 5 cos H52 2 + cos k1 + cos ko 2 cos 5 cos H52
0 —2(:08%005%2 —2005%(305% 2+ cosky + cosky + ko
(143)
which is identically zero on the la position and obeys
0
dkydky 2
[ Grata=] 7y (144

wN

which shows that the uniform pairing condition is satisfied on the 3¢ position, as guaranteed by App. [B] with

_ Ny _ 2
C—TL—S.


https://www.cryst.ehu.es/cgi-bin/cryst/programs/mbandrep.pl
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( b) i r M K

Supplementary Figure 3. (a) Bipartite hoppings ¢ of the single-particle electron Hamiltonian Eq. resulting in two-fold
degenerate fragile flat bands. The three s orbitals at the 3c position are blue, and the one s orbital at the la position is
marked in red. (b) The many-body Cooper pair/Goldstone mode spectrum E,(p) = |U|(e — €.(p)) is shown. The blue band
is the quadratic gapless mode guaranteed by the su(2) eta-paiting symmetry. The two red bands are fragile topological (see
Eq. and are gapped from the low-energy quadratic band. The the dashed black line shows the macroscopically degenerate
continuum of unpaired states at E = ¢|U].

We are unable to compute hqop(p) analytically from the projectors in Eq. (143)), but it is very simple to compute
the spectrum numerically. The lattice model and Cooper pair band structure are depicted in Fig. [3] The irreps of
these bands are precisely those irreps induced by s orbitals at 3c:

Bcooper = A3+ 6mm =T1 @& D5 + K1 & K3 + My & Mz & M,. (145)
The Cooper pair band structure is decomposable, and as shown in Fig. b), the blue band and red bands carry irreps

By =T1+ K|+ M,
By =Ts + K3+ Ms & M, . (146)

The first band carries the I'y irrep that is the zero-energy Cooper pair, and its global topology is trivial because
I'y + K1 + M; is the band representation of an s orbital at the la position. The second set of bands is fragile
topological as predicted from topological quantum chemistry, and cannot induced from local orbitals.

E. Density Excitations
We now study the (spin) density modes which are in the form

[H, % o Nemo] [GS) =Y A% s o a0 [GS) R (D) i e - (147)
k/

The eigenstates obtained from Eq. (147)) are charge-neutral, so they contribute to the partition function at fixed
particle-number.
To compute R?? (p), we need the identities from App.

[S'é,a, Yen,o] = Z M7H(k—q,d)V—qm,o

148)
e|U| _w : (
2 Z 2 ZM:,ZL(k - q, q)’yk*q,m,tfsiq,a

qam

[H7 fyk,n,a] -

and as usual, the second term in [H, 4k | annihilates the groundstate. The scattering matrix R is obtained from a



27

direct calculation:
[H, 'Y;r)+k,m,a’7k7n,0’] |GS) = 7:>+k m, o H, Ym0 ] [GS) + [H 7’Yg,+k m, om0 |GS)

- 6‘U|’yp+k m,o Tk,n,0’ GS) +|U|—= \/* Z Sﬂ’yp—‘rq—‘rkm o’M "(k+p.aq )[Siq,aa')’k,n,cr’] |GS)

qam/’

= e\U|vL+k,m Vim0t |GS)

1 ,
—WUI5p8555 D ThrariomMerasn My (k4 p.a) M (k + a,~q) [GS)

qam’n’
(149)
from which we identify the scattering matrix
[Rmr/(p)]k’m'n’,kmn - 6|Uv|(Skk’(sﬂw‘n’(snn 5 S '|U|N Z Mm HE k + P, k/ — k)Mnn (k/ k — k/)
= |01 S O = 5555,V 57 Z UZs,(p+K)UZ(p+ KU (KU, (K) (150)
= e|U 1wt O B — 85:55,(U |57 Z Uz (p+ XU (K) UZ,(p+ KU K) .
Let us recall the definition from Eq. (118)),
Uiin,a(P) = Ura(p + WU (k) - (151)

In the Cooper pair case (see discussion after Eq. ), the anti-commutation of the fermions, schematically V%TTVJT‘T +

nontrivial spin +1 excitations are allowed. Enumerating the possible choices of 0,0’ in Eq. (147) gives the effective
Hamiltonians

Py;‘LT%TT = 0, prevented nontrivial excitations of nonzero spin. In the density excitation case, 73 Vi + ’yj{m # 0, so
i

W e Tt R (p) = €|U[1 - |U|NUN( p)U], (p)

Wit Menst  RY(P) = U= U] Num p)U(p) .
Wt Mot RIB) = UL+ U] Ur (o) ()

Wi ent - RY (D) = UL+ U1 U () ()

Note that the first two lines are spin 0 operators and the UUT term comes with an overall minus, while the last two
lines are spin +1 and the UU' term comes with an overall plus. Because UU' is positive semi-definite, we learn that
the spin 0 excitations are always at or below the two-electron gap €|U|, whereas the spin 41 excitations are at or above
the €|U|. This leads to a simple phenomenological prediction: the spin susceptibility is exponentially suppressed at
temperatures below the spin gap €|U]|

By the same argument in Eq. , the nonzero eigenvalues of UU' are determined by the effective single-particle
Hamiltonians

R hy(p) =

n(p)
R hyy(p) = 50 30 PL e+ L1 = 1 Ply(p + k)P (K
k k
A

= h(p)
R hoy(p %Z Ua(p + UL, (UL (0 + U5 (K) = - S PLp + P00 (153)
km k
= Y Pus(p 1 Paa (k)
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so we see that the two branches of spin 0 Goldstone modes have the same spectrum as the spin 0 Cooper pair, h(p) in
Eq. . This is evidence of an enlarged symmetry group, which we will explain in forthcoming work. In Eq. ,
the Hamiltonians h™(p) of the spin 41 density excitations are related by 7" which flips the spins. If the single-particle
bands have SU(2) spin symmetry, then P(k) = P(—k)* and h4|(p) = h(p). This symmetry will manifest itself in
the excitation spectrum, where there will be particle-hole symmetric excitations about the flat band continuum at
E = ¢|U|. Otherwise, the spectrum of h4|(p) is generically different from that of h(p). Because our interest in this
work is the low-energy excitations, we postpone a detailed study of hq(p) to future work.
We now write down the spin-0 density operators as in Eq. :

1
Pp.p,o0 = Z Pyp+k m, o Vk,n Uukmrfa(p)ui (p)
vV Neu(

kamn

o (P + KU, 7" (—k)u (p)

1 Z i
= \/./\/‘67 7p+k7m,o—7k7n70Umoz no m
H kamn
\F E : \/7 p+k a0 Cka,o
€u(P

(154)

e*%p'(RﬁLrQ)ﬁR’

a,o -

- “7
\ N ; Veu(p)
To compute the normalized states, we use Wick’s theorem. To start, we require the correlator
é
<Z|’Ylt’,n’,U7Q+k’7m’,U’Y:,.kk,m,g’)’k,n,d|Z> = ﬁ (|Z|4§p705n/m15nm - 0 + |Z|25k,k/5nn/5mm’) <Z|Z> . (155)

The presence of the dp ¢ term is similar to Eq. (125). Following the same steps as in Eq. (127) and using Eq. (126)),
we find

T _ (1+‘Z| NfN 2 * B* 45 5 (5 25 5 6 uU,*G @
<Z|pq,uppv# |Z> - Z k’m/n’,B u (q) (|Z| n’m’p,0 TLWL+ |Z‘ kk’Onn’ mm’) kmn,a(p)up(p)

Op,a
N e (p)ev(a kk,aﬁ

( + |22)NeN = QZuﬁ*
Veu(p)e(p

= 5p,q§#,1/(1 + |2| )NfN ? (|Z‘45p,05u,0NfN+ |Z|2) :

) (|2[*0p.0N€® + [2*hga(P)) uji (P)

(156)
The case of p = 0, = 0 again corresponds to the symmetry Ny and N| operators at zero energy. Otherwise, we
compute

n( NeN n NN —2
Z|z|2 ( ;; ><n|p£,vpp,u \n>:Z|z|2 +251&>,c15u,1/< fn >a p#0,n#0

(n Pj;,upp,u In) = v(l - V)0p,q0pu,v

(157)

which fixes the normalization of the states.

V. SUPPLEMENTARY NOTE 5

In this section, we study the effective single-particle boson Hamiltonian h(p) (see Main Text) in detail, first showing
clearly the invariance of all many-body observables under the momentum space gauge freedom corresponding to the
orbital positions (App. . We then prove a number of generic features of the spectrum of h(p) (App. ,
demonstrating a unique low-energy branch corresponding to the s-wave Cooper pairing channel. Its effective mass
is determined by the minimal quantum metric (App. @ We then prove the symmetry properties of h(p) and
determine the many-body symmetry transformations of the Cooper pair (App. . Finally, we use topological
quantum chemistry to enumerate the possible band connectivities and discover fragile topological Cooper pair bands

(App. .




29

A. Momentum Space Conventions

Before discussing the spectrum of h(p), we discuss the dependence of h(p) on the choice of momentum space
operator convention in Eq. . We start by recalling the single-particle Hamiltonian

7 T
H= Y chootZsR-R)ergo= > co,hlsK)ckso (158)
RR/,af8,0 kap,o

—ik- R—i—ra) T

where the momentum operators are CL o \ﬁ > RE .o The choice of the r, term in the momentum

space operators is arbitrary but convenient for representations of the space group symmetries’*., We now show that
the spectrum of h(p) and the many-body operators 77;# are all invariant under r, — r, + X,. However, under
e — Iy + X, We see nontrivial transformations

T —ik-Xo T
Chovo € ac

k,a,0
- e o (159)
75(k) — e™Xhg 5(k)e o

If we define the local embedding matrix [Vi(k)]ag = e~ *«d,4, then the transformation can be written (k) —
Y,I(k)h(k)vx(k). Thus the electron eigenvectors U, (k) obey U, (k) — VI (k)U, (k) and the projectors transform like
h: P,(k) — V,(k)P,(k)Vy(k). As such, we have

75(k) — e* e pe (k) (160)

We now consider the transformation of the Cooper pair Hamiltonian:

1 ) )
has(p) — v Z eH(PtK) (xa —xﬂ)elk'(xﬁ—xa)Paﬂ(p + k) Pso (k)
= P (o =rs) L Z Pop(p + k) Psa (k) (161)

= [Vi(p)h(p)Vx(p)}aﬁ :

Hence the Cooper pair eigenvectors transform just like the electron eigenvectors: u,(p) — Vi (p)u,(p). We see that
the Cooper pair operators are invariant under the embedding:

o
np,u \ﬁ Z \/%7 p+k a1 ka,l

# efz(ker) Xo 5t etk Xa gt
\ﬁ Z eu(p) Cp+k,a,1¢ —k,o,)

(162)

= npyu

It is also obvious that the spectrum of the Cooper pairs, €,(p), is invariant because the Vi (k) conjugate the Cooper
pair Hamiltonian. Hence, as expected, all of the many-body observables are invariant under the arbitrary choice of
X

B. Cooper Pair Hamiltonian and Spectrum

The fact that the Cooper pair and density excitations are determined by an effective single-particle Hamiltonian
h(p) is very evocative. It shows that the tightly-bound Cooper pairs behave much like a free boson whose hoppings
arise from the quantum geometry, encoded in P(k), of the flat bands. We will study the effective single-particle boson
Hamiltonian and prove a number of properties about its spectrum and topology.

Let us restate the effective Hamiltonian derived in Eq. ,

hap(pP) = % > Pap(p + k) Psa(k) (163)
k
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where P(k) = U(k)UT(k) is the Hermitian projector into the spin-1 electronic flat bands. The a, 3 orbital indices
range from 1,..., N,.5. In the bipartite crystalline lattice construction, Ny, — Ny, is understood to be the number
of orbitals in the L sublattice. (P,g(k) =0 for cwor 5 ¢ L.)

First we show h(p) is Hermitian:

hsa(P) Z P, (p+k) Z 5(P + k) Ppa(k) = has(p) - (164)
k

The eigenvalues of h(p) are denoted by e#( ) where g = 0,..., Ny, — 1 will denote the boson band index. We
will now show that the spectrum of h(p) is bounded by 0 < e“(p) < e. Importantly, the many-body energies (see
Eq. (119)) of the boson excitations are given by |U|(e —¢,(p)) so the bounds on the eigenvalues of h(p) show that the
many-body spectrum of the boson bands is between 0 and €|U|. Note that the largest eigenvalue of h(p) corresponds
to the lowest energy in the many-body spectrum. Thus we can think of |Ule,(p) as the binding energy gained by the
pairing relative to the unpaired continuum of states at energy €|U]|.

To show h(p) is positive semi-definite, we observe that for an arbitrary vector v,

Z U:;haﬂ (P)Uﬁ N Z Z v Uam (p + k)Uﬂm (p + k)Uﬂn (k)U (k)’Uﬁ
aff

k mn,aB

NZZZ (P +K)0aUan(K)] D Us,u(p + K)vsUsn (K)

k mn « B

1 *
= 2 2 Vian Vo

k mn

1
= =S IVIE 0.
N k

(165)

where we defined the Ny x Ny matrix Vi, = > 5 Ug, (P + k)vsUp, (k) and used the Frobenius norm V% =

> n [Vimn|?. This establishes €, (p) > 0. Alternatively, we observe that Png(p + k)Psqa(k) = [P(p + k) o PT(k)]ag
is the Hadamard product of two positive semi-definite matrices P(p + k) and P (k). By the Schur product theorem,
P,s(p + k) Psq (k) is positive semi-definite, and so hqg(p) is the sum of positive semi-definite matrices with positive
coeflicients, and hence is positive-semi definite itself.

To prove €, (p) < €, we show that €1 —h(p) is positive semi-definite. Using the uniform pairing condition, note that

[51 - h(p)]aﬁ = 65(15 - haﬁ(p) = % Z Paa(k)éﬁa - haﬁ(p)
k

1
= NG ZPaﬁ(p +k)dga — hap(p)
k

— % ZPaB(p —+ k)(éﬂa - PBa(k))
k

(166)

= D Paslp + K)Qaa ()

where we defined Q(k) = 1 — P(k). Note that Q(k) is also a positive semi-definite matrix (it is a projector), and so
€l — h(p) is positive semi-definite by the Schur product theorem.

We have shown that €, (p) < e. We now prove that this bound is tight by exhibiting the corresponding eigenvector
at p = 0. Claim: there is an eigenvector uf(p = 0) = 1/v/Nop, with eigenvalue e. This is simply the normalized
uniform eigenvector corresponding to the eta-pairing symmetry n'. The claim is proven using the uniform pairing
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condition:
Mol = 37 3 3 Pas (k) Pra(i)u 0
k B
11
Ak ST e
_ 1 2 (167)
= Nzk:[P(k) Jaa
11
Vi N;Paa(k)
= eugy

The existence of this state is tied to the nf symmetry. The p = 0 Cooper pair excitation spectrum includes the nf
operator in its Hilbert space, and n' commutes with the Hamiltonian and therefore has zero energy. Because the
many-body energy is |U|(e — €,(p)), there must be a band with €,(0) = ¢, and as such this excitation is gapless. We
refer to this as the p = 0 band. Indeed, the excitation operator defined in Eq. yields

Zl/v orb ! ZET S0 L 168
M=o u=0 = N ka1 C kol = kot *ka’i_\/mn (168)
using € = Ny /Noyp. (In the bipartite case, Nopp — NL.

We now show that the gapless Cooper pair band is unique, i.e. that there are no other zero-energy excitations for
all p. To do so, we first Fourier transform into real space using Eq. , which reads

Pog(k) =) e Rire=p 4(R) . (169)
R

~—

A direct calculation gives

1 1 . — ik- (R’ —
hog (p) _ Z N Z et (P+k) (Rtro—rg)+ik-(R' +rp ra)paﬁ (R)pﬁa (RI)
RR/ k

=Y P ®Ira Ty 5 (R)pga(—R) (170)

=D e (R
R

using p'(R) = p(—R). We recognize the last line of Eq. as an expression for the matrix elements of the real space
hopping matrix t,5(R — R’) = |pas(R — R/)|%. This ShOWS that the effective hoppings felt by the bosons are due to
the correlation function p(R) of the flat bands. Note that spec to5(R —R') = spec |pas(R — R’)|?> = {spec h(p)Vp}.
To show that €y(p = 0) is the unique largest eigenvalue of the whole band structure of h(p), the crucial feature is
that the hopping elements are non-negative: |p,s(R —R/)|?> > 0. Hence we can apply the Perron-Frobenius theorem,
which states than a non-negative irreducible matrix has a unique largest positive eigenvalue, which we have shown
explicitly is e. Because |pog(R — R/)|? is non-negative, we must also check that t,5(R — R’) is irreducible to apply
the theorem. An irreducible matrix A is one for which Ae ¢ eVe where e is a basis of any coordinate subspace.
Physically, irreducibility is equivalent to the lattice being strongly connected, meaning any two orbitals are connected
by a sequence of hoppings |pas(R — R’)|?. This is not the case in a trivial atomic limit where p,s(R — R’) o drr--
Ref™ proved nonzero lower bounds on ||p(R # 0)||? in terms of real space invariants” which are the indices diagnosing
obstructed atomic insulators and fragile phases. Excluding certain pathological cases (like a 2D system formed from
decoupled 1D chains, or an occupied trivial atomic limit band added with a direct sum into the projector P(k)), the
results of Ref!' show that t,5(R — R/) is strongly connected if the flat bands are in an obstructed, fragile, or stable
phase.

We prove a further result on the spectrum of h(p). So far we have shown that 0 < ¢,(p) < e. We now show that

the spectral average of the band structure is €:

1 1 1
e S eul®) = e ST () = s Y haalB) = e O Paa(p + 10 Paa NLD —& .

pu P pa pka
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Recalling the many-body energies E,, (p) = |U|(e — €,(p)), the many-body density of states g(E) obeys
€lU| 1 )
| BaEIE = 3 Y Eup) = [UINLle - ) = UIN, (1= ) 172)
0 pu

The upper bound of integral in Eq. is understood to be just below €|U|, where there is a thermodynamically
large degeneracy of flat density excitation bands (analogous to the unpaired continuum in the Cooper pair sector).

Our last result concerns a simple transformation of the model under P(k) — 1 — P(k), which is equivalent to
exchanging the projected and unprojected bands. For simplicity, we assume that all orbitals form an irrep of a single
Wyckoff position, e.g. we do not use the bipartite construction in what follows. Note that under P(k) — 1 — P(k),
we have Ny — Ny, — Ny and hence € — 1 — e. Now we compute

NZ a8 — Pap(k+P))(0as — Ppa(k))

:5(x6_5a,8ﬁzpaa(k+p) aBNZPOéOé +h0¢5( ) (173)
k

= 5a5 - 265(1/3 + ha,g(p) .
Thus the many-body energies transform as
Eu(p) = |Ul(e = eu(p)) = [U[(1 — € = (1 = 26 + €u(p))) = |Ul(€ — €u(p)) (174)

and hence are invariant. The energy of the unpaired continuum states does change, however, €|U| — (1 — €)|U|.
Because we proved above (Eq. (166))) that the bound state energies E,(p) < €|U| are below the unpaired continuum,
we see in fact that E,,(p) < min{e|U]|, (1—¢)|U[}. This follows by taking P(k) — 1— P(k) and using E,(p) — E,.(p),
e—1—e

C. Cooper Pair mass and Minimal Quantum Metric

We proved in App. that the many-body spectrum contains a gapless mode E,—o(p = 0) = 0. In this section,
we use perturbation theory to compute the small p expansion around this point, yielding the low energy behavior
of the bosonic excitations. The result we will prove is ey(p) = € — '}{,’—iipipj where g;; is the minimal quantum metric

(introduced in Ref™ and explicitly constructed below) and Ny, is the number of orbitals where P(k) is nonzero. We
sum over repeated spatial indices 7, j in this section. As a result, the many-body energy is

Eo(p) = |U(e — eo(p)) = \U|glpzpj +. (175)

which shows the low-lying Goldstone and Cooper pair modes are quadratic. This amounts to a many-body calculation
of the Cooper pair mass, which has been previously approximated from the two-body problem?® and is directly related
to the mean-field superfluid weight?44°.

Because we have proven that €p(p = 0) is the unique maximal eigenvalue in App. its small p corrections can
be obtained using non-degenerate perturbation theory. At zeroth order, h(0) has eigenvectors u,, with ug = 1/v/Np,
corresponding to the maximal eigenvalue €, = e. We determine the corrections to 2(0) by expanding in p:

1 1 1
has(P) = 47 > Pap(K)Psa(K) + pi Z 0iPop (k) Ppa(K) + 5pipj 47 > 0ijPap(K)Paa(k) + ... . (176)
k k

Denote h!,5 = dihag|p=0. By time-reversal h’5(p) = has(—p), We expand to first order and find

(pihtys)" = —pibiys, (177)

s0 hl, g = —hl,, is anti-symmetric because (h},3)* = h},, using Hermiticity. This can also be seen with an integration
by parts. This immediately shows that the first order correction to eg(p) vanishes because

i
ughiug = N, %;ha/ﬁ = (178)
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We now consider the second order correction. There are contributions to the second order correction:

1
*pipjaij 60( )

1 ul hiu,ut I Ug 1
5 Spipj | 2R Z AR 4 T Z 0ij k)P (k) | = ipipj(Aij + Bij) - (179)

2 €—€,(0)

The first term A;; is the usual second order correction from a linear perturbation p;h’, and the second term B;; is
simply the expectation value of the second order correction in ug. The second term is related to the quantum metric
after an integration by parts:

2
z] NLNZaszaB Pﬁa( = NLNZTraP ( ):_NingO
kag
1 1 (180)
9= 77 295K, 9i5(k) = 5Tx ;P (k)9 P(k)
k
using the convention Tr G;;(k) = Tr P(k)9;P(k)9;P(k) = gij(k) — %f;j(k). Note that Ref? proves

Tr P(k){0;P(k),0;P(k)} = Tr 0,P(k)0;P(k). Next, we observe that A;; = 0 because € —¢,(0) > 0. Thus A
and and B have competing contributions to ;€0 (p).

Because the spectrum of h(p) is invariant under invariant under r, — ry +Xa, %pipj(“)ij €o(p) is invariant. However,
A;; and B;; are not individually invariant. We now show that there is a unique choice of x, up to a constant, where
A;; = 0 and the quantum metric alone determines 0;;e0(p). Because A;; + B;; is independent of x,, taking A;; — 0
corresponds to the maximal B;; and hence the minimal g;; for all x,.

First we show that there exists x, where A;; = 0, and then we show such a choice respects the symmetries of the
system. Note that we keep r,, the physical location of the Wyckoff position, constant.

Returning to Eq. (| ., we recall that e—¢, > 0 and uoplh Uy U p] h7ug is nonnegative. Thus Ay = 0iff uthuo =0
for all 41 # 0. Because the u, eigenvectors form a complete and orthogonal basis, uth ug = 0 iff hfug oc ug. Thus
uo must be an eigenvector of h’. For a given choice of orbital locations, this is not guaranteed. However, A’ is not
invariant under shifts of orbital location ro, — ro + Xq. Using Pyg(k) — etk (xa *xﬁ)Pag(k), the transformation is

; 1 1 o 1
af = 37 zk: 0iPop (k) Ppa(k) = Z 0:Pa () Paa (k) + iz, — ) 17 zk: Pos(K) Psa(k)

= hiys +i(zl, — 25)hap(0)

(181)

and ¢, denotes the ith spatial component of X,. Note that has(0) is Hermitian and real, so i(xf, — 2)hap(0) is
Hermitian and anti-symmetric, as is hy, 5. If xo = x is a constant shift, then hg 5 — hy,g.

Our task is to look for x, such that ug is an eigenvector of h? (which guarantees that A;; = 0). The eigenvalue
equation is

D (b + il — wh)has(0))ug = ug (182)
5

where X is the eigenvalue. First we show that if Eq. (182)) condition holds, then A = 0. Contracting both sides with

u§ = 1/+/Np, gives

A= No Zﬁhlﬁ + i(z, fxlﬁ)hag(O) =0 (183)

because of anti-symmetry in af8. Then Eq. (182) reads

o:%:h +zZ b = 2)has (0)

O:ZhaﬂJringhag 0) =iy has(0)a
> " hap(0)z? :—th +e:1c[;; B
[(th)—ex] :—th

(184)
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where we used the uniform pairing condition g hap (0) = e. We now define the vector —i » 3 hi 5= hJ, which is real
and obeys Y, hf, = 0, s0 it is orthogonal to the uniform eigenvector ug. Because h(0) has a unique eigenvector ug with
eigenvalue € (see Eq. (167)), (k(0) — €) is invertible up to the ug eigenspace. This means 7, is uniquely determined
up to constant shifts because u§ o 1. Thus we obtain z, up to constant shifts by applying the pseudo-inverse*®

(h(0) — €)*:

2, = [~i(h(0) = ) Wugy/Nrlar  [Wuoy/Nila =Y Wl
) (185)

Xo = [i(e — h(0))T(VR(P)|p=0)uoVNL]a -

The pseudo-inverse of a Hermitian matrix is very simple. For a hermitian matrix h with eigenvalues ¢, and eigen-
decomposition h = > u €nPus the pseudo-inverse is ht = > u e;pu where p,, is the projector onto the ¢, eigenspace,
et =1/eif € # 0, and € = 0 otherwise. Hence hh* = h™h acts as the identity on the nonzero eigenspaces and 0
otherwise.

Having proven in Eq. that orbitals shifts x, always exist for which A;; = 0, we now show that x, preserve
the space group symmetries g € G. In particular, this will show that orbitals at high-symmetry Wyckoff positions,
whose location is fixed by symmetry, are necessarily the choices where A;; = 0. In this case, the minimal quantum
metric is the quantum metric evaluated in the r, convention Eq. .

To prove this result, we need the action of the space group symmetries on h(p). We prove in App. that

Llglh(p)ITlg] = h(g~'P), g€G (186)

where the representation I'wg[g] = |Daglg]] is & permutation matrix. It follows that
Tlg)Vh(p)T'lg] = Vh(g™'p) = g~ 'Vhs-1p . (187)

Evaluating Eq. (187) at p = 0 gives I'[g]Vh|p=0l'T[g] = g7V h|p—o. Then

9™ %a = li(e = 1(0)" (g7 VA(P)|p=0)uola
= [i(e = 1(0)) "T[g)(VI(p)|p=0)T " [g]uo]a
= Taglglli(e = h(0)) " (VA(P)|p=0)[g]uols (188)
B
= Z Fa,@ [g]X/@
B
where we used T'[g]h(0)'T[g] = h(0) and T'[g]ug = ug because I'[g] is a permutation matrix and ug is the uniform

eigenvector. Thus if two orbitals are related by a symmetry g, their x, that guarantee the minimal metric are also
related by g. With Eq. , we can prove that x, = 0 if the site symmetry group G, of the Wyckoff position z
contains a symmetry h such that hv # v for all v # 0 and I'[h] = 1. As an example, h can be any nontrivial rotation
at a maximal Wyckoff position. In this case

hxo = Y Taplh]xs = Xa, (189)
5

but by assumption, the only solution to hx, = X, is X, = 0. We give two examples in space group pdmm (see Fig. .
(1) Consider an s (or p) orbital at the 2¢ = {%:137 %g]} position. The site symmetry group is Go. = 2mm consisting of
C5 reflection and mirrors. The s orbitals transform in a 1D irrep, so I'[C2] = 1. Thus —x, = CaXs = Xq, S0 Xo = 0.
(2) Consider p,, p, orbitals at the 1b = %:i” + %g position. The representation of Cy is D[C4] = ioy (the ps, p, orbitals
are rotated into each other), so I'[Cy] = 01. Then I'[Cy] = 1 and —x, = C2X, = X, as before. We remark that if the
orbitals are not at a maximal Wyckoff position (such as the 6j position in App. , the symmetries allow x, to be
nonzero.

D. Space Group Symmetry and Representations of the Boson Bands

Because h(p) is a single-particle Hamiltonian, its bands can display nontrivial topology. In fact, we will show that
topological quantum chemistry can be applied to h(p) to prove a number of nontrivial statements about the possible
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la &

Supplementary Figure 4. Unit cell of the wallpaper group pdmm generated by C4 and translations (we take a1 = (1,0),a2 =
(0, 1) for ease). There are three maximal Wyckoff positons 1a = (0, 0),1b= (1/2,1/2),2c= {(0,1/2), (1/2,0)}. The site-symmetry
groups are G, = 4mm, G1p, = 4mm,Go. = 2mm. In all cases, the rotations of the site-symmetry groups are enough to pin
Xa = 0.

band decompositions and symmetry representations. To bring this formalism to bear, we must first work out the
symmetries of h(p). We denote the N x Ny, representations of the symmetries of h,z(p) by I'[g].
First we show that h(p) has a bosonic time-reversal symmetry with representation I'[T] = K. We check

as(P) = NZ as(p k) P, (k) = szaﬂ )Psa(p +k) = NZPaBk P)Psa(k) = has(—P) - (190)

We also need to check the embedding matrices. Using P(k + G) = V[G]P(k)VT[G] where V,5[G] = dape™ =G is
the embedding matrix and G is a reciprocal lattice vector (see the Appendix of RefY), we compute

has(P o+ G) = 3 2 Pos(p+ G-+ Paall) = 5 3 S Paalp + 1S ™ Fao (1) = [V(G)h(p)V (@)

(191)
which is the same as the transformation of the electron Hamiltonian. The embedding matrix contains the location
r, of the orbital basis in the lattice. Since the embedding matrix V[G] of h(p) is the same as the initial electron
Hamiltonian (see Eq. @), we find that the orbitals of the effective boson tight-binding model are located at the same
position as the electron orbitals. The representations of the orbitals, however, may be different.

To study the spatial symmetries, we recall that D[g]P(k)D'[g] = P(gk) (see Eq. ) In indices, we have

1
hap(9p) = +7 Z Pop(gp + k) Psa(k) = > Pag(gp + gk) Psa(gk)
k

) F;M Dar[9] P (P +K) D,or [9] Da[g] Pax (K) Dy 9] (192)

1 . X
— Darlg) Dy (9] P (P4 k)P (k) D, [9]Dgalg]-
k, k' AN

Z\H

We now need the following fact which we prove momentarily: in every point group, there exists a choice of basis where
Daxlg)Dyy(g] = 5>\K|Da>\[9]|27 geG. (193)

To understand Eq. (193)), we see that each column of D[g] can only have a single non-zero element. Because D[g]
is unitary, this element must be a complex phase. Thus Eq. . is equivalent to the statement that D[g] is a
complex permutation matrix. This is trivially satisfied if there is a single orbital per unit cell. More generally, a
group with this property, that there exists a basis where all irreps are complex permutation matrices, is called a
monomial group. It was recently proven that all spinless point groups in 2D and 3D are monomial*’. Because D|g]
are spinless representations of the point group (or little group) of the I' point p = 0, Eq. holds. Conveniently,
all the representation matrices given on the Bilbao crystallographic server https://www.cryst.ehu.es/cgi-bin/
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cryst/programs/representations_point.pl?tipogrupo=spg are in the complex permutation matrix form so there
is only one nonzero entry per row. However, recall that our convention in App. is to take D[T] to act as the
identity on the orbital index. It is now convenient to define

Dxl9] :;A’ 9] = 5An|Da>\[g]|2 = daw|Daxlg]l = dxsTarlgl, Faﬁ[g] = |Daﬁ[g]‘ (194)

where I'[g], which are real permutation matrices, are the representations of g € G on h(p). This follows from Eqs. (192))
and (194):

hap(9p) = 7 k%; Daxlg]Dox[9]Pax (P + k) Paa(k) Dy (9] Dsa (9]
= N > TaalglPax (p + k) Paa(K)T g [g] (195)
PRV

= [Clglh(P)"[g] las

In this way, we have shown that h(p) possess all the space group symmetries of the electron Hamiltonian, but in a
“bosonized” form. Because I'[g] are all real permutation matrices, we can think of the boson orbitals as those obtained
from replacing all electron orbitals with s orbitals. We emphasize that this result holds on the UPC lattices we have
constructed, where the orbitals form an irrep of a single Wyckoff position (App. |I BJ).

Because I'[g] is real, it is obvious that T'[T] commutes with all spatial operators, so the topology of the Cooper pair
bound states is 013551ﬁed by time-reversal symmetric space groups with I'[7]? = +1. There is an additional constraint
on the spectrum: we proved that u§(p = 0) = 1//Np. But I'[g] is a permutation matrix, so T'[g]ug(p = 0) = uo(p = 0)
and hence the irrep of the ¢y(p) band at p = 0 is always the trivial irrep. We now show that in the higher Cooper
pair bands and at nonzero momenta, the Cooper pair wavefunction can (and will) exhibit other pairing symmetries.

Using the representation matrices I'[g], we can compute the action of g on the many-body Cooper pair creation
operators. From Eq. , we first derive

1 u;, (p)
LS I ~t T =t 4
an s 9 = 7= ¢ k,a/, Da’a[g]c— k,a'’, Da”a[g]
Pii \Wk(g;a” m gp+g T 9 1
1 1
1 * a _T
= — ———C 1o +Daralg]lDhn o [9lus (P)E . o 196
\/ng:a Jeu(p) okt " ol (196)
1 1
_ =T a (=T
T ————C k.o (5a/a//Fa/a[g]u (p)c_k all.
\/Nk;” (gp) gptk,a’, T Iz all

where we used that D[g] = D'[g] = D‘[g]* by T and S.. Now we use the space group symmetries of h(p) such

that €, (gp) = e (p) and >, Taralglug () = 32, uj; (gp)Bﬁ ,(p) where [BY(p)].1, = uT (9p)T'[g]u,(p) is the sewing
matrix of the bands®®. If €,(p) # ¢, ( ), then Bi u( ) =0 and thus

T — 9 =l
gnpvﬂg \ﬁ Z WBM u( ) Coptk,a.t —k ol T anpu (p) - (197)

kap'

At the high symmetry points, By(p) is the representation matrix of the bands of h(p), and hence is determined by
the irreps of the Cooper pair bands. Hence, the symmetry and topology of the single-particle boson Hamiltonian
h(p) is detectable through By (p) in the many-body states. We emphasize that although the bound states Cooper
pairs are always spin-singlets, they can have nontrivial symmetry representations (p-wave, d-wave, etc) due to their
multi-orbital nature. This is perhaps unfamiliar because with only spin indices, a Cooper pair wavefunction which is
odd under p — —p must be a spin triplet because the spin indices are anti-symmetrized, for example. In contrast,
we have shown here that the low-energy Cooper pair bound states, which are spin-singlets, can have be odd under
P — —p since their orbital indices are anti-symmetrized even though their spin indices are symmetric.

E. Topology of the Boson Bands

Let us review the constraints placed on the bands of h(p). First, we chose the electron orbitals to be irreps of
a single Wyckoff position in order to guarantee the UPC (App. 7 and we showed that the orbitals of the boson
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( b) i r M K

Supplementary Figure 5. Cooper pair band structure of the Hamiltonian Eq. (142)) on the kagome sites. ((a)) in App.[IVD 3| (b)
The band representation computed in App. is B1 =T'1+ K1+ M, for the low-energy blue band, and By = I's+ K3+ Ms® M
for the higher energy pair of red bands.

Hamiltonian h(p) are at the same Wyckoff position determined by V[G] in Eq. (191]). (Note that in the bipartite
crystalline lattice construction, the Wyckoff position of the boson Hamiltonian is that of the (larger) L sublattice.)
However, the electron orbitals transform in the representation D[g] whereas the boson orbitals transform in the
representation I'[g] (Eq. ) Since T'nwplg] = |Daglgl|, the orbitals of h(p) are effectively s orbitals. h(p) also
possesses spinless time-reversal (see Eq. ) Lastly, we proved that the lowest energy state at the gamma point
p = 0 is always the trivial (s) irrep.

We now use Topological Quantum Chemistry?? to determine the momentum space irreps which are induced from
the boson orbitals satisfying the constraints in the previous paragraph. Because the symmetry of the Cooper pair
wavefunction at a given p is determined by the induced momentum space irreps, we can completely classify the
possible pairing symmetries and Cooper pair band connectivities in every space group.

First we make the momentum space irreps explicit. Consider a high symmetry momentum p satisfying gp = p+ G
where G is a reciprocal lattice vector. Then h(p) commutes with V1[G]['[g] and the Cooper pair wavefunctions
at p transform in an irrep of the little group operators VI[G]I'[g] (see the Appendix of Ref™). By computing the
irreps VT[G]T'[g] for a given model, one can determine the possible pairing symmetries. The Bilbao Crystallographic
server has tabulated all such irreps for every Wyckoff position and space group. For instance, in the kagome model
in App. (see Fig. , we computed the irreps at the gamma point to be 'y (a s-wave 1D irrep) and T's (a 2D
d-wave irrep, angular momentum =+2). This is because the little group of the gamma point contains the operator I'[C]
which is a 3 x 3 permutation matrix with eigenvalues 1, e**5" . From the Bilbao Crystallographic server, we observe
that the K point has irreps K; (s-wave) and K3 (d-wave), and the M point has irreps My (s-wave) and M3 & My
(p-wave). Note that the s-wave irrep at I' is at zero energy, so physically this is the mode that condenses, leading to
the eta-pairing groundstates over zero momentum and zero angular momentum. However at higher temperature, the
higher energy branch is also populated.

The global structure of the Cooper pair bands in momentum space is also determined by topological quantum
chemistry. In general, a set of bands in momentum space can only be gapped if the irreps obey a set of compatibility
relations®’. To apply these compatibility relations to the Cooper pair bands, we recall that the Cooper pair orbitals
are induced from a single Wyckoff position, the Cooper bands form an elementary band representation (EBR). If the
Wyckoff position is non-maximal, then in general the Cooper pair bands will be trivially decomposable: they can be
separated into gapped atomic bands. If the Wyckoff position is maximal (like the 3¢ kagome position in G = p6mm),
then there are two possibilities: the EBR could be indecomposable meaning that all Cooper pair bands are connected,
or the EBR could be decomposable. If the EBR is decomposable, it can be split into disconnected groups of bands, and
necessarily at least one band in this decomposition is topological?*32, The Bilbao crystallographic server tabulates
these properties for all EBRs, and explicitly writes the possible irreps of the split EBR. Finally, there is an additional
constraint due to time-reversal symmetry which prevents stable topological bands*” in one, two, and three dimensions.
Thus if a branch of a split EBR has a nonzero symmetry indicator (which would diagnose stable topology if the band
were gapped everywhere), there must be a Weyl node in the spectrum which prevents the bands from being gapped
everywhere?233534 - However, the Cooper pair bands can be gapped with nontrivial topology if the split EBR has a
decomposition into fragile topological bands.

Using the Bilbao Crystallographic server, we exhaustively tabulate every EBR in the 230 space groups which is
decomposable and obeys the constraints in the first paragraph of App. (notably, that there are s orbitals on the
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Supplementary Figure 6. We show the maximal Wyckoff positions in p6 and p6mm. The la position forms a triangular lattice,
the 2b position forms a hexagonal lattice, and the 3c position forms a kagome lattice. The site symmetry groups of the positions
are Gi1, = 6,G2p = 3,Gsc = 2.

Wyckoff position). We leave a complete study of the magnetic space groups to other work.

To illustrate the method, we first consider the 2D wallpaper groups with spinless time-reversal symmetry. Almost
every Wyckoff position is indecomposable, meaning that the bands are all connected through high symmetry points
in the BZ. Of the 17 spinless wallpaper groups, only p61’ and p6mm1’ have decomposable bands induced from the
trivial irrep at a maximal Wyckoff position. In both cases, this Wyckoff position is the 3¢ position (see Fig. @ which
has site symmetry group Gs. = 2 = {1, C3}. Putting s or p electron orbitals at the 3¢ position yields the Cooper pair
representations I'[Cy] = 1 and I'[Cg] = P; where Ps is the permutation matrix exchanging the 3 sites. This is the
representation of an s-orbital at the 3¢ position, denoted As. T G. From the Bilbao crystallographic server we find
that in G = p61’ (the 1’ denotes time-reversal), there are two possible band decompositions

Az T p6l =T @ T35 + K1 & KoK + My & My & Mo
(1 + Ky 4 My) + (Tals + Ky K3 + 2My) (198)
(T1 + K1 + M) + (TsDs + Ko K3 + My @ Ms)

where the parentheses denote which bands are connected. Both decompositions contain a single band with a I'y irrep
(the trivial) irreps, which is the quadratic band at low energy. The two higher bands are connected and gapped from
the low energy band. The momentum space irreps are defined

61/ \1 Cs 3\1 Cs m\l M,
r, |11, K. |1 1, M |1 1 . (199)
[als |2 —1 KyKs|2 —1 My|1 —1

We now consider the topology of the two branches in Eq. . We observe that the I'y + Ky + M; band is A1, T p61’
and hence is a trivial atomic band. Its complement '35 + Ko K3 + 2Ms = As. 1 G © Ay, T G is fragile topological.
This is an instance of the general result that gapping band induced from a maximal Wyckoff position must result
in topology®*32: since the lower band is trivial, the higher two bands must be topological. The other allowed
decomposition has a I'y + K; + My band. Using the Smith normal form®®, we compute the symmetry indicator
0 = m(T'3) + m(Mz) mod 2, which is the number of odd inversion eigenvalues mod 2. We observe that § = 1 for
I'y + K1 + My, indicating is must have Weyl nodes connecting it to the other bands.

We systematize this information in the following table. W.P. stands for the Wyckoff position of the orbitals. The 7
irreps column denotes the orbital of A(p) of the site symmetry group of the Wyckoff position (physically it is always an
s orbital, but is denoted with different symbols in different space groups), and e~ irrep denotes the possible electron
orbitals that yield the bosonic orbital through I'[g] = |Daglg]|. # numbers the possible decompositions and  is
the symmetry indicator, which results in Weyl nodes due to I'[T]. Our classification enumerates the topology of the
Cooper pair bands (the first entry corresponds to the gapless quadratic band). When the band is trivial, its atomic
representation is given. Otherwise fragile topology or topologically protected Weyl nodes are indicated.

’ G‘ name ‘W.P. ‘nJr irreps (e~ irreps)‘#‘ 0 ‘ Classification
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16| pb 0 =m(T2) + m(M2) mod 2 € Zy
3c A (A, B) 1 0,0 Ale 4+ @, fragile
3c A (A, B) 2 1,1 Weyl, Weyl
17| pbmm none
3¢ | Ay (A1,A2,B1,Bs) | 1 Alvr+ @, fragile

We see that in 2D, the only cases with decomposable bands at maximal Wyckoff positions are in p6 and p6mm.
In all other groups and maximal Wyckoff positions, the Cooper pair bands are connected. In the decomposable cases
listed above, only the higher energy bands can be fragile topological.

Performing an exhaustive search 3D, we find 22 space groups containing decomposable bands with a trivial irrep at
the I" point. In the case where the symmetry indicator is zero, we check whether the band is fragile or atomic. They
are enumerated in the following table. There are many cases where the low-lying Cooper pair band has topologically
protected Weyl nodes. We also highlight G = F'd3c, space group 228, where the only allowed decomposition is into
fragile bands.

G name |W.P. 7 irreps (e” irreps) # 0 Classification
147 P3 (Z2, Z4)
1| (0,0),(0,0) A} 1 G, fragile
3e A, (Ay, Ay) 2| (0,1),(0,3) Weyl, Weyl
31 (1,3),(1,1) Weyl, Weyl
4| (1,0),(1,0) Weyl, Weyl
1] (0,3),(0,1) Weyl, Weyl
st A, (A, Ay 2| (0,0),(0,0) ALY 1 G, fragile
3 (1,2),(1,2) Weyl, Weyl
4| (1,3),(1,1) Weyl, Weyl
148| R3 (Z2,Z.4)
1] (1,3),(1,1) Weyl, Weyl
od A, (A, Au) 2| (0,0),(0,0) AR 1 G, fragile
3 (1,2),(1,2) Weyl, Weyl
41 (0,3),(0,3) Weyl, Weyl
1| (0,0),(0,0) A3 1 G, fragile
%e A, (Ay, Ay) 2| (1,1),(1,3) Weyl, Weyl
3 (1,3),(1,1) Weyl, Weyl
4| (1,0),(1,0) Weyl, Weyl
162| P31m Zs
3f Ay (Ay, Ay, By, Bu) 1 0 A% 1 G, fragile
3g A, (A,, Ay, By, By) 1 0 ALY 1 G, fragile
163| P3lc Zs
1 1,1 Weyl, Weyl
6a A, (Ay, Ad) 2 0,0 fragile, fragile
3 1,1 Weyl, Weyl
4 0,0 A2 1 G, fragile
164| P3ml Zs
3e Ay (Ay, Ay, By, Bu) 1 0,0 Al% 1 G, fragile
3f A, (Ay, Au, By, By) 1 0,0 ALY 1 G, fragile
165| P3cl Zs
o awew W
) 9 ;
166| R3m Zs




9d A, (A,, A, By, By) 1 0,0 AP 1 G, fragile
9e Ay (Ag, Ay, Bg, By) 1 0,0 Ai’g 1T G, fragile
167 R3c 2o
1 1
18d A, (A, A) 1,1 \iVeyl, Wey
) ) 2 0,0 Ag 1 G, fragile
168 P6 Zo
2 A (A B) 1 0,0 Al® 1 @, fragile
’ 2 1,1 Weyl, Weyl
175 P6/m (22,72, Z.2)
1 Al fragil
3f Ag (Ag7 Au, Bg, Bu) (07 070)’ (07 07 0) g T G7 ragile
21(0,1,1),(0,1,1) Weyl, Weyl
1 Ay fragil
3 A, (Ay, Au, By, Bu) (0,0,0),(0,0,0) o TG, fragile
21(0,1,1),(0,1,1) Weyl, Weyl
176| P63/m Zs
6g A, (Ay, Au) 1 1,1 \li)Veyl, Weyl
1 0,0 Ag 1T G, fragile
177 P622 none
3f Al (A1, B1, BQ, B3) 1 A%a T G, fragile
3g Al (A1, B17 BQ, B3) 1 A}b T G, fragile
183| P6mm none
3c Al (Al, Ag, Bl, Bg) 1 A%a T G, fragile
184| P6ec Zs
3 A (A B) 1 0,0 A% 1 @, fragile
’ 2 1,1 Weyl, Weyl
191| P6/mmm none
3f |Ay (Ag, Au, Big, Biu, B2g, Bau) | 1 A% 1 G, fragile
3g |Ay (Ay, Au, Big, Biu, B2y, Bau) | 1 ALY 1 G, fragile
192| P6/mcc 22
6f Al (A1, B17 BQ, B3) 1 0,0 A%a T G, fragile
1 A fragil
65 | Ay (AgAu By Bu) o0 LT, asle
2 1,1 Weyl, Weyl
193| P63/mcm none
6f Ay (Ag, A, By, By) 1 A3 1 G, fragile
194| P63 /mmec none
6g Ay (Ay, Ay, By, B.) 1 A% 1 G, fragile
202| Fm3 none
94d A, (Ay, Au) 1 Ag“ 1T G, fragile
g 2 Agb 1T G, fragile
209| F432 none
o4d Ay (A1 BY) 1 Ate 1 @G, fragile, T3 1 G
’ 2 AP 1 G, fragile, To® 1 G
225| Fm3m none
1 4a .
94d A, (Ay, Au, Biy, Bia) Aig 1 G, fragile
2 Aig 1 G, fragile
228| Fd3c none
48d A (A, B) 1 fragile, fragile
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We use the explicit formulae in Ref2% for the symmetry indicators®23% in the above groups using the Smith normal



form3. The results are below. The notation is the same as on the Bilbao Crystallographic Server.

G name Symmetry Indicator 6
(Z2,Z.4)
147 P3 m(M;") +m(T'{) mod 2
m(A]) — 2m(AF AT) — m(L]) + m(M;) — m(T}) + 2m(0§T4) mod 4
(Z27 Z4)
148| R3 m(T;") + m(LT) mod 2
m(FY) — m(LT) + m(T5h) + 2m(T5 T5F) — m(TF) + 2m(T5TF) mod 4
_ Z
162| P31m _ _ _ 2 - -
m(A;) +m(Ay) +m(T7) +m(Ty) +m(Ly) + m(M;) mod 2
_ 7
163|  P3lc _ & -
m(Az) +m('7) +m(T3) +m(M;) mod 2
164| P3ml _ _ _ Z2+ . -
m(A;) +m(Ay) +m(T7) +m(Iy) +m(Ly) + m(M,) mod 2
_ Z
165  P3cl _ e -
m(As) + m(I'7) +m((T'3) + m(MS) mod 2
_ Z
166| R3m - - — . _ -
m(Fy") +m(Ly) +m(Ty) +m(T57) + m(I'y) +m(I';) mod 2
167| R3¢ 2
m(Fy) +m(T3) +m(ly) mod 2
168|  P6 2
m(A1) + m(My) mod 2
(72,72, 7.2)
175 P6/m m(AE') + m(Aj_) + m(l_‘i) + m(Mli) mod 2
m(A7) + m(AT) + m(M;") + m(M; ) mod 2
m(AT) + m(AT) + m(AT) + m(TF) + m(LT) + m(M;) mod 2
Z
176| P6s/m 2
m(M;") +m(TT) mod 2
177 P622 none
183| P6mm none
184|  Péec Z
m(AsAs) + m(Ms) mod 2
191| P6/mmm none
Z
192| P6/mcc — — L - -
m(A4s) + m(I'y) + m(I's) + m(I's) + mTg ) + m(My") + m(M3") mod 2
193| P63/mcm none
194| P63 /mmc none
202 Fm3 none
209 F432 none
225 Fm3m none
228| Fd3c none

VI. SUPPLEMENTARY NOTE 6
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In this section, we put forward a variation of the ten band model discussed in Ref. Our ten band model
captures the flat band irreps of twisted bilayer graphene via an S-matrix construction consisting of 6 orbitals in the L
sublattice and 4 orbitals in the L sublattice, yielding two flat bands. However, we compute the Wilson loop* ™2 of the
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Supplementary Figure 7. We summarize the 10-band UPC model of TBG. (a) shows the electron orbitals of the model in the
unit cell, (b) shows the single-particle bands with the Wilson loop over the flat bands inset, (¢) shows the Cooper pair spectrum,
and (d) shows the mean-field superfluid weight at finite temperature.

flat bands in our model and find it has winding number 2, instead of winding number 1 as in the Bistritzer-MacDonald
Hamiltonian?®1H43 Tn contrast, the model of Ref#Y however, in the larger lattice has orbitals at both the la and
3f positions, and thus does not satisfy uniform pairing because the orbitals at the different Wyckoff positions are not
related by symmetry.

To remedy this issue we propose a modified S-matrix which instead has in the L lattice s orbitals in the 6j position,
which are related by Cg,7T and hence have uniform pairing. The L lattice possesses p;,py orbitals at the 2c positions
(the hexagon). In SSG 177.151, the irreps induced by the two sublattices read

Ese G =23+ (2K; & K3K3) + (2M7 @ 2Ms) (200)
Agj TG = (F1 ®Is P 2F3) + (2K1 (&) 2K2K3) + (3M1 D 3M2) (201)
Brg = (Fl D Fg) + Ko K3 + (Ml ) Mg). (202)

The irreps of the flat band correctly match the irreps carried by the flat bands in twisted bilayer graphene, and
thus these two bands must be topological. Note that as this is a lattice model, one cannot correctly implement the
particle-hole symmetry that protects the strong topology in TBG#4. The real-space Hamiltonian involves only NN
hopping and NNN hopping between s and p orbitals, and there are only four complex independent parameters:

v, o v,o T v,o T
Hkin - E :tNN,xCR,l,cr,vdRapx’l-,UyV + tNN,yCR,l,o',udR»Py»LU,V
R

+ t]V\}(]TVN,mCI{,l,U,VdR—aum;270;’] + tE(]TVNWCI{,l,U,ydR_az7Py’27U;V + (p6l) + (HC) (203)

where o denotes the spin and v denotes the valley, giving four identical copies of the kinetic Hamiltonian. Here the ¢
orbitals belong to the L sublattice, and are labeled o = 1...6, labeling each of the 65 positions, while the d orbitals
belong to the L sublattice and are labeled 8 = {ps, 1}, {py, 1}, {ps, 2}, {py, 2}, labeling the 2¢ positions. In addition to
the spin degree of freedom, the TBG model has a valley degree of freedom, v, from the modes arising from the Dirac
cones from the K and K’ points in the BZ. p6’ indicates that the appropriate symmetry-related terms are added to
yield the full tight-binding Hamiltonians. We find that the choice of parameters

" = T6.50 + 2.69i, 5y 7T = —14.64 + 35.814,

NN = 1217 — 7440 15 o= = 5.47 — 5.45i (204)
yields an excellent fit of the low-lying bands to the BM model, as depicted in Fig. b). The lattice vectors are
a; = (—@, —%)ao,ag = (@, —%)ao, where ag is the unit cell length.

The main difference between this ten-band model and previous models arises from the addition of the valley degree
of freedom. The most natural Hubbard-type interaction would be one that includes all spin and valleys summed
together in the density:

2
U _
H = % (VZ; nRﬂ,a,V) : (205)
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However, we find that this interaction is not tractable with our eta-pairing formalism. Instead, however, the slightly
different interaction

Ul g 2, (g 2
H = 7 Z(Slz{,a,ua:-i-l) + (Sﬁ,a,ua:—l) ’ (206)
R,
where the spin-valley operators S’ﬁ’a,w are defined as
Sﬁ,a,uaerl = ﬁR,a,V:+1,U:T - ﬁR,a,V:71,0:¢ (207)
SRiawe=—1 = MR,ay=t1,0=, ~ TR.av=—10=1; (208)

can be recast into an eta-pairing problem. So long as U(1) valley, U(1) spin, and T are preserved, there are two
eta-pairing operators that commute with the interaction Hamiltonian

T T T
Ny = Z/Yk,m,V:nLl,J:T’yfk,m,u:f1,a:¢ (209)
k.m
T T T
n-1= Z ,yk,m,D:Jrl,G':J,’yfk,m,l/:fl,U:T' (210)
k,m

This spin-valley-polarized model splits into two eta-pairing models. The two Hamiltonians are labeled by spin-valley,
vo = +1 and vo = —1, and are

11

vo=+1 v,o & 2
H = =3 HG + 5D (Skiawo=t1) (211)
ov=+1 R,
vo=— v,o |U| Qz
H b= Z Hkin + 7 Z(SR,a,vcrzfl)?' (212)
ov=—1 R,a

We now deduce the irreducible representations of the Cooper pair bands. Let us focus on the vo = 41 sector.
As argued and rigorously proved in App.[V] the Cooper pairs themselves transform like s orbitals induced from the
larger sublattice L, which in this case is the 6j position. We offer here an intuitive argument for why this must be so.
Consider an unprojected Cooper pair operator at site R and flavor «, in the larger sublattice L:

1 | T
R, = ‘R,a,1’R,a,/ (213)

Let us assume there is one orbital per position (at least in the larger sublattice L), so that the crystalline symmetry ¢
is a permutation matrix up to a phase: the orbital « is located at position x,, and under g this is mapped to orbital
B located at position xg = gx,. Under a crystalline symmetry g, this operator transforms as

908 =9k arChald " (214)
= DlglasD*[glas i p1hropr (215)

B,8'
= NlRrg X8 = GXa- (216)

Any phases introduced in the permutation matrix D is canceled by the complex conjugate from the time-reversed
D arising from the opposite spin. Thus, these 1 operators transform as s orbitals. When projecting into the flat
bands, the orbitals belonging to the smaller sublattice L possess no wavefunction weight, and so those bands do not
participate in the Cooper pair Hamiltonian, leaving s orbitals in the larger L sublattice.

In our TBG model, these irreps read

AGj TG = (F1 ®Is P 2F3) + (2K1 D 2K2K3) + (3M1 D 3M2). (217)

The 65 position is non-maximal, so the bands form a composite representation which can in principle be separated
into gapped bands. The I'; irrep is the zero-energy Cooper pair which has s-wave symmetry. The I’y irrep is odd
under C5, and is of p, orbital character. The I's irrep is formed from angular momentum +1 states under the Cj,
operator, and so is of p,, p, orbital character (see Table [VI below).
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TABLE IV. Irreps of the group 32 which is the unitary subgroup of 6'22’, the little group of the Gamma point in twisted bilayer
graphene.

VII. SUPPLEMENTARY NOTE 7

In this section, we derive the mean-field superfluid weight of a set of Ny degenerate isolated flat bands with uniform
pairing. We take e, h, kg = 1. In this section only, we use bra-ket notation for the single-particle eigenstates since we
are working at the mean-field level. Our calculation is straightforward generalization of the Ny = 1 case demonstrated
in Ref™Y. The result agrees with prior work (Ref*?) on degenerate flat bands, but correctly accounts for the minimal
quantum metric in the self-consistent mean-field solution™”.

We describe our system with the attractive mean-field approximated Hubbard model

_ Agl?
H= ECLHBdG(k)ckJrgﬁhi(k) —NOTbNu—Ngl U‘ , (218)
BT(k) —pln,,, A
Hpac (k) = o 21
il ( AT R+ ulNo,‘) 21

where p is the chemical potential, h is the single-particle hopping matrix for spin ¢ and ¢, =
(ckﬂ:l’T7 s Ol = Ny 4 ctk,a:l,i’ cee Cik,a:wa,Q' The matrix A = diag(Aq,...,An,, ,) contains the mean-field
order parameters A, = Ao = Ulcg, i,CRaT>’ where cg,,, destroys a particle with spin ¢ at orbital « in the unit
cell R. We assume the order parameters are independent of the unit cell. Since the we have shown in App. [V]
that the lowest energy gap is s-wave, zero momentum, and has the wavefunction o ZR7 o Eifl,a,TEIla, 1+ We expect our

mean-field ansatz to accurately capture this Cooper pair branch.
The superfluid weight for this Hamiltonian is given by (where 9; = 9/0k;)

[Dslij ! > nr(Ea) = e (B) [ (val 0 Hne [405) (] 05 Hic |tha)

TN k,ab By — Ea

~ ~ 1

— (Y| (O Hiey™ + 6:8) [n) (o] (95 Hiy* + 8;A) |vha) | — v Cir» (220)
and
ohT (k') 0 0 da
~ ok} dg; 1 dA, dA?

0; Hy = W=k AN a=0 | Oy = —Z T a +He o (221)

0 o dd%.T 0 VAT da dgj lamo

b lk=—k “ lg=0

The vector q in the derivatives dA,/dg; corresponds to the insertion of an electromagnetic field with A ~ q, which
changes the self-consistent order parameters as Ao — Ajqe?@ B+4ra)  The Fermi distribution is ny(F) = 1/(1+e%F),
where § = 1/T is the inverse temperature. The eigenvalues and eigenvectors of Hgqg are E, and |i,) respectively, and
v. =0, ® 1y, ,, where o; are the Pauli matrices. The coefficient [ng(E,) —ngr(Ep)]/(Ep — E,) should be understood
as —Onp(F)/OF when E, = Ej. The total volume of the system is A'V, where V, is the volume of a unit cell.

We will focus on the superfluid weight for a set of degenerate flat bands B with energy ez (m denotes a flat band)
in a system with time-reversal symmetry (hT(k) = [h*(—k)]*) and uniform pairing. Due to time-reversal symmetry,
there always exists a choice of intra-unit-cell orbital positions which guarantees that the derivatives of the order
parameters at q = 0 vanish!?. With the uniform pairing condition, these positions are given by Eq. . Let us
assume that this is the chosen set of positions, so that the superfluid weight of Eq. simplifies to

1 E,) —np(E ~ _ _ _
[Dslij = Vc/\/kzjb . Eb)* Z{( ) [ (thal 8; Hic 1) (thp] 0 Hic [tha) — (Wal O Hacy® |thy) (o] 8, Hiy® [Wa) |, (222)



45

This can be expressed in terms of the dispersion relations and Bloch functions of the bands by expressing the eigen-
vectors of Hpag as |¢,) = Z7Nn";’i (Wi am |+) @ M) +W_ 4 |—) @ |myx)), where [my) is the eigenvector of h' (k) with

eigenvalue €, k. We denote the eigenvectors of o, with eigenvalues 1 by |+). With these definitions, Eq. (222)) can
be rewritten as

[ s ij VN Zk:; Cmn z mn[jj(k)}pqa (223)
Cp" =4 nF(EEZ — EF(EZ’) WY W bn WY W ag, (224)
ab
[ilmn = (M| 017 (K) o)
= émnaiGm,k + (Gm,k — enﬁk)@imk\nk). (225)
In a system with uniform pairing, we can make the ansatz A = Al, and Hpac = Y 1 2 m ”'b[(em — w)2o* +

A%0%] @ |m) (m|, where the momentum dependence of €,,(k) and |my) is suppressed. The eigenvalues of Hpyc are
then +FE,, = +/(em — )2 + A%, and the corresponding eigenfunctions are [¢f) = (up, [+) + vy |—)) ® |m) and
[tr) = (—vm |+) + um |—)) @ |m), where (again suppressing the momentum dependence)

m 1 -
Uy, = f 1+6L ,vm:\ﬁ 1—67"E 3 (226)

As Eq. shows, all contributions to the superfluid weight which involve [j¢],,, with m,n € B vanish (because
em(k)=€,(k)=€m for the degenerate flat bands) vanish. Thus the superfluid weight reduces to the geometric contri-
bution

[ . i. 2|A| Z Z Z [tanh BEw/2) B tanh(BEn/2)] €n — €m (<8,m|n><n|ajm> +H.e.)

k meBn¢B En €n + €m — 2#,

|A| tanh ﬁEm/2) tanh(BE,/2) €n — €
zk: m%;n [ B E, } en + €m — 20 ((0im|n)(n|o;m) + H.c.). (227)

m,n¢B

Let W,, be the band gap between the bands in B and the nth band. We now assume that W, > |em — p| and
W,, > |A| for all n ¢ B, and the superfluid weight reduces to*®

4A? tanh(BEm/2)
‘/C Em gl]?

[Dsli; = (228)

where g;; = (1/N) X2 3,5 2ongs Re(@im|n)(n|0;m) is the integral of the quantum metric of the set of bands B.
Since we assumed above that the derivatives of the order parameters are zero, this is in fact the minimal quantum
metrict?,

At T =0, the filling and the pairing gap are given by

NiNv = szTr P = N;Nv? (229)
U
Ag=A= % zk:uv[Pk],m = €|U|/v(1 —v), (230)

with e = Ny /Ny, where N, is the number of orbitals where the flat band states have a nonzero weight. We have used
that v = v, u = ws are independent of k and 7 for a flat band (see Eq. Eq. (226))) and that Tr P = N;. Noticing

that |A]/Em = 2uv = 24/v(1 — v), we get the zero-temperature superfluid weight

[Dslij = SH{/iV

C
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