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SUPPLEMENTARY NOTE 1: NONCOMMUTATIVE FOURIER TRANSFORMATION (NCFT)

In this section, we introduce the decomposition of a target Hamiltonian in the form of a noncommutative Fourier
transformation (NcFT). The target Hamiltonian Hi,, is presented as a sum of plane-wave operators

Hiow = QE / / dkydky fr(ky, ket Fe@Hkop) (S1.1)
i

The Fourier coeffiecients fr(k,,k,) are the inverse transformation,

e (kathy) (T) i(koz+k
fr(ka, kp) = W//dwdeQ (z, p)e ke thop) (51.2)
The Hg)(x,p) can be obtained using
Hg)(oz,a*) = (a\ﬁg)|a> = anm(a*)"am (51.3)

with the replacement of

x = {a|E|a) = \/g(a* +a)

. A (S1.4)
p= (alpla) = iy/3(a" —a).
Note that from the hermicity of Hamiltonian operator, fr follows the relationship
fT(kacvkp) = fj*“(_kwv_kp)- (815)

The detailed analytical expression of the NcFT coefficient fr(kcos T, ksinT) for the preparation of g—leg cat state is
given by Ref. [I]. Here, 7 = wt is used for the the sake of formulaic simplicity.
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18 The detailed analytical expression of the NcFT coefficient fr(k cos T, ksin 1) for the preparation of binomial superpo-

1 sition state is [2]

fr(kcost, ksinT) =

*% [foo + 3fao +3f1a + foo + V3 (foa + fas +c.c) . (S1.7)

20 where fpm = fam(kcosT, ksinT) denotes the NcFT component associated with the operator |n)(m|.
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Figure S1. Dynamics with various discretized wavenumbers. Time evolution of the fidelity of the prepared state based on the
approximate driving potential superposed by a finite number of cosine functions with discretized wave numbers, Ak = k./10
(green, fidelity=0.9982), Ak = k. (red, fidelity=0.9984) and Ak = 2k. (black, fidelity=0.9961).

SUPPLEMENTARY NOTE 2: EXPERIMENTAL REALIZATION OF THE DRIVING FIELD

In this section, we introduce the physical implementation of the proposed driving protocol, including oscillator en-
23 codings in cold atoms and superconducting circuits, finite wave-vector discretization, RWA validity, noise robustness,

2 the role of Bnax, and comparison with gradient-based optimization.
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Figure S2. Experimental implementation of a cosine potential in the superconducting circuit platform. A superconducting
cavity, represented by the LC circuit on the left, is coupled to a capacitively shunted SQUID circuit on the right through
the intermediate coupler. The coupler generates an effective mutual inductance (M (®,)) between the cavity and the SQUID
circuit. The fluxes (®.), (Pext), and (Psq), applied to the coupler, the external SQUID loop, and the SQUID itself, respectively,
can be independently controlled through the coupler-bias, loop-bias, and SQUID-bias lines.

A. The physical realization details driving potential

The realization of the designed driving potential in Eq. (4) in the main text can be implemented in the platforms of
cold atoms [3HD] or superconducting circuits [II, GHIT].

In the platform of cold atoms, the bosonic mode is the external center-of-mass motion of an atom confined along one
spatial direction by an approximately harmonic trap, where the Hamiltonian is given by

N P21 . N
H,(t) = STV §Mw§X2 + Vopt (X, 1). (S2.1)
The bosonic code is encoded in the Fock space of the external center-of-mass motion

{|O>mot> ‘1>mota |2>mot7 .- -}7 (SQ.2)

rather than in internal hyperfine or electronic states. The cosine components of the driving field, cf. Eq. (4) in the
main text, are realized with a pair of laser beams, which produces an optical-dipole potential of the form

Vi (X, 1) = A () coslkn X + o (t)]. (S2.3)

For two beams of equal wavelength crossing at an angle 6,,, the projected lattice wave number is k,, = 2?\—’; sin (%") ,
where Ay, is the wavelength of the laser beams. The lattice depth A,,(t) is controlled through the laser intensity and
detuning. The wave number k, is controlled by the laser wavelength and intersection angle. The relative optical
phase determines the parameter ¢, (t). A frequency difference between the two beams generates a time-dependent

phase and hence a moving optical lattice.

In the platform of superconducting circuits, the bosonic mode is provided by the high Q-factor 3D microwave cavity
or 1D on-chip resonator. The quantum state is encoded in the photon-number Hilbert space of this resonator.
Josephson junctions supply the nonlinearity required to generate the cosine components of the driving field. The
specific experimental realization scheme of the cosine potential is shown in Fig. The superconducting cavity on
the left is coupled to the SQUID circuit on the right through an intermediate Josephson-junction-based element,
referred to as the coupler. The SQUID is shunted by a large capacitance Cs and incorporates an external flux loop.
The coupler generates a tunable effective mutual inductance M (®,) between the cavity and the SQUID circuit [12].
The fluxes ®,, Pext, and Pyq, applied to the coupler, the external SQUID loop, and the SQUID itself, respectively, can
be controlled independently through the coupler-bias, loop-bias, and SQUID-bias lines. The resulting cavity dynamics
are described by the effective Hamiltonian

H(t) = hwodta + Vsquin (@), (S2.4)
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where wy = \/% is the bare resonance frequency of the cavity. The large shunt capacitance C suppresses the charging
energy of the SQUID circuit [I3], while its inductive energy is determined by the SQUID potential as described by

Dy M(®,) , Dy
Vsquin (@) = —E cos ((I):Tf‘) cos [<L)Lp + <I>0t . (52.5)
Here, E; is the Josephson energy of a single junction, ®, = 27wh/(2e) is the magnetic-flux quantum, and
A 2P
5 Aoy AN 9
b=y =2 ($26)

is the dimensionless cavity-flux operator, with A = 4e2wqL/h. By adjusting the coupler-bias flux, the effective mutual
inductance M (®,) can be tuned to zero, made arbitrarily large, or even driven to negative values [12]. By tuning
either the cavity—SQUID coupling through the mutual inductance or the Josephson energy of the SQUID, the cosine
potential correspondence lattice gates can, in principle, be realized, as proposed in Ref. [I]. The gate parameters =,
p, and ¢ are controlled by the applied fluxes ®q, @5, and Py, respectively.

B. The finite number of wavevectors

As the driving field in Eq. 4 is represented as a superposition of cosinusoidal potentials which could be approximated
by replacing the integral with the sum of a finite number of cosine lattice potentials, as following,

e/ A
V(z,t)~ Y AnAk,t)cos[(nAk)z + ¢(k, )] Ak. (S2.7)

n=1

The number of the required cosine lattice potentials corresponds to the number of Josephson junction (JJ) in the
superconducting cirtuits [I, 4] or the number of laser beams in cold atoms systems [3]. As shown in Fig.
our protocol remains highly effective for discretized wavenumber spacings Ak = k./10 (100 JJs), k. (10 JJs), and
2k. (5 JJS), yielding final fidelities of 0.9982, 0.9984, and 0.9961, respectively. Remarkably, even with the coarsest
discretization with five JJs in the superconducting-circuit, still gives a fidelity of 0.9961, showing a good experimental
feasibility of our work.

C. The rotating wave approximation (RWA) conditions

Generally, the Floquet Hamiltonian H is an arbitrary function of noncommutative operators & and p, and it can not
be directly decomposed into a combination of kinetic and potential terms. The Floquet-Magnus expansion [I5] [T6] is
the technique for this situation, while the driving frequency wq (and the chosen Floquet frequency ) is much larger
than the characteristic frequency of the system and 8 < wq, with

T
lim Hﬂ@,ﬁ):% /O dtH (t). (S2.8)

wo /B—r0c0
In experimentally relevant superconducting-circuit implementations, the Floquet drive high-frequency condition is
understood relative to the effective low-energy scales of the problem. Up to leading order (RWA), the right-hand

side of Eq. lb coincides with the target Hamiltonian IA{I(;T), where the ensuing solution becomes exact in the
high-frequency limit wq/8 — 0.

D. State preparation in dissipative environments

Generally, superconducting circuits interact with a dirtier environment due to charge and flux noise. Considering a
typical superconducting aluminium cavity with frequency wo /27 = 5GHz, the cavity relaxation time 773 = 1/k can be
longer than 500us [17) [18], which corresponds to #/wy &~ 6.4 x 10~8. The pure dephasing rate for a cavity is usually
much weaker than the relaxation rate where the typical pure dephasing time Ty = 1/n is longer than 1ms [I7, [I8]
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Figure S3. (a) Stroboscopic fidelity of the prepared state as a function of time under various noisy environments, considering
the dephasing noise. The black solid line corresponds to k£ = 10~ *wp and 1 = 10 *wo. The red dashed line shows the fidelity
for n = 1073wp and x = 0 obtained with the original policy, while the blue dash-dotted line shows the fidelity obtained with a
retrained policy under the same noise condition. (b) Time dependent control of 5(t) (blue line) and w(t) (red line) obtained
with the original policy. (¢) Time-dependent control of 5(t) (blue line) and w(t) (red line) obtained with the retrained policy.

corresponding to n/wg < 3.2 x 1078, The dynamics of the prepared state in a noisy environment are described by the
Lindblad master equation,

@ p(t) = < 1A1(0), (1)) + s (api — 3 {aa, p}) + n(atapita — S {(@a)?, ). (52.9)

As shown in Fig. ??, while our RL model is trained within a low noise environment (k= 107wy, n = 10""wy),
the trained neural network is able to prepare target states in various high noise environments, such as with noise
K = 10"%wg, n = 10~ *wy.

While increasing the noise level further to a high photon loss environment with x = 1073w, 1 = Owp, our trained
model is not able to prepare the target state with high fidelity with a fidelity around 0.3. But by retraining our RL
model, the retrained neural network can improve the fidelity of the prepared state to around 0.8, as shown in Fig. 4.
We investigate the photon number dynamics in the photon loss environment. As shown in Fig. 5, the photon number
is being stabilized around 2 with our retrained neural networks, while without retraining, the photon number drops
to around 1. Meanwhile, the retrained neural networks find the driving field is always fluctuating around 0.025 to
compensate for the environmental photon loss.

As shown in Fig. while increasing the noise level further to a high dephasing environment with 7 = 103wy,
K = Owg, our trained model is not able to prepare the target state with high fidelity with a fidelity around 0.6. By
retraining the model, the Fidelity can be improved to around 0.7. We conjecture that to further improve the fidelity,
we need more complicated formula components for the driving field, which will be our future work.

E. The role of fmax in our reinforcement learning approach

In this section, we investigate the effect of Sy ax in our reinforcement learning approach for the preparation of bosonic
codes. The setting of 8/wy < 1 ensures the weak nonlinearity condition, and the system evolution in the rotating frame
is slow, which allows the approximation of the Floquet Hamiltonian with the leading order of the Floquet-Magnus
expansion in Eq. to be valid.

In our reinforcement learning (RL) approach, we train the neural networks to find an optimized control sequence for
the driving field. The value of Bpax/wo directly sets the optimization space for our RL algorithm. In Fig. we
observe that while Spax < 0.025 the value of Smax/wo closely related with the state preparation time. Specifically,
with Bmax/wo = 0.015, the state preparation time is 40 steps, while the state preparation time with Spax/wo = 0.025
is 34 steps. We conjecture that within the validity range of RWA, the larger the value of [ax i, the shorter the
optimized state preparation time is. In the early stage of our training process of a total of 300 episodes, /3/wq explores
the whole range [0,0.1], as shown by the case of the 1st training episode in Fig. (a). As training progresses, our
RL approach learns to concentrate the exploration into a narrower interval. As shown in Fig. (b), in the 156th
training episode, [/wy mainly explores within [0,0.025]. Using the final policy obtained after the training of a total
of 300 episodes, we test the preparation of the 4-leg cat state with Bpax/wo = 0.1, and the RL agent accomplishes
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Figure S4. The training (a, ¢) and testing (b, d) trajectories for (a, b) Smax/wo = 0.015 and (¢, d) Bmax/wo = 0.025. The black,
blue, and red curves represent the fidelity, 8(t), and w(t) respectively.

the task in only 20 steps. The maximum value of 5(t)/wy in this testing process is slightly above 0.025, as shown
in Fig. [S5| (¢) (the 300th episode). With SBmax/wo = 0.1, the achieved state fidelity is 0.991, which is lower than the
value of 0.998 obtained with Byax/wo = 0.025. We conjecture that the lower fidelity in the Bpax/wo = 0.1 case arises
from the breakdown of the rotating-wave approximation (RWA).

We further investigate the effect of S.x on the fidelity of the prepared state achieved with our retrained RL model
under a large noise environment. We discover that while fpax < 0.025wg, the fidelity is slightly lower than that
obtained with Bpax = 0.025wg, while Bpax > 0.025wg, the fidelity is around the same value as that obtained with
Bmax = 0.025wp, as shown in Fig. [S6] These numerical studies also support our choice of Bmax = 0.025wp as a good
set.

Algorithm 1: Gradient-based optimization method

Initialize period length T
Initialize control parameters x = {f1,...
Initialize Ho, V(t), init, and Year
Set control bounds and tail window length M = 20
for Kk =1 to Kmax do
Propagate ¥ under x
Compute fidelity trajectory {Fi,..., Fr}
Let ' and Fyin be the mean and minimum of the last M fidelities
Compute loss £(z) = (1 — F)? 4+ (1 — Fin)?
Update the control parameters using gradient-based optimization
if converged then
‘ break
end
end
Return z*

aﬁTawlv""wT}

SUPPLEMENTARY NOTE 3: GRADIENT-BASED OPTIMIZATION METHOD

In this section, we present a gradient-based optimization method for the same task, which is a variant of the Quantum
Gradient Ascent Pulse Engineering (GRAPE) method [19], and uses our reinforcement-inspired reward. The gradient-
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Figure S5. (a) The evolution of prepared state fidelity and the corresponding training trajectory from the 1st episode, (b) The
evolution of prepared state fidelity and the corresponding training trajectory from the 156th episode, and (c¢) The evolution of
prepared state fidelity and the corresponding testing trajectory from the 300th (final) episode, with Bmax/wo = 0.1, achieved
using our reinforcement learning approach. The black, blue, and red curves represent the fidelity, 3(¢), and w(t), respectively.

based optimization requires a prefixed number of evolution steps to define the optimization spaces. Specifically, the
gradient-based optimization method computes the gradient of the fidelity with respect to each control parameter
efficiently: % and a(z](;)’ and then updates the controls iteratively: S(t+1) « 5(t)+6%7 w(t+1) « w(t)"‘ﬁa%z)v
with € as the learning rate. For the bosonic state preparation task, we design a RL inspired loss function which is
L(x) = (1—F)?+ (1 — Fpn)? with F and F;, as the mean and minimum of the fidelity values in the last M steps.
The corresponding pseudocode is shown in Alg. [I] As the performance of gradient-based optimization relies heavily

on the initial parameters, it is not guaranteed that the prepared state has high fidelity to the target state.

We thoroughly study its performance under noise-free and noisy environments. While considering a noise-free envi-
ronment, we apply the gradient-based optimization method for the preparation of a bosonic 4-leg state with various
settings of the prefixed number of evolution steps, as shown in Fig.[S7} We can observe that for various settings of T,
the achieved fidelity fluctuates. With a T" = 50, the mean of the obtained fidelity is highest, and the corresponding
variance is smallest. Therefore, we adopt 7" = 50 in the following experiments. Under the noise-free setting with
T = 50, we perform 200 independent runs with different random seeds, obtaining a mean achieved fidelity of 0.9541.

While considering a noisy environment, we apply the gradient-based optimization method with 7" = 50 for the bosonic
4-leg cat state preparation with a noise level of kK = 107wy, n = 0, as shown in Fig. 6, where we discover that the
gradient-based optimization method is unstable and fragile to the environmental noise with the achieved fidelity
varies from 0.2 to 1.0, and only 7.2% are above 0.9. The large distribution variance indicates that the gradient-based



139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

1.0
0.8
206
T
°
0.4
—— Bmax=0.015
0.2 —+— Brax = 0.025
— Bmax=o~1
0.0
0 50 100 150 200 250 300

Time:wot/21

Figure S6. The effect of Bmax on the prepared state fidelity under large noisy environment with x = 10 3wo, n = 0.

1.00
0.951
0.90 1
0.851

0.801

Fidelity

0.751
0.701

0.65 1

0.60 1

20 30 40 50 60
Periods

Figure S7. Under a noise-free environment, the statistics for the performance of the gradient-based optimization method for
the preparation of a bosonic 4-leg state. For each prefixed evolution step 7', 20 trials of the simulations are implemented.

optimization method is quite sensitive to environmental noise and cannot reliably converge to a high-quality control
solution for this task. The best fidelity of 0.9901 found with our simulations is shown in Fig. [S8] where we can see
that the fidelity is not well stabilized.

With the above studies, we would like to clarify the advantage of our reinforcement learning method. Compared
to the gradient-based optimization method, the RL agent learns a sequential decision policy that is naturally suited
to exploring such a complicated constrained control space, while keeping the driving fields within the prescribed
admissible range throughout the evolution. The primary motivation for using reinforcement learning is that the
sequential control problem is exactly the type of scenario where RL is good at, but the standard gradient-based
or black-box optimization methods become less effective. In particular, we would like to summarize the following
advantages of the reinforcement learning method compared with the gradient-based optimization method as follows,

1. Gradient-free optimization: RL does not rely on explicit gradient information, which is beneficial in settings
with non-differentiable cost functions or noisy evaluations.

2. Efficient exploration of high-dimensional control landscapes: The agent can learn structured policies that guide
exploration beyond local minima typically encountered in conventional optimization.

3. Adaptability and reusability: Once trained, the RL agent can generalize to related tasks or parameter regimes
without restarting the optimization from scratch.

4. Compatibility with constrained or experimentally motivated control spaces, where standard methods may require
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significant modifications.

SUPPLEMENTARY NOTE 4: SCALABILITY CONSIDERING THE PREPARATION OF BOSONIC CAT
CODES WITH LARGE ¢

In this section, we discuss the scalability of the proposed method with respect to the preparation of g-fold rotational
bosonic cat states. The scalability of our approach is affected by two main factors: the size of the environment state
and the size of the agent neural networks, characterized by the number of parameters. In our simulations, we apply a
photon number truncation N, for the representation of a bosonic state. The dimension of the system density matrix is

N, x Np, and the corresponding RL state space is R2N; *1 where we use density matrix representation and the extra
number 1 represents the index for RL update timestamps. A larger N, allows the state information to be represented
more accurately, but it also increases the computational cost significantly. On the other hand, if N, is too small, the
state information cannot be sufficiently captured, which may degrade the control performance.

From the RL agent’s perspective, to learn an effective control strategy, the size of the required RL neural network
parameters increases as the RL state space increases. Therefore, the second dominating issue for computational
overhead during training is the size of the neural network parameters, which is generally determined by empirical
engineering experience and experiments.

To demonstrate the scalability of our work, we further conducted experiments for ¢ = {3,4,5,6}. The results are
summarized in Table. These results indicate that for our work, the scaling is computational managable for larger
q cases, considering that the number of model parameters in currently popular large models is at the level of several
billions.

q N, RL State space RL network Parameters Obtained state fidelity Total steps
3 4 R33 75k 0.998 30
4 6 R 85k 0.998 34
5 7 RY? 91k 0.996 30
6 8 R129 99k 0.996 28

Table S1. Scaling of the Hilbert-space truncation and RL state space for different values of gq.
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