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Supplementary Note 1

In this section, the explicit expression (4) of the STFT for the signal s;,(t) = %ajmei(“mt“‘wjv") is derived.
Inserting the signal into the STFT definition (3) yields

Sin(t, @) = / Sjn(T)w(r — t)e T dr
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Substituting 7/ := 7 — ¢ leads to
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Here, we consider the non-unitary, angular frequency Fourier transform F{a}(®) := ffooo a(t)e” %t dt with
its inverse FH{F{a}}(t) := 5= [~ F{a}e*"di. Using the convolution theorem F{ab}(®) = 5= F{a} *

= 5=

F{b}(w) and with F{e“in }(@) = 2m0(® — wj,,), where d is the Dirac delta distribution, and F{w}(®) =
W (@), we obtain
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which completes the proof.

Supplementary Note 2

This section contains a brief derivation of the relationship in equation (18) between maximum angular velocity
Ymax and maximum deflection angle ¢,,x. The MMRs considered in this work are 1D magneto-mechanical
systems. Their rotational energy is given by

1
Erot = 51@27



where I is the rotor’s moment of inertia around the rotation axis and ¢ is its angular velocity. Assuming
dipole-dipole magnetic interactions, the magnetic energy of the system, taking the equilibrium position as
the reference state, is given by

Enag = My B(1 — cos ),
where m, is the magnetic moment of the rotor, B is the magnetic field of the stator at the rotors position,
and ¢ is the deflection angle from the system’s equilibrium position. For the states of maximum deflection
and maximum angular velocity, the total energy of the system is given by

I Erot(¢Pmax) + 0 = const (S1)
II. 04 Emag(@max) = const. (52)

With (S1) and (S2) the two energies relate Ymax and Pmax

1.
§I<pfnax = m, B(1 — oS Ymax)-
The natural frequency is given by wnay = m;B , as defined in the supplemental material of [1], which allows

us to express the relation as
Sbmax = Whnat 2-2 COS(SOmax)

for the amplitude of the maximum angular velocity.

Supplementary Note 3

In this section, we derive the Fourier series (26) for the periodic deflection angle ¢TY(¢). According to [2,
Eq. 31], an explicit solution to (23) can be expressed as

2K (k)

©TY(t) = 2arcsin (k sn <K(k) -

(WTU (Somax)t + wstart); k)) 9

where sn denotes the sinus amplitudinis, which is one of the fundamental elliptic functions [3] and k :=

sin(@max/2) denotes the elliptic modulus that we introduce to abbreviate notation. K (k) = T 1L qy

S0 /1ok2sin?w
denotes the complete elliptic integral of the first kind. In contrast to [2, Eq. 31] we consider a non-zero initial
phase and therefore added ¥gsgart.

Substituting x := %(k)(wTU(gamax)t + tstart) and using the identity sn(x + K; k) = cd(x; k) [4, Table
22.4.3] leads to

0TV (x) = 2arcsin (kcd (—x; k)) . (S3)

As the function cd is even, we can neglect the minus sign. We can then take the integral [4, §22.14.5]
k‘k'/sd(x’; k) dx’ = arcsin(—k cd(2';k)) + C (S4)

with k¥’ := +/1 — k2. Using the property of arcsin being odd and applying the limits K (k) and z, we can
rewrite the indefinite integral (S4) as

fkk'/ sd(2; k) do’ = arcsin(k cd(z; k)). (S5)
K (k)

Inserting (S5) into (S3), we obtain

©TY(z) = —Qkk'/ sd(z'; k) da'. (S6)
K (k)

The function sd(z'; k) can be written as a Fourier series using [4, §22.11.5]
o0
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sd(z'; k) = IR Z T+ g2t sin <(2n+ 1)
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with the nome

q(k) :=exp (_ﬂff({((lz))> .
Inserting this into (S6) leads to
()=~ A CDalh) sin | (2n T2 do'
PO = R 2 T g Lo (en+ Dgge) 57

Solving the integral leads to

/;(k) sin ((Qn—i— 1)2K7r(k) :d) de’ = {—m cos ((2n+ 1)2Kﬂ(k)x’>r
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Inserting (S8) into (S7) and back-substituting x, we obtain
TU o (=) g(k)mt1/ TU
= 2 1 max star .
PO =83 5 g o (@0 D Gl i) (59)
Defining
—1)" n+1/2
e (k) = =D" q(k) 7
2n+1 14 g(k)?n+1
we can write (S9) as
SOTU (t) = 8 Z Cn(k> Ccos ((277/ + 1)(WTU(SOmaX)t + wstart)) )
n=0

which is the same as (26) and thus completes the derivation.

Supplementary Note 4

In this section, we show that the induced signal can be expressed as (27) with amplitudes (28) and (29) when
considering the undamped model with ¢,, = 0 for n > 0. Starting from (13) and inserting the basis functions
(11) and (12) yields

sTV(t) = muo 0y (1) + mea 9, (1) = mea,o(t) cos(p(t)) — meo,p(t) sin(p(t)). (S10)
We then want to eliminate the sine and cosine terms and to this end use (23) to replace the sine term. To
substitute the cosine term, we differentiate (23) with respect to time, yielding ¢(t) cosp(t) = ——3— & (t).

Inserting both expressions into (S10) yields

er' ee mra . 5
sTU(t) = ——52 () + —5—@(t)(t).
nat nat

Now, we can insert the series expression (25) and exploit that ¢, = 0 for n > 0 such that

8m,o .
sTY(t) = — w; Y eo(wTY)3 sin(wTVt 4+ Yggart )

nat

64m,.o .
5 ° c% (OJTU)3 sm(wTUt + Ystart) cos(wTUt + Ystart)-
nat

w

Note that ¢, (¢max), WY (Pmax) and q(Pmax) depend on Y.y, but for the sake of readability, we've omitted
max i the equations.



Then, we exploit trigonometric expression 2sin(z) cos(z) = sin(2x)

8m,o 32m.o
sTU(t) = — Zér Y eo(wTY)3 sin(wmVt + Ystars) + n;r 22 (w3 sin(2wTVE 4 20gpart)-
nat nat

Inserting ¢y = l—‘fq from (26) leads to

&m0, . 32m.o,,
sTU(t) = — v (UJTU)3 sm(wTUt + Ystart) + —5— g

TU\3 _: TU
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We then replace 9™V (t) = wTV (0max )t + VYstars and insert the expression for wTV from (24) and obtain

TU . 7T3wnatmrav \/a . TU 47T3Wnatmrau q . TU
S K eneunP 114" D Kol G+ a2 )

(28)

(29)
ay (Somax) = au(tpmax)

which completes the proof.
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Supplementary Figures
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Supplementary Figure 1: Error to time signal; Experiment 1 - uncontrolled (MMR S). The normalized
root mean square error for all methods over all frames are shown for different amounts of data and for different time
ranges.
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Supplementary Figure 2: Error to time signal; Experiment 1 - uncontrolled (MMR L). The normalized
root mean square error for all methods over all frames are shown for different amounts of data and for different time
ranges.
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Supplementary Figure 3: Forecasts of time signal and control parameter; Experiment 1 - uncontrolled
(MMR L). Left: Exemplary signal section at different time points of the measured signal in comparison to the
estimated signals of all methods (excitation amplitude: 35nT). Signals for a time segment during RX1 as well as
100 ms after T30/T100 (labeled RX2) are shown. Note that all methods reconstruct the signal very closely to the
Right: The deviation for all methods from the reference method for data30;, and

measured signal within RX1.

datal00y, for the forecast of frequency wrx and phase ¥rx over time is displayed. Additionally, the cut-off time Tso,
T100 as well as the mean runtime of the methods are shown in straight lines.
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Supplementary Figure 4: Runtime and deviation for different datasets; Experiment 1 - uncontrolled
(MMR L). The median deviation between the different methods and the reference method of all frames over the
runtime for the truncated receive windows. For the parameters A, Ymax, Wnat,0+ and g, the deviation is quantified
using the relative error, for tstart using the absolute error, and for the alignment of o, and o, using the cosine
similarity. The color fading in the line plots indicates the amount of data used, with the lightest shade representing
data30r, and the darkest datalOO0y,.
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Supplementary Figure 5: Drift in estimated natural frequency; Experiment 1 - uncontrolled

(MMR S/MMR L). The estimated natural frequency from the different methods over the measurement frame
for both MMRs. Every ten frames the excitation amplitude increases in steps of 0.5 uT.
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Supplementary Figure 6: Deviation for larger deflection angles; Experiment 2 - controlled (MMR L).
The deviation of the different methods from the reference method (Tt (PTVSAF)) over the maximum deflection angle.
For the parameters A, omax,Wnat,0» and o, the deviation is quantified using the relative error, for start using the
absolute error, and for the alignment of o, and o, using the cosine similarity.



