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Methods: Machine Learning Techniques

Machine Learning is a broad field encompassing many methods, several of which have been applied to climate science. The list
includes deep learning, probabilistic graphical models, causal analysis, online learning, clustering, and ensemble methods such
as random forests. Although our Review references multiple types of machine learning, given the breadth of the field, we will
limit this section mostly to neural networks, the basis of the modern field of deep learning.

Neural networks can be understood as parameterized nonlinear mappings .45 : V. — W between finite dimensional vector
spaces V, W. By choosing a basis, the network can thus be seen as a map 4g : R” — R™ (with the usual identifications for
complex or other vector spaces). The parameters are denoted collectively as 6, with 8 € RX, and they are determined to
(approximately) optimally fit a relationship in observed data, a process known as neural network training.

Neural network architectures Neural networks are usually composed of a set of layers, thatis .45 = Lyo---oL;, which
simplifies their practical implementation and allows for efficient computations highly optimized for a small set of standard
layers and layer components. The classical “perceptron” is a feed-forward layer of the form L;(x) = 6(W;x+ b;) where x € R™,
W € R">*™i is the weight matrix, b; € R™ the bias vector, and o () is a nonlinear function applied element-wise to the affine
transformation W;x + b;. Common examples for o(-) are the sigmoid function, given by ¢*/(1 + ¢*), for scalar x, or the ReLU
function, which is zero for negative arguments and the linear function x otherwise. It is often informative to consider W; as the
adjacency matrix for a graph that “routes” the data through the network.

The composition of multiple layers of the above type is known as a multi-layer perceptron or a feed-forward neural
network. The trainable network parameters 6 are the entries of the weight matrices W; and bias vectors b;. Another common
neural network layer L; is a convolutional one, which is similar to a feed-forward layer but where W; is a circulant matrix
that implements a (discrete) convolution. Convolutional layers substantially reduce the number of parameters compared to
multi-layer perceptrons and they are useful for data on a regular grid with an approximate translation invariance, such as images.

Another important layer type is self-attention. It takes as input a set or sequence {x;}/_; of so called tokens x; € R" and
outputs an updated set or sequence {%;}/_, given by
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where W, Wi, W, are projection matrices and p is the softmax function, the generalization of the logistic sigmoid function
(used in probabilistic, binary classification) to multiple classes. This can be thought of as smoothed version of the argmax that
also ensures that the output is normalized and can be interpreted as a probability distribution. In essence, attention layers update
each x; based on the dot product similarity to all other tokens and filtered by the softmax nonlinear function. A full attention
layer usually consists of multiple parallel (and hence independent) so-called attention heads performing the computations in
Eq. 1 with independent projections W, Wy, W,..

Transformers, which are one of the most popular and successful neural network architectures to-date, consist of alternating
attention and multi-layer perceptron layers. Conceptually, these update tokens with the inter-token attention computations in
Eq. 1 and then map all tokens independently to a new vector space where the attention computation can be repeated, revealing



different information. The layers are combined with so-called skip connections so that only a residual update is determined
through the layers: x; = x; + L;(x;). Skip connections are typically used to improve the numerical stability of the training
process. A variation of classical transformers is Fourier neural operators where the attention is computed in frequency space,
exploiting the fact that a translation-invariant integral kernel can be expressed efficiently in the Fourier domain.

Neural network training Training of neural networks refers to the nonlinear optimization that is used to determine a set
of optimal (or suitable) network parameters 6 given a set of data 2. In the simplest case, & consists of pairs Z = (x;, yi)f):]
and the y; are the target quantities of interest that are to be estimated or predicted by the neural network. For example, the x;
can be images and the y; class labels that determine the image content. Directly training x; towards y; is known as supervised
learning. When the y; are proxies to train the neural network but not themselves of interest then one speaks of self-supervised
training. This is typically complemented with a second training phase towards a specific task or application. The purpose of
self-supervised learning is to learn overall domain knowledge so that the model can represent the underlying structure and
patterns of the data without relying on explicit labels. A classical example of self-supervised training is image inpainting, where
parts of images are masked and the self-supervised training task of the network is to predict these parts.

The optimization that is required for training is typically solved with stochastic gradient descent where a Monte Carlo
estimate of the gradient over a subset of the data is used in each gradient descent step. The Monte Carlo estimate is used
because it is computationally cheaper and requires less computer memory than optimizing over the full training set in one batch.
Empirically, it is also key to a successful optimization of neural networks with millions, billions or even trillions of trainable
parameters because the stochasticity helps to avoid ineffective local minima. A wide range of energy or loss functions are used
for the gradient descent. When the y; € R”, then the mean squared error is, arguably, the most common loss function. When y;
is from a discrete set, then cross-entropy is commonly used as loss.

A common problem with neural network training is overfitting, which is identified when the network performs well on the
training set but not on new (unseen) data. To diagnose overfitting and enable an estimate of the performance of a trained neural
network in applications, the data set is typically partitioned into training, validation, and test sets. Computing the skill of the
neural network on the validation set is used to monitor training progress without affecting (and hence biasing) the network
weights. In other words, the validation step helps with detecting overfitting or selecting hyperparameters, such as the number of
layers and parameters in the neural network or the parameters of the stochastic gradient descent. The test set is employed only
after training, to provide a final evaluation of the network performance in inference, that is when the trained network with fixed
weights is put to its intended use (for example for prediction, estimation, or classification, etc.). Common strategies to address
overfitting are to restrict the network size or use drop-out, which occurs when a random subset of the training weights is set to
zero in each training optimization step. For sufficiently large training datasets, however, network size is no longer directly
related to overfitting. Often very large (even over-parameterized) networks perform best!, because parts of a large network
can internally specialize for processing only specific inputs, for example a certain input variable at a specific height level in a
weather model.

Generative models For classification problems, such as predicting the class of an image, network output is typically modeled
not as a discrete value but as a probability distribution over all possible labels. This can be realized by predicting y; € R,
where M is the number of classes, and then normalizing the values to obtain a probability distribution, such as with the softmax
function. The network can then be interpreted as modeling the conditional probability distribution p(y|x) of outputs y given the
inputs x. The perspective of a neural network modeling a conditional or joint probability distribution is widely used in the
machine learning literature and the corresponding models are referred to as generative models.

This principle can be extended to continuous probability functions p, with the network being trained to generate either
moments of the probability distribution or samples from this distribution. For multi-dimensional data such as images or
physical fields, generative adversarial networks (GANs) and diffusion models are common generative architectures with strong
theoretical foundations that can be interpreted from a statistical mechanical point of view. Any regression problem trained with
mean squared error can be interpreted as a generative model where only the mean of a Gaussian distribution is considered.

Incorporating physics into neural networks Neural networks extract their power from the training data through the training
process, with only weak priors through the network architecture (for example when a convolutional network is used). This
stems largely from their development being driven by natural language processing and computer vision where no simple
analytic theory is available. It is possible to incorporate prior physical knowledge following strategies explored more generally
for physical systems?. Known symmetries®*, autocorrelations’, and conservation laws® have been incorporated into neural
networks. Physics-informed neural networks (PINNs) replace the training set 2 with a known constraint that the neural network
output has to satisfy, typically a known physical equation’.

Reservoir Computing A special class of methods are recurrent neural networks. In contrast to uni-directional feedforward
neural networks, these networks are bi-directional, meaning that they allow the output from some nodes to affect subsequent
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input to the same nodes. Recurrent neural networks are difficult to train and several variant have been developed to circumvent
that problem, such as Long-Short Term Memory networks and Reservoir Computing®. In the latter method, the input time
series is mapped to a high-dimensional dynamical system (the reservoir) and only the output weights (connecting the reservoir
nodes and the output) are adjusted during training. Reservoir Computing therefore has a close connection to dynamical systems
theory and has been widely used in climate prediction studies® '°.

Explainability and interpretability There has been much research in machine learning on how to interpret the learned
models. Some models are by nature interpretable (for example, linear regression yields a weighting over its input variables),
but for others, especially deep neural networks, methods to provide post hoc “explanations” for model decisions have been
developed. The Al subfield of Explainable Al (XAI) is concerned with understanding the reason why a neural network output
was generated. Post hocanalysis of a deep neural network via an XAl technique can help assess the model’s confidence in the
decision, detect cases of inappropriate usage, and even derive physical insights from the neural network models themselves. In
climate physics, where understanding is often more important than quantitative performance, XAl is a particularly active field
H-13 "We refer to'* for a discussion of the challenges in choosing the best XAI method in the domain of climate science and for
an extensive list of references.
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