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1 Materials and methods

1.1 Equivalent parametrizations of Langevin dynamics

In our modelling framework, the latent Langevin dynamics are controlled by the potential function
®(x). The same Langevin dynamics can be equivalently represented in terms of the driving force
F(z) or the equilibrium probability distribution pe,(z). These parametrizations of the Langevin
dynamics are equivalent, as every potential ®(x) has the corresponding F(x) and pey, and vice



versa. These three quantities are related to each other via:
dd(x)

1 dpey(x)
F(z) = — F(g) = — 2tea\r)
(3:) da: 9 (x) peq dx )

O(z) = —log peq(),
exp <f F(x')da' >
f L €Xp (f F(z")dx! ) dx

In Eq. (1), the arbitrary additive constant in the potential is fixed by the normalization condition
for peq(): fil e~®@)dg = 1, which provides unique relationships between the potential, driving
force, and equilibrium probability density. In this work, we perform GD optimization by updating
the driving force F'(x). We visualize results using the potential ®(x) that is calculated from the
force by taking an antiderivative.

Note that definite integrals over the x-domain extend from —1 to 1. The range of z-domain
is arbitrary, since the latent space does not correspond to any real physical quantity. We use the
[—1, 1] range throughout this work. The results would not change if a different range was chosen.

~0(z)

Deq(T) = , Deg(T) =e

1.2 Likelihood calculation

Analytical derivation of the likelihood functional is briefly outlined here (see Ref.[21] for addi-
tional details). The likelihood is calculated via marginalization of the joint probability density
P(X(t),Y(t)|F(z)) of the observed spike-data Y (¢) and the latent trajectory X(¢):

Z Y (1) F(x)] Z/@X(t) P(X(@),Y()|F(x)). (2)

The Markov property of the latent Langevin dynamics entails that the transition probability
density over the latent space p(zy,, x|z, ,,tx—1) does not depend on the intermediate states and
can be marginalized over all paths connecting z;, |, and x;, . By calculating p(xy,, tx|zs, |, tk—1),
we can therefore effectively reduce the continuous path X(t) to a discrete set of points X (t) =
{4y, Tty .., Tty }. Using the assumption that spikes are independent when conditioned on the
latent states, the joint probability density P(X (¢),Y (t)) takes the form:

xti—l)‘ (3>

N
P(X(t>7 xto Hp Y,
k=1

Here ty,ts,...,ty are the observed spike times and ty is the experiment onset time. X(t) =
{Zty, 1y, .., Tty } 18 a latent trajectory at the times of spike events. Y'(t) = {t1,ta,...,tN} are the
observed spike times. p(xy,|xs,_,) is the transition probability density over the latent space from
xy,_, to zy, during the time between adjacent spike observations. p(y,|z;,) is the probability of
spike emission given the latent state. Note that X (¢) is a discretized latent path sampled at N + 1
time points. Marginalization over all intermediate time points is already performed within the
transition probability densities. The likelihood is therefore calculated by marginalizing Eq. (3)
over the remaining latent space variables y,:

g:/% //N dwyyday, . .. do,, P(X(1),Y (1)) (4)



The transition probability density over the latent space is a solution of the generalized Fokker-
Planck equation [21]:

2 (-0 L)+ D~ 1)) pirnt) = ~Fplo.t). (5)

The first two terms in the operator 7 are the usual drift and diffusion terms that originate from
the Langevin dynamics (Eq. (1) in the main text). The last term — f(x) accounts for the fact that
no spikes are observed during the time intervals between each pair of adjacent spikes..

It is more convenient to work with a Hermitian form of Eq. (5) [21]. Therefore, we use the
transformation p(z,t) = p(z,t) exp(®(x)/2) and H = exp(®(x)/2)H exp(—®(x)/2), which turns
Eq. (5) into [52]:

Op(z,t)
ot

The new operator H is Hermitian. We use Eq. (6) to evaluate p(z,t) over time. The original
probability density p(z,t) is recovered by p(z,t) = p(z,t) exp(—P(z)/2). We also introduce the
equilibrium probability density peq(z) = exp(—®(z)), where we choose the arbitrary scaling of
the potential ®(x) so that peq(z) is normalized. Then p(z,t) = p(z,t)\/Peq(T)-

The formal solution of Eq. (6) can be written as the operator exponential:

= —Hp(x,t). (6)

xtifl) = eiﬂAt“ (7)

p(xti

where At; = t; — t;_;. To compute the operator e~ 4% efficiently for any At;, we use the
eigenfunctions ¥(z) and eigenvalues A of the operator H, which satisfy

HU(z) = \U(z). (8)

We solve this eigenvalue problem numerically. To this end, we discretize the continuous domain
x using the Spectral Elements Method (SEM), and solve for the eigenvalues \; and the eigenvectors
Qi; = V;(z;) of the discretized operator H (see Section 2 for details). The matrix @ contains all
eigenvectors of the discretized . We truncate the basis Q to the 64 eigenvectors corresponding to
the 64 largest eigenvalues. To confirm that this number is sufficient, we also used 128 eigenvectors
and observed identical results.

In the eigenbasis @ of the operator #, any continuous function g(z) is represented by a vector
g with elements equal to the expansion coefficients in this basis:

gz/aw%ww. (9)
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The operator exponential e is represented by a transition matrix A, with the elements:

Ay = / W, (2)e HABY (2)dr = b0 A (10)
x
where we took advantage of the eigenbasis properties.

The probability density of a spike emission at a given latent state p(y,|z¢,) is given by p(y|x) =
f(z), just by the definition of the instantaneous firing rate of a Poisson process. The corresponding
emission operator is represented by the matrix B in the basis @, which is calculated using the
rules of basis transformations:

B=QTWFQ. (11)



Here the diagonal matrix F' represents the emission operator in the SEM basis, F' = diag (f), f
is discretization of firing rate function f(z) on SEM grid, and W is a diagonal matrix of SEM
weights (see Section 2).

With the developed formalism, Eq. (4) turns into a chain of matrix multiplications, where
matrix-vector products automatically account for the marginalization over the intermediate vari-
ables x4, x,, ...2¢,_,. To marginalize over the last latent position z;,, we multiply this chain by
a column vector Bn41:

L = aOTAlBAgB...ANBﬁN+1. (12)

Here ag = QYW pg is a vector representing the initial probability distribution transformed into
the basis Q (the vector pg is a discretization of p(z,0) in the SEM basis). The initial condition is
chosen to be the equilibrium probability distribution, p(z,0) = peq(x), so that p(z,0) = \/peq(z) =
Peq(x). The terminal vector B is defined by the probability normalization condition (similar to
the Hidden Markov Model, HMM [24]). Since

p(Y(t),x

. (IJ)V ) _ al’A\BA,B.. AyB, (13)
eq

we see that in order to satisfy the condition ¥ = me p(Y(t), zn)dz, we need to set Byi1 =

Q"W peq, which follows from the normalization conditions for the probability density peq(z).

In summary, given the model specified by 6 = {®(z), f(z), D}, the likelihood is calculated
using Eq. (12), where the operator matrices are found from Eqgs. (10),(11) with the eigenvectors
and eigenvalues of operator H obtained from Eq. (8). More details on numerical implementation
are given in Section 2.

In addition to matrix-vector form, for convenience we also use Dirac bra-ket notation. In this
notation, row vectors correspond to bra-states (p|, column vectors to ket-state |p), and matrices
to operators. With a choice of basis, the states are transformed into vectors and operators into
matrices, so that both formalisms are equivalent. In Dirac notation Eq. (12) can be written as a
chain of operators that propagate initial state (| towards the terminal state |Gy.1):

g [Y(t>7 ¢($)] = <OCO ‘ e_HAtl ytl 6_%At2 yt2 "'B_HAtNytN ’5N+1> ? (14)

where y, is the spike emission operator.
We evaluate the likelihood using the forward-backward algorithm similar to that for HMMs
[24]. Starting from the initial state ay, the states oy, as, ..., ay are calculated recursively through

the forward pass:

(| = <Oén—1|€_HAt"ytn, n=12...N. (15)

From Eq. (14), the likelihood .Z = (an|Bn+1). The subsequent backward pass is needed for the
likelihood gradients calculations:
Buo1) =y, e B, n=2,3...N,
1BN) = Yuy BN+, (16)
|Bo) = e ™51 By).

1.3 Variational derivatives of the likelihood functional

We derive the gradient-descent algorithm for minimizing the negative log-likelihood. In contrast
to the previous work [21], which used an approximate expectation-maximization algorithm, the



gradient-descent update rule can be derived exactly. This update requires to compute the varia-
tional derivative 0.2 [Y (t)|F(x)] /0F(x). The dependence of likelihood on F'(z) is hidden in the

operator ‘H, see Eq. (14). Using the product rule, the variational derivative can be written as:

<\I]i|€7’HAtT|\Ifj> (56%(0) 5bl(N + 1)
Zzaz o + 5 bi(0) + ai(N) = (17)

7=0 14,5

Here W; are the eigenvectors of H, and we introduced the notation:

ai(r) = {ar W), by(r) = (W,[8,). (18)

For numerical stability, it is more convenient to optimize the log-likelihood log .Z’, which has the
derivative

ologZ 1 6Z
SF(x)  LO0F(z)
The factor 1/.% is a scalar scaling constant.

The first term on the right-hand side of Eq. (17) can be calculated using the formula for
derivative of an exponentiated operator [53]:

(19)

0 A oH
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0
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Using Eq. (20), one can derive:
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Here A are the eigenvalues of H, and I'}; is defined as [21]:
At AtTe—/\iAtT7 i=7:
F; — / ei(At-r*’Uz))\zef’U«)‘]du = eiAiAtT _e_)‘jAtT tj . (22)
0 S v v T #J.

The term <\If ‘ ‘\If > can be calculated using the Euler-Lagrange equation. Operator H can be
written in the followmg form:

- f(2). (23)

> 5FD/ (F;‘” +F(j)2> () de =
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Accordingly,
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OF (24)




This expression can be simplified:

<\pz~

where ¢(x x)/\/Deg(

The last two terms on the r.h.s. of Eq. (17) can be calculated from the definitions of (ag| and
|Bn+1) using chain rule for functional derivatives. In the basis of H states (a0| and |fny1) are

w0 (25)

equal and correspond to the descritized version of the function \/pe,(z) = peg(2). Introducing:
1
Lan = / 42 (Bo(2) + an (2))peq()de, (26)
—1

we need to find 0.Z45/0F(x), where the dependence of fy(z) and ay(x) on F(z) is ignored, since
it was already taken into account in the first term of Eq. (17). Using the chain rule for functional
derivatives [54], we obtain:

1
5$AB _ / ds 5°%AB 5peq[3]' (27)
6F(y) OPeq|s] 6F(y)

Using Euler-Lagrange equation, we immediately calculate the first term:

5$AB _ 60(8) + OéN<S) (28)
OPeqls] 2peq(8)
To calculate the second term, we need to express pe, in terms of the force:
exp f F(x")dz') eG(2) f_ll G5 (x — 2 )da' (20)
Peq = = .
4 f exp([*, F(a')da")dx f_ll eG@) da! f_ll eC@) da!

Here G(z f F(2')H(z — 2')dx’, and H is a Heaviside function. Using the chain rule again,

we obtaln 5 5 5Cls
peq[s] — / d pBQ[ ] ] (30)
IF (y) OG[s'] 6F (y)

Equating these expressions with the Euler-Lagrange rule, we get:

5peq[5] B eG(s’)5($ _ S’) f—ll G qo! — G(s) gG(s)
= > ’
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IGS]
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As a result,
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pq[s]:/ dS/ 61 (S/ S)_ € € . H(S,—y):
3F (y) -1 J-, S da <f_11 eG(m’)d$/>
¢G(s) =) I eG<s’>H(s’ —~ y)ds’
J— J— y p— pu—
[T, 6 da [T (32)



Substituting Eqs. (28),(32) into Eq. (27), we obtain:

(SXAB . L Sﬁo(S) +OCN(S)
SF(y) /1d 2peq(5)
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Peq(s) [H(S —y)— 1+ /_y peq(s’)ds’] =

Here we used the property
1 1
[ ass)pats) = [ dsan(s)oa(s) =1, 34
—1 -1

which follows from the probability normalization condition and scaling of a and (3 coefficients.
The final expression for the variational derivative reads:

-1

where we introduced:

ZF (7)B;(7 +1). (36)

First, the function G;; is calculated during the backward pass Eq. (16), and after that Eq. (35) is
evaluated. Calculation of an antiderivative in the SEM basis is described in Section 2.

1.4 Variational derivatives of regularized likelihood

In this section we derive gradients of the regularized cost function w.r.t. driving force F/(X). As
a regularizer, we use the trajectory entropy functional [33]:

S[®(z)] = — / (%)Qe—‘bdm. (37)

For optimization with the gradient descent, we need to calculate the variational derivative of the
regularizer w.r.t. the driving force 0S/6F. Since F(r) = p, (¥)/peq(z), Eq. (37) can be written
as:

S[®(x)] = — /_ Pea(@) ) (38)

| Peq()

Using variational chain rule [54]:

ﬁ _ boas OPeq(5) S
SF(y) /—1 OPeq(s) OF (y) ds. (39)



The first term is calculated from Eq. (38) using the Euler-Lagrange equation:

05 _ Pals) | oPls)
0peq(s)  P2(8)  Peq(s)

(40)

The second term is already calculated, see Eq. (32). Substituting these results, we obtain:

[ (530 01+ [ i)
[ (5 ) (- [ i)
[ [ (5 i)}

1.5 Extensions of the modelling framework

Our modelling framework can be generalized for the simultaneous inference of ®(z), f(z), and

D, including multiple neurons with diverse firing rate functions fi(z), fo(z),... coupled through

the same latent dynamics. All of these quantities can be updated using gradient-descent of the

negative log-likelihood:

Odlog &
oD '’

0log ¥
fin(@) = fin-1(x) + 75 va_ .

The analytical expressions for the likelihood derivatives w.r.t. D and f;(z) can be calculated
following the exact same steps as for the derivative w.r.t. force (see Section 1.3). An example
of simultaneous inference of ®(z) and D is shown in Supplementary Fig. 1. Tt is also possible to
extend the framework to multiple latent dimensions. For example, in the case of two-dimensions
the expressions for the likelihood and its derivatives are similar, while the dimensionality of
matrices and vectors become N? x N? and N? correspondingly (compared to N x N and N in
the case of one dimension).

Dn - Dn—l + YD

(42)

1.6 Simulation parameters

An overview of simulation parameters is provided in Table 1. Here we list specific parameter values
for all simulations. For synthetic data, we used D = 2 for a single-well (Tables 2 and 3), D = 10
for a double-well (Figs. 3, 4, 5, Extended Data Fig. 4, Tables 2 and 3), and D = 7 for a triple-well
(Extended Data Fig. 3, Tables 2 and 3) ground-truth potentials with intermediate noise level. For
low and high noise levels, we used four times smaller and four times larger noise magnitude D,
respectively, for each of the ground-truth potentials. We used D = 0.5 for a four-well (Extended
Data Fig. 5) potential model. For neurophysiological data, we used D = 10 (Fig. 6, Extended
Data Figs. 6, 7). For data from the balanced E-I network, we used D = 10 (Extended Data
Fig. 8). The parameter fy in the linear firing function was f; = 100 Hz for all synthetic data,
fo = 200 Hz for neurophysiological data (Fig. 6, Extended Data Figs. 6, 7), and f, = 300 Hz
for data from the balanced E-I network (Extended Data Fig. 8). We used Difeh = 0.01 in all
simulations (except in Extended Data Fig. 5d where we show the effect of changing Dilresh). In
Figs. 3, 4, 5, each data sample contained roughly 20,000 spikes, which was split in two halves for
training and validation or for feature consistency analysis. The test set in Fig. 4b contained 2,000



spikes and was separate from all training and validation sets. For multi-fold cross-validation in
Fig. 4d, we split each data sample in 80% training, 10% validation and 10% test sets. In the
neurophysiological data (Fig. 6 and Extended Data Fig. 6), the size of data samples 2, and %,

was about 6,000 spikes for each channel.

Parameter \ Value \ Description
Optimization
y 5-1072 —5.107* GD learning rate
Nomax 100,000 maximum number of iterations
i 0—0.1 regularization strength
N —log (cos? mz/2) , —log (1/2) initialization of potential
D 0.5 — 40 noise magnitude
f(x) fo(x +1) firing rate function, Hz
Spectral Elements Method
Thegin -1 left boundary of the latent space
ZTend 1 right boundary of the latent space
Nv 64 number of eigenfunctions of H
bnd_cnd Neumann boundary conditions
N, 256 number of elements
N, 8 number of grid points in each element
Synthetic data generation
T 10 —1,000 trial duration, s
At 0.001 — 0.0001 time bin for latent trajectory generation, s
Hyperparametrs for model selection based on feature consistency
Digresh 0.01, 0.02 KL threshold for feature consistency
R 1—20 feature complexity radius

Table 1. Simulation parameters

1.7 Good fit, overfitting and underfitting for different dynamics and
data amount

We performed multiple simulations to test how the probabilities of a good fit, overfitting and
underfitting depend on the data amount, the complexity of the ground-truth dynamics, and noise
magnitude D. Among models produced by the gradient descent, the best fitting model is the
model most similar to the ground truth. However, a model selection procedure is not guaranteed
to identify the best fitting model. We define a good fit as an outcome when the selected model
is close to the best fitting model. Underfitting or overfitting occur when the selected model
contains, respectively, fewer or more features than a good fitting model. For practical purposes,
we developed an algorithmic procedure to distinguish a good fit, underfitting and overfitting.
Specifically, we compute symmetrized Kullback-Leibler (KL) divergence Dgy, between the ground-
truth model and all models ®,, produced by the GD on iterations n = 1,2. .. nyax (see Eq. (16) in
the main text). The Dk (n) curve is typically U-shaped and exhibits a minimum at the iteration
Nmin Where the model is closest to the ground truth, i.e. the best fitting model (Supplementary
Fig. 4). A model selection procedure selects a model at iteration n*. The selected model is defined
a good fit if Dyp,(n*) is within a distance Dk, = 0.02 from the minimum Dy, (nmin). If Dk (n*)



is outside this range, the selected model is defined underfitted or overfitted when n* is an earlier
or later iteration than n;,, respectively:

accurate fit, if |Dgp(n*) — DkL(Mmin)| <
overfitting,  if |Dkp(n*) — Dxr(Nmin)| =
underfitting, if |Dkp(n*) — Dxp(Nmm)| =

KL n* > Nmin; (43)

b\ bl bl

KL n* < Nmin-

Examples of a good fit, underfitting and overfitting are shown in Supplementary Fig. 4.

We used the same sets of synthetic data to compare two model selection procedures: (i) select-
ing models with the best generalization at the minimum of the validated negative log-likelihood,
and (ii) our model selection procedure based on feature consistency (see Methods in the main
text). We used 27 simulation settings, which correspond to all combinations of three levels of the
ground-truth model complexity (single, double and triple well potentials), three data amounts
(with roughly 2,000, 20,000 and 200,000 spikes), and three levels of noise (low, intermediate and
high). For each setting, we performed 10 simulations with 10 independent data samples generated
from the same ground-truth model. Each data sample was split in two halves, which were used
as training and validation sets for the generalization-based model selection. The same data split
was used by our feature-consistency method comparing models discovered on two halves of the
data. In each of the 270 independent simulations (27 settings x 10 realizations), we performed
optimization and model selection and classified the outcomes according to Eq. (43).

The summary of results is presented in Table 2 for generalization-based model selection and in
Table 3 for our feature-consistency method. For large data amounts (200,000 spikes), both model
selection methods produce good fitting models with high probability. However, the two model
selection methods behave differently for moderate (20,000 spikes) and small (2,000 spikes) data
amounts, that are realistic for neurophysiological experiments. For moderate data amounts, our
feature-consistency method reliably produces good fits of simpler dynamics (single and double
well) and tends to underfit more complex dynamics (triple well). For small data amounts, under-
fitting becomes more frequent even for simpler dynamics. This behaviour is consistent with the
Occam’s principle: with insufficient data a model selection procedure is expected to underfit, i.e.
favour simpler explanations of the data. In contrast, the generalization-based model selection ap-
parently violates the Occam’s principle and can still overfit for moderate and small data amounts.
Moreover, the probabilities of a good fit and overfitting do not depend on the complexity of the
ground-truth dynamics (cf. double to triple well for 20,000 spikes in Table 2), the data amount
(cf. 2,000 to 20,000 spikes for double well in Table 2), or noise magnitude, which indicates that
these outcomes arise largely by chance. This counter-intuitive behaviour of the generalization-
based model selection is due to the fact that the bias-variance trade-off does not always hold in
the regime where overfitted models generalize well. Therefore, generalization-based model selec-
tion can overfit for low data amounts and does not conform to the expected dependence on the
ground-truth complexity and data amount.

We used a relatively conservative value DEE = 0.01, so that the feature-consistency method
rarely overfits (only 1 outcome is overfitted, while 80 outcomes are underfitted out of 270 simu-
lations in Table 3). Increasing DSl would reduce the number of underfittings and increase the
number of good fits (Extended Data Fig. 5¢,d) but also increase the number of overfittings for
simple ground-truth dynamics in Table 3. We recommend using more conservative values of DL
to produce a behaviour consistent with the Occam’s principle.
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Ground-truth model \ Number of spikes in the data

Low noise

2,000 20, 000 200, 000
Single well 2/5/3 8/2/0 9/1/0
Double well 6/4/0 6/4/0 9/1/0
Triple well 4/6/0 9/1/0 9/1/0

Intermediate noise

2,000 20, 000 200, 000
Single well 5/3/2 6/4/0 10/0/0
Double well 7/3/0 7/3/0 10/0/0
Triple well 1/3/6 7/2/1 10/0/0

High noise

2,000 20, 000 200, 000
Single well 3/5/2 7/2/0 10/0/0
Double well 7/3/0 7/3/0 9/1/0
Triple well 2/5/3 3/3/4 6/1/3

Table 2. Summary of outcomes for generalization-based model selection. For each of
the 27 simulation settings (3 levels of the ground-truth model complexity x 3 data amounts x 3
levels of noise D), the numbers show the counts of good fits / overfitting / underfitting out of 10
simulations on independent data samples. For example, 2/5/3 in the first cell means 2 good fits, 5
overfitting and 3 underfitting outcomes out of 10 simulations. Simulations for the cells highlighted
in grey are shown in Extended Data Figs. 3 and 4.

Ground-truth model ‘ Number of spikes in the data
Low noise
2,000 20,000 200, 000
Single well 6/0/4 10/0/0 10/0/0
Double well 0/0/10 9/0/1 10/0/0
Triple well 0/0/10 6/0/4 10/0/0
Intermediate noise
2,000 20,000 200, 000
Single well 5/1/4 9/0/1 10/0/0
Double well 4/0/6 10/0/0 10/0/0
Triple well 1/0/9 4/0/6 10/0/0
High noise
2,000 20,000 200, 000
Single well 5/0/5 10/0/0 10/0/0
Double well 6/0/4 10/0/0 10/0/0
Triple well 2/0/8 2/0/8 10/0/0

Table 3. Summary of outcomes for model selection based on feature consistency.
Same format as in Table 2.
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2 Materials and methods: Additional details

2.1 Eigenvector-eigenvalue expansion of the Fokker-Planck operator
Consider Eq. (5) and let # = Ho + Hy, where:

. 0 02 .
Ho = (D%F(x) — D@) , Hi= f(z). (44)

Here H, is the original Fokker-Planck operator that propagates probability density p(z,t) accord-
ing to the Langevin dynamics, and the additional contribution H; accounts for the fact that no
spikes were observed during a time period between any two adjacent spikes.
Operator Hg can be written in terms of potential:
0 0

7:1«0 == —a—xDeié(w)a—xeq)(x). (45)

To take advantage of Hermitian operators, we multiply Eq. (5) by exp(®(x)/2):

ecp(x)m@ = — 2@~ 2@)/2 2(2)/2), (46)
ot N —
p

H

Here we introduced a new Hermitian operator H = exp(®(z)/2)H exp(—®(z)/2). This operator

acts on p(x,t) = p(x,t)/peq(z), where pey(z) = exp(—P(2)/2) = \/Peq(). Similar to the original
operator, we decompose H = Ho + Hj, where

Ho = ?@2F e @2 Fp = A, (47)
Following Ref. [21], we first solve the eigenvalue-eigenvector problem for the operator Ho:

0 . o 0 o
H()‘Ifo(l') = —eé("’:)/Z%De ®( )%eq’( )/2\110(1') = )\0@0(1’) (48)
Multiplying both sides by exp(—®(z)/2) from the left and letting ¢o(z) = Vo(z) exp(P(z)/2) =

Uo(x)//Peq(x), we obtain:
0

_ 9 pe-ew 9.
Ox De Ox
This problem is discretized in the spectral elements basis (see Supplementary Note 2.2). Since
Eq. (49) is of the second order, one has to impose two boundary conditions. Assuming reflect-
ing boundaries for the original probability distribution p(x,t) (zero probability flux), it can be
shown [55] that our problem satisfies backward Fokker-Planck equation and obeys Neumann (zero-
derivative) boundary conditions. Eigenvalues Ag and eigenvectors ¢ ;(x) of the discretized prob-
lem are obtained with Python solver scipy.linalg.eigh. This basis is truncated to the first 64 basis
functions. After that the eigenvectors of Ho are obtained by scaling back Wo(z) = ¢o(2)peq(T).
Next the eigenvalue problem for the full operator H is solved in the W, basis. The matrix form
of this problem is K U = /\\il, where:

Kij = (Wo|Ho + Hi| Vo ) = Xoibij + (Yol f(z)|[Yo,) = Aoid + QoTWf(ﬂﬁ)Qo- (50)

Po(x) = Aopeq (7)o (). (49)

Eigenvectors of the operator H in the original spectral elements basis are then obtained by the
rules of basis transformation: Q = Q,Q, where Q, and Q are the eigenvector matrices of H,g
and K, respectively.
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2.2 Spectral elements method

As in Ref. [21], we use the Spectral Elements Method (SEM) for discretization of the eigenvalue
problem Eq. (49). This method is numerically efficient due to sparse discretization and has
exponential precision as other spectral methods. SEM is briefly outlined here, while the details
can be found in Ref. [56].

Consider the following Sturm-Liouville problem for the function u(x):

—% (p(x)dlzl(;)> + q(x)u(z) = Mw(x)u(x), a<z<b,
Aju(a) + Agu/(a) =0, Byu(b) + Bau/(b) = 0.

(51)

Using the weak formulation, we multiply both sides of Eq. (51) by a test function Z;(x) and
integrate:

/ab (—% (p(sc)dz(;))> Zi(z)dr + /abQ(@u(x)Ei(x)dx — /ab M (z)u(z)E (z)dz. (52)

The first term can be integrated by parts:

du(z)_, 1" [°,  du(z)dZ(z) b _ e _
{—p(m) o ui(x)LjL/a p(x) P dx+/a q(a:)u(x)ui(x)dx—/a Aw(z)u(z)Z;(z)d.
(53)
Next, we assume a finite number of collocation points x;, i = 1,2, ..., N and use (yet unspecified)

basis that consists of N basis functions ¥;(z). Expanding ) Wlth this basis, we get:

u(x
— Z u; U, () Z (54)

By using the basis function instead of test functions and substituting the above expansions into
Eq. (53), we get:

[—p( )d“ x] +Z/ d‘I’ dx+2/ V0 () dr =

(55)
= Z/ Aw(z)u; V()W (x)d.
j a
Using our collocation points and replacing integrals with sums (and weights py), we obtain:
du(x) b AW (24) d\If ()
{—P(w) I ‘Ifi(fﬂ)} ) + ; g prp(Te)u;— Z Z Prq ()W (p) Wy (1) =
= )\ZZpkw ) u W :Uk)\If,(:Uk)
ik
(56)

At this point we need to specify the basis functions and collocation points. We use Gauss-
Legendre-Lobatto (GLL) grid and Lagrange interpolation polynomials as basis functions [56]. The
GLL grid specifies the collocation points x; and integration weights py:

=—1, xy =1, and all zeros of Ly (),
2 1 (57)
Pk = 2"

N(N —1) [Ln-1(zr)]

T - T
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Lagrange interpolation polynomials are defined as:

T — T

= J] S (58)
1<m<N "7 m
m#j

They have a useful property W;(z;) = d;;, hence the expansion coefficients in Eq. (54) are trivial:
w; = u(z;). By introducing a differentiation matrix D;; = dV,(z;)/dx, Eq. (56) can be written as:

du(z b
o) w)| + 3 (Z ,okpm)ijDm) u(ey) + Y (e ule)) =
“ k J (59)
=\ (piw(w:)diy) ul)).
J
This equation can be written in the matrix-vector form:
d b
[—p(x) Z(x)xpi(x)} + Hit = \Mi. (60)
T a
Here the stiffness H and mass M matrices are defined as:
Hij = Z (Dipep(xx) Dij) + pig(:)dij, M;; = piw(x;)di;. (61)
k
For the chosen grid and basis functions, the differentiation matrix is known [56]:
nomms 7
4V (z; _ N(N-1) L
Dy; = Cﬂi(‘”) = i=i=1 (62)
T — 1=7=N,
0, otherwise.

By comparing Eq. (51) with our problem Eq. (49), we see that in Sturm-Liouville notations:
p(x) = De™®@ = Dp,(2), q(z) =0, W(T) = Peq(). (63)

Our goal is to discretize Eq. (60) with Neumann boundary conditions. These conditions imply
that the boundary term in Eq. (60) is zero. To solve Eq. (60), we split the z-domain into N,
equal elements, each of which contains N, points, including the boundary points, such that each
of the adjacent elements have only one point in common. Next, a single element is mapped into
an interval [—1;1] using affine mapping. After that the local stiffness and mass matrices are
calculated on a single element using Eq. (61). To construct the global H and M for the entire
xz-domain, we map the local matrices back to the z-domain and patch the pieces together (see
Ref. [56] for details). The resulting matrices have block-diagonal structure, where the width of
the block is equal to the number of collocation points on a single element, N,. After that, the
discretized eigenvector-eigenvalue problem was solved with Python solver scipy.linalg.eigh. All
parameter values are provided in Table 1.

2.3 Antiderivatives using Lagrange polynomials

In this work we use the Lagrange-polynomial basis, f(z) = >, f(z;)V;(x), where ¥;(x) is given by
Eq. (58). To calculate the antiderivative of any function F(z) = [*, f(z)dz, we use our Lagrange

14



expansion of f(x) and integrate each of the Lagrange polynomials analytically. The integration
matrix is thus: .
Blk; Z/ \I’k(fbl)dl‘/

-1

With this notation, the antiderivative is calculated with a matrix-vector multiplication:

Fla) = [ flade' =3 fa) | Wy («')ds’ = (BF),.

k=1 -

The integration matrix can be calculated from the definition of Lagrange polynomials Eq. (58):

Blk—Dk/ 1_[$—:1:Z Z, Dk:H(Ik—l'i).

=1 g ik

Expanding the parentheses under the integral, we obtain a polynomial of degree (N — 1), so that
the result will be a polynomial of degree N. The coefficients near each of z* will be the sum of
all possible k-wise products. After some algebra the final result is given by:

1 N (_1)mod(N7n,2)

Blk = D_k anl‘? + COk7 an = n COIII(N — 1, {X \ Xk})‘ (64>
n=1

Here mod is the reminder after division, {X \ 23} is a set of all the grid points except for zj, and
Com(n, {X \ xx}) denotes the sum of all possible n-wise products of a given set, for example:

Com(0, {x1, T2, x3,24}) =

Com(1, {x1, xo, 23, 24}) = 1 + 22 + 3 + 24

Com(2, {x1, T2, T3, X4}) = T1T2 + 123 + 104 + o3 + ToTy + T34 (65)
Com(3, {x1, T2, T3, T4}) = 12223 + L1222y + T123T4 + ToX3Ty

Com(4, {x1, To, T3, x4 }) = T1T22314.

Finally, Co is an arbitrary integration constant. We set F'(—1) = 0, which can be implemented
by setting the first row of integration matrix to zero.

To adapt this method for finite element grid, we calculated the integration matrix on a single
element, scaled it back on a full domain and patched the global integration matrix by stacking the
local ones on the main diagonal. To account for an additive property of integration (accumulation
of the integration results when moving from the left to the right), we added a bias vector w. This
vector accumulates the result of integration from the previous elements (that are located to the
left of the current element). The final result is:

F = Bf,

={0,0,...,0, Fx 1, En 1, .. Fn 1, Fno—1 4 Eyno—1)s ooy Eno—1 4 Fo(n 1), ...

u={0,0,.., » E'v, -1 Nirla Np—1; I'N, 1+ 'y, 1),V7 N,—1 T+ L'a(nN, 1) 1, (66)
Np Np—1 Ny—1

F=Bf+u.

Alternatively, the bias can be absorbed into the differentiation matrix, which would make the
differentiation matrix lower triangular instead of sparse.
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3 Supplementary figures
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Supplementary Fig. 1. Simultaneous inference of potential ®(x) and noise magnitude
D. (a) Negative log-likelihood monotonically decreases during gradient-descent optimization. (b)
Fitted potentials @, (z) at selected iterations of the gradient-descent (colours correspond to dots in
a) and the ground-truth potential (grey) from which the data was generated. (c) Noise magnitude

D over iterations of the gradient-descent. The ground-truth value of D is shown with a dashed
grey line. Coloured dots mark the same iterations as in a.
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Supplementary Fig. 2. Overfitting is universally observed for unregularized opti-
mization with different dynamics, data amount and hyperparameters. Negative log-
likelihood —log .Z over iterations of the gradient descent (left), and fitted potentials on selected
iterations (right, colours correspond to the dots on the negative log-likelihood plot). The rows
show simulations with different ground-truth dynamics, size of the data sample and initial con-
dition for optimization ®y(x). (a) Single-well potential, 1,000 spikes, and ®y(z) = const. (b)
Single-well potential, 10,000 spikes, and ®g(x) = const. (c) Single-well potential, 100,000 spikes,

and @y(z) = const. (d) Double-well potential, 1,000 spikes, and ®y(x) = — log (cos?(mz/2)).
(e) Triple-well potential, 1,000 spikes, and ®y(x) = const. (f) Triple-well potential, 10,000
spikes, and ®y(z) = —log (cos?(rz/2)). (g) Triple-well potential, 100,000 spikes, and ®¢(x) =
—log (cos?(mxz/2)).
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Supplementary Fig. 3. Statistics of spikes in overfitted models. Statistics of spikes are
computed for the simulation in Fig. 3b in the main text. Synthetic spike data was generated from
the fitted potentials on four selected iterations (1, 50, 4475 and 31518). Interspike interval (ISI)
distributions and autocorrelation functions were computed for these data. (a) ISIs distributions.
(b) Autocorrelation functions (inset: zoom on vertical axis). The spike statistics are very similar
for the fitted potentials obtained on iterations 50, 4475 and 31518, despite these potentials exhibit
different features (see Fig. 3b).
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Supplementary Fig. 4. Classification of model selection outcomes. KL divergence (upper
panels) between the ground-truth model and models ®,,(x) produced over iterations of the gradient
descent. Three example simulations are shown illustrating a good fit (a), overfitting (b), and
underfitting (c) as reported in Tables 2 and 3. The KIL-divergence curves are U-shaped, where
the minimum corresponds to the best fitting model (most similar to the ground truth). Along each
curve, the iterations corresponding to underfitting (red), good fit (blue), and overfitting (green)
are separated by the threshold Dgj, (dashed grey line), see Eq. (43). Iterations corresponding
to the minimum of the validated negative log-likelihood (as in Table 2) are marked with black
dots. Potentials selected at these iterations (lower panels, coloured lines) are shown along with
the ground-truth potentials (grey). Underfitted models miss some of the true model features.
Overfitted models exhibit spurious features. According to the classical bias-variance trade-off,
overfitted models are expected to generalize poorly. However, our results and other recent work
[20] show that overfitted high-capacity models can generalize well.
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Supplementary Fig. 5. Spike trains generated from models with a double-well and
single-well potentials appear similar. (a) Single-well potential. (b) Double-well potential.
The potentials are chosen so that the second order spike-statistics are similar between the double-
well and the single-well potential in a. (c) Five independent realizations of the latent trajectories
generated from a single-well potential in a. (d) Five independent realizations of the latent trajec-
tories generated from a double-well potential in b. (e) Five spike trains generated from the latent
trajectories in c. (f) Five spike trains generated from the latent trajectories in d.
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