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FIG. 1. Two charts, (U, φ) and (V, ψ), of an n-dimensional manifold, M, embedded in Rm, and a

transition map, ψ ◦ φ−1.

I. A PRIMER ON MANIFOLDS

The word “manifold” evokes an image of a curved surface embedded in a higher-

dimensional Euclidean space; this is the relevant scenario for us, in which case our manifolds

are, strictly speaking, submanifolds of Rm. A manifoldM is a set that is locally Euclidean,

meaning that every point on the manifold has an open neighbourhood that can be mapped

back and forth from and to a Euclidean space Rn; the map and its inverse are continuous

(i.e., the map is a homeomorphism), and n ≤ m is called the dimension of the manifold,

which we called the intrinsic dimensionality earlier. Informally, one may think of breaking a

manifold into overlapping patches such that each patch can be flattened. This representation

is sketched in figure 1, and is formalized by the concept of charts.

A chart is a pair (U, φ), where the coordinate domain U is an open subset of the manifold,

and the coordinate map φ is a homeomorphism mapping U to φ(U) ⊆ Rn. A point p ∈ U is

mapped to φ(p), called the local coordinates on U . In general, multiple charts are needed to

cover the manifold, and each point on the manifold must belong to the coordinate domain

of at least one chart. An atlas is a collection of charts whose coordinate domains cover the

manifold, and forms a working representation of a manifold.

To switch between local coordinates, we use transition maps. Given two charts, (U, φ)

and (V, ψ), whose coordinate domains intersect, the transition map from φ to ψ is given by

ψ ◦ φ−1 : φ(U ∩ V )→ ψ(U ∩ V ); it is also a homeomorphism. We refer the interested reader

to [16] for more details.
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A simple circle in the plane elucidates why charts are useful. A circle is a one-dimensional

manifold, so we should be able to continuously map back and forth between the (x, y)

coordinates on a circle and R. That is, we should be able to find a one-dimensional latent

representation of the circle. But this can only be done locally, not globally, since the circle

closes on itself. Any attempt to produce a global one-dimensional latent representation of the

circle will result in a discontinuity or a map that is not one-to-one. Instead, we must break

the circle into at least two overlapping arcs, each of which can be mapped homeomorphically

to R. That is, we must use at least two charts.

Popular manifold learning methods, however, attempt to produce a global latent repre-

sentation. Thus, they will be unable to reduce even the humble circle to one dimension and

reconstruct the circle from the one-dimensional representation, as we demonstrate in Sec-

tion II. This problem is due to the geometry of the circle; it is independent of the amount of

training data, method, hyperparameters, etc., and is emblematic of the limitations of global

manifold learning methods.

It is worth pointing out that methods that attempt to produce a global coordinate sys-

tem, which we may think of as single-chart methods, are still able to achieve some degree

of dimension reduction without loss of information, though generally not down to the in-

trinsic dimension. The strong Whitney embedding theorem states that any smooth real

n-dimensional manifold can be smoothly embedded in R2n [16, 31]. This means that a

single-chart method can theoretically reduce the dimension to 2n in the worst case, com-

pared to n for a multi-chart method. For example, a single-chart autoencoder would be

able to reduce a circle in three-dimensional (x, y, z) space to two dimensions, but not to its

intrinsic dimension of one.

We note that a limited set of work on manifold learning has recognized the concepts of

charts and atlases [2, 22, 26]. Brand [2] was the first to explicitly mention charts, but uses

them to form a global parameterization of a manifold, leading to the limitations of global

manifold learning methods. More recent methods follow the formalism of charts and atlases

more closely [22, 26], but would falter in the context of dynamics: Pitelis et al. [22] use

linear approximations for the coordinate maps, which would lead to discontinuities when

transitioning between charts; similarly, the method of Schonsheck et al. [26] may work, but

it has not been designed or used for dynamics.
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FIG. 2. One-dimensional latent representations of points on a circle produced by several manifold

learning methods.

II. LIMITATIONS OF GLOBAL MANIFOLD LEARNING METHODS

As discussed in Section I, global manifold learning methods can produce discontinuities

or coordinate maps that are not one-to-one. Here we demonstrate this effect for a suite of

manifold learning methods: kernel principal component analysis (PCA) [25], Isomap [27],

Laplacian eigenmaps [1], Hessian eigenmaps [7], locally linear embedding [23], and t-SNE

[28]. We use the methods as implemented in the Scikit-learn library [21].

In figure 2, we show the one-dimensional latent representations of 20 evenly spaced points

on the unit circle produced by applying the above manifold learning methods to the two-

dimensional Cartesian coordinates of the points. In every case, points of dissimilar colours

are mixed together. As discussed in the main text, this happens because the coordinate

maps are not one-to-one, mapping different parts of the circle to the same point in the

latent spaces. Intuitively, these manifold learning methods reduce the dimension of the data

from two to one by essentially collapsing the circle to a dimension of one. Since the circle is

a closed object, it collapses onto itself, leading to the observed effect.

Note that the effect shown in figure 2 is purely due to the geometry of the circle, inde-

pendent of the values of the hyperparameters of each method (which we verified). We have

chosen values for the hyperparameters that produce visually clear results. For kernel PCA,

we used a radial basis function kernel with γ = 10. For Isomap, we used two neighbours. For

locally linear embedding, we used two neighbours. For Laplacian eigenmaps, we used four

neighbours. For Hessian eigenmaps, we used five neighbours. For t-SNE, we set perplexity

equal to five. All other parameters were set to their default values. For meanings of these
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parameters, we refer the reader to the documentation of the Scikit-learn library.

III. PSEUDOCODE

This section contains pseudocode describing how to learn an atlas of charts and the

corresponding dynamics from data (Algorithm 1), and how to evolve an initial condition

forward in time using the learned atlas and dynamics (Algorithm 2). The notation is the

same as in the main text.

Algorithm 1 Train an atlas of charts and corresponding dynamics

1: Inputs: data {(xi, x′i)}Ni=1, number of charts k, encoding dimension n, number of nearest

neighbours K, cluster expansion amount p

2: Create K-nearest neighbours graph for data {(xi, x′i)}Ni=1

3: Create k-means clustering of data {(xi, x′i)}Ni=1. Denote cluster centroids by {xα}kα=1.

4: Expand each cluster p nodes along the K-nearest neighbours graph. Now some of the data

belong to multiple clusters. . Overlapping clusters implicitly define coordinate domains

5: for α = 1, . . . , k do

6: Train autoencoder with bottleneck dimension n on data {(xi, x′i)}Ni=1 that belong to clus-

ter α. Denote the encoder by φ̂α and the decoder by φ̂−1α . . Yields the coordinate map and

its approximate inverse for chart α

7: Train neural network to map from {φ̂α(xi)∀ i ∈ Iα} to {φ̂α(x′i) ∀ i ∈ Iα}, where

Iα = {i ∈ 1, . . . , N |xi, x′i ∈ cluster α}. Denote this map by Ĝα. . Ĝα gives the dynamics in

chart α’s local coordinates

8: end for
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Algorithm 2 Evolve an initial condition forward in time
1: Inputs: initial condition x0, number of steps T to evolve forward in time

2: α∗ = arg minα‖x0 − xα‖ . x0 belongs to cluster α∗

3: y = φ̂α∗(x0) . Map x0 into chart α’s local coordinates

4: for j = 1, . . . , T do

5: y ← Ĝα∗(y) . Map forward one step in time

6: i∗ = arg mini∈Iα∗‖y − φ̂α∗(xi)‖ . Find nearest training point in chart α∗

7: if xi∗ is an interior point of cluster β 6= α∗ then

8: y ← φ̂β(φ̂−1α∗ (y)) . Transition from chart α∗ to chart β

9: α∗ ← β

10: end if

11: end for

IV. ADDITIONAL DETAILS OF THE METHOD

A. Smooth transitions

For the learned dynamics to be accurate, we require smooth chart transitions. Let x be

a point in the intersection of the coordinate domains of charts α and β 6= α. Let φα and φβ

denote the coordinate maps that we learn, and let φinvα and φinvβ denote their approximate

inverses that we learn. In order for our model to have smooth dynamics across transitions

between charts, we need φinvα (φα(x)) and φinvβ (φβ(x)) to be (nearly) equal for all such x.

These are simply the reconstructions of x by the two charts from x’s local coordinates. If

they differ significantly, then there will be a discontinuity in the dynamics across transitions.

Mathematically, we want to minimize

‖φinvα (φα(x))− φinvβ (φβ(x))‖ = ‖[φinvα (φα(x))− x]− [φinvβ (φβ(x))− x]‖. (1)

The first term in brackets is chart α’s reconstruction error, and the second term is chart β’s

reconstruction error. By the triangle inequality,

‖[φinvα (φα(x))− x]− [φinvβ (φβ(x))− x]‖ ≤ ‖φinvα (φα(x))− x‖+ ‖φinvβ (φβ(x))− x‖. (2)

The difference between the two charts’ reconstructions of x is upper-bounded by the sum

of each chart’s reconstruction error. We can indirectly minimize the difference in the re-
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constructions by minimizing each chart’s reconstruction error. This argument generalizes to

multiple points and more than two charts.

By using the triangle inequality, we have decoupled the two charts. We can indirectly min-

imize the difference in the reconstructions while training our autoencoders separately simply

by weighting training data that belong to multiple charts more heavily in each autoencoder’s

reconstruction loss function. Decoupling the charts allows for trivial parallelization of the

training process.

For the results shown in this work, we have not weighted data that belong to multiple

charts’ coordinate domains more heavily in the autoencoder reconstruction losses. We ex-

perimented with doing so, but did not see appreciable effects until the weights were so large

that the autoencoders’ reconstructions of data belonging to only a single coordinate domain

were poor. Nevertheless, this may be an important consideration in future work.

B. Time complexity

The time complexity to map a state forward one time step or to transition from one set of

local coordinates to another is the time complexity of a forward pass of the associated neural

network(s). This depends on the architectures of the neural networks, but a forward pass of

a neural network is typically fast and would be necessary for a traditional single-chart model

as well. The major expense comes from searching for a nearest neighbour. Using a k-d tree,

the time complexity of a nearest neighbour search is O(log2(N)) for a constant dimension

of the search space [8]. However, the performance degrades rapidly with the dimension of

the search space due to the curse of dimensionality, approaching the O(dN) time complexity

of brute search in a d-dimensional space once d & 10 [30]. Fortunately, we only perform a

single nearest neighbour search in the high-dimensional ambient space (when assigning the

initial condition to a chart), and all subsequent nearest neighbour searches are performed in

the local coordinates of the charts. Moreover, if using k-means to construct the coordinate

domains, we need only search over the cluster centroids when assigning the initial condition

to a chart, drastically reducing the cost. More efficient data structures, such as the ball tree,

can be used if the dimensionality is still high [18, 20].
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C. Robustness to noise

The method is robust to moderate levels of noise due to the dimensionality reduction

step, which filters noise [2]. Robustness to noise has been observed in other work on learn-

ing low-dimensional dynamical models directly from data [5, 29]. Even linear dimension

reduction is widely used to filter noise [10]. One may wonder about the effects of noise on

the overlap regions between charts. Even with noise, the representations are all smooth,

so we can smoothly transition between charts. Since the dimension reduction step yields

smooth representations, the downstream task of learning dynamics in the low-dimensional

space is stable.

As the level of noise increases, accuracy decreases [5]. However, predictions of the state

of a system will still be stable because our model enforces the structure of a manifold.

That is, even though predictions may be inaccurate with high noise, they will still live on a

low-dimensional manifold because we impose such structure.

V. COMPARISON TO SINGLE-CHART METHODS

As demonstrated in the main text and previous section, global—that is, single-chart—

methods are unable to produce accurate models of intrinsic dimensionality. A contempora-

neous work has proposed a method to learn dynamical models of intrinsic dimensionality [5];

it is a one-chart method. That work and ours both use the reaction-diffusion system as an

example, so we compare the results of the two methods here. We thank the authors of [5]

for making their code and data available online1.

Using their code and data2, we learned a two-dimensional model for the reaction-diffusion

system (as done in the original work), as well as a one-dimensional model, only changing the

dimension of the latent space. Note that the data consist of 128 × 128 image frames from

a movie. We found that the two-dimensional model produced trajectories nearly indistin-

guishable from the ground truth test data, but the one-dimensional model was inaccurate,

producing sharp jumps. We then used our multi-chart method—using the same architecture,

training procedure, and training data as in [5], with three charts—to learn a one-dimensional

model, and found it to produce trajectories nearly indistinguishable from the ground truth.

1 https://github.com/BoyuanChen/neural-state-variables
2 We used the second half of their data, by which time the system settles on a limit cycle.
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The mean squared errors of the trajectories produced by the three models are shown in

figure 3A. Supplementary Movie M1 compares all three models to the ground truth.

Pixel-wise errors better represent the difficulties that a one-chart one-dimensional model

encounters. In figure 3B, we show the intensity of the green channel (normalized to be

between zero and one) of one of the pixels during the first 100 time steps of a trajectory.

The single-chart one-dimensional model is inaccurate, producing wild jumps, whereas our

multi-chart one-dimensional model is accurate. Four consecutive frames produced by the

ground truth dynamics and the single-chart one-dimensional model, occurring near the first

sharp jump in figure 3B, are shown in figures 3C and D, respectively. For ease of comparison,

we also show skeletal images below each frame, produced by only colouring pixels of a

certain intensity. Pixels have been coloured red in regions that differ significantly from

the ground truth results. The single-chart two-dimensional model and multi-chart one-

dimensional model produce results that are nearly indistinguishable from the ground truth.

The work of [4] also uses the same example, producing a two-dimensional model. Their

method is also a single-chart method. Clearly, multiple charts are generally needed to

produce accurate dynamical models of intrinsic dimensionality. We believe our framework

can be fruitfully combined with the works of [4] and [5] to produce even more accurate and

interpretable models that are truly of intrinsic dimensionality.

VI. ADDITIONAL EXAMPLES

Here, we demonstrate the method on additional examples not included in the main text.

A. Periodic dynamics on a torus

Consider a particle moving along the surface of a torus. The particle travels at constant

speeds in the poloidal and toroidal directions, three times as fast in the poloidal direction

as in the toroidal direction, generating a periodic orbit. The data live on a one-dimensional

submanifold of R3, shown in figure 4A.

We place the data into three clusters and follow our procedure to create an atlas of

three charts and a local low-dimensional dynamical model for each chart (figure 4A–C).

The resulting global dynamical model is excellent. In figure 4D, we show that the learned
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FIG. 3. Comparison between ground truth and various models for a reaction-diffusion system.

(A) Mean squared error as a function of time. (B) Intensity of the green channel of pixel (55, 116).

Only the multi-chart method proposed in the present work produces an accurate one-dimensional

model. (C) Four consecutive snapshots from the ground-truth trajectory around 25 time steps

from the initial condition. (D) Corresponding snapshots from a one-chart one-dimensional model

using the method described in [5]. The skeletal pictures highlight features of the trajectory and

are coloured red when differing significantly from the ground truth.

dynamics (coloured markers) match the true dynamics (grey curves) closely. Note especially

the seamless transitions between charts.
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FIG. 4. (A) Data from a periodic orbit on the surface of a torus. (B) The learned coordinate

domains. (C) The learned latent spaces/local coordinates. (D) Comparison between the learned

dynamics and true dynamics. The first (top) and tenth (bottom) cycles of motion are well predicted.

B. Kuramoto-Sivashinsky beating dynamics

Our next example comes from the Kuramoto-Sivashinsky (K-S) partial differential equa-

tion,

ut + uux + uxx + νuxxxx = 0, (3)

for 0 ≤ x ≤ 2π, with periodic boundary conditions. We set ν = 16
337

[24] and compute a

numerical solution on a grid of 64 points. After transients have died out, we obtain a beating

standing wave. The data live on a one-dimensional submanifold of R64, shown in figure 5A.

We place the data into three clusters and follow our procedure to create an atlas of three

charts and a local low-dimensional dynamical model for each chart (figure 5A–C). Figure 5B

shows the reconstruction of the data from their local coordinates, demonstrating excellent

reconstruction.

In figure 5D, we show a trajectory that results from evolving an initial condition forward

in time under our learned dynamical model. The transitions between charts are seamless

and the trajectory is indistinguishable from the data. This example demonstrates that our

method works in higher dimensions, producing a minimal one-dimensional dynamical model

for nominally 64-dimensional data.
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FIG. 5. (A) Space-time plot of data. The coloured bars show which learned coordinate domain the

state is in at each instant in time. (B) Reconstruction of data from the learned latent spaces/local

coordinates. (C) The learned latent spaces/local coordinates. (D) The learned dynamics.

C. Kuramoto-Sivashinsky beating travelling dynamics

Our next example also comes from the K-S equation, this time with ν = 4
87

[24]. After

transients have died out, we obtain a beating travelling wave. The travelling period and

beating period are incommensurable, making the orbit quasiperiodic. Note the separation

in timescales: the two periods differ by a factor of nearly 200. This quasiperiodic orbit lives

on a two-dimensional submanifold (a 2-torus) of R64, shown in figure 6A.

We separate the data into shape (figure 6B) and phase (figure 6C) variables (the shape

variable’s first Fourier mode’s phase is zero) [3, 17]. Because of the translational equivariance

of (3), the dynamics only depend on the shape variable, which lives on a one-dimensional

submanifold of R64.

Our training data are shown in figure 7A. The data span a bit more than two beating

periods, just over 1% of the travelling period. We place the data into three clusters and

follow our procedure to create an atlas of three charts and a local low-dimensional dynamical

model for each chart (figure 7A–C). Additionally, for each chart we train a neural network

that takes the shape variable (in local coordinates) as input and predicts the change in phase

over one time step, giving the phase dynamics [17].

In figure 7D, we show a trajectory that results from evolving an initial condition forward
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FIG. 7. Analogous to figure 5, but for a beating travelling wave. In D, we show the predicted

dynamics starting from the same initial condition as in figure 6A.

in time under our learned dynamical model. Comparing figure 7D to figure 6A, our learned

model again produces good results with seamless transitions between charts. The beating

period of our model is 0.456 ± 0.001 time units, identical to the data, and the travelling

period of our model is 94.88± 0.10 time units, compared to 90.46± 0.10 time units for the

data. The discrepancy improves with increased training time of the neural networks.

It is worth re-iterating that the two periods of the quasiperiodic data differ by a factor

of almost 200. Despite the large separation in timescales, our method produced a good
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dynamical model. Moreover, we were able to take advantage of a symmetry present in

the system to learn from data that spans a small fraction of one of the timescales while

nevertheless capturing that timescale in the final dynamical model.

VII. DETAILS OF DATASETS AND MODELS

Here we provide details about the training datasets, neural network architectures, training

procedures, and hyperparameters used for each of the examples. Neural networks were built

and trained using Keras [6]. Unless otherwise indicated, all neural network layers are fully-

connected, the mean squared error is used as the loss function, the default Adam optimizer

is used for training [15], the default Glorot uniform initializer is used for weight initialization

[12], and the batch size is the full number of training data points in the corresponding chart.

We did not attempt to optimize architectures nor hyperparameters, simply using ones

that produced accurate results. To choose the dimension of the latent space, we either knew

what the true dimension of the submanifold was (in which case we used that dimension),

or we based our decision on reconstruction errors (i.e., figure 6E in the main text suggests

that the latent dimension of the bursting data is 3 since the reconstruction error reaches a

plateau there [17]; note that the latent dimension cannot be 2 since such a low dimension

is not capable of producing the dynamics we observe). To choose the number of charts, we

often knew the minimum number needed, and chose nearly that many. For the bursting

example, we chose to use 6 charts based on an exploratory data analysis, where we saw that

the state space structure of the data consists of two saddles connected by four heteroclinic

orbits.

A. Examples from main text

1. Periodic dynamics on a circle

The training data are the Cartesian (x, y) coordinates of a particle as it moves counter-

clockwise around the unit circle at a constant speed. There are 40 data points in total,

uniformly spaced π/20 radians apart on the unit circle.

We use three charts (three clusters in k-means). The graph is built by connecting points

to their two nearest neighbours. Clusters are expanded twice along the graph.
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Shape Activations Epochs

Encoders 2 : 32 : 32 : 16 : 4 : 1 elu : elu : elu : elu : linear 1000

Decoders 1 : 4 : 16 : 32 : 32 : 2 elu : elu : elu : elu : linear 1000

Dynamics 1 : 32 : 32 : 16 : 4 : 1 elu : elu : elu : elu : linear 500

TABLE I. Neural network parameters for periodic dynamics on a circle. “Shape” indicates the di-

mension of each layer, “activation” indicates the activation functions between layers, and “epochs”

indicates the number of epochs used for training.

The neural network parameters are listed in table I. The autoencoders are trained with

a learning rate of 0.01, and the neural networks for dynamics are trained with a learning

rate of 0.005.

2. Quasiperiodic dynamics on a torus

The training data are the Cartesian (x, y, z) coordinates of a particle as it moves around

the surface of a torus. The surface of the torus is given by

x = (1 + 0.5 cos θ) cosφ, y = (1 + 0.5 cos θ) sinφ, z = 0.5 sin θ, (4)

where θ is the poloidal coordinate and φ is the toroidal coordinate. The particle moves

at a constant rate in the poloidal and toroidal directions,
√

3 times as fast in the poloidal

direction, generating a quasiperiodic orbit. There are 1000 data points in total, uniformly

spaced 3π/100 radians apart in the toroidal direction, covering 15 full periods of motion in

the toroidal direction.

We use six charts (six clusters in k-means). The graph is built by connecting points to

their five nearest neighbours. Clusters are expanded twice along the graph.

The neural network parameters are listed in table II. The autoencoders are trained with

an exponential decay learning rate schedule (initial learning rate 0.01, decay rate 0.8 every

200 steps using a staircase function), and the neural networks for dynamics are also trained

with an exponential decay learning rate schedule (initial learning rate 0.01, decay rate 0.9

every 200 steps using a staircase function).

For the learned model whose results are shown in the main text, we are confident that

it indeed has quasiperiodic dynamics (we used the model to produce a trajectory that is
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Shape Activations Epochs

Encoders 3 : 32 : 64 : 32 : 16 : 4 : 2 elu : elu : elu : elu : elu : linear 2000

Decoders 2 : 4 : 16 : 32 : 64 : 32 : 3 elu : elu : elu : elu : elu : linear 2000

Dynamics 2 : 32 : 32 : 16 : 4 : 2 elu : elu : elu : elu : linear 2000

TABLE II. Neural network parameters for quasiperiodic dynamics on a torus. “Shape” indicates

the dimension of each layer, “activation” indicates the activation functions between layers, and

“epochs” indicates the number of epochs used for training.

50,000 time steps long, finding no repeating pattern). However, the majority of the time we

learn models that have periodic dynamics, with the period being on the order of the number

of training data but varying fairly significantly (ten learned models with periodic dynamics

had periods between 418 and 1892 time steps). We attribute this to the existence—in the

space of weights for the neural networks for the dynamics—of Arnold tongues, leading to a

mode locking phenomenon that often causes our learned model to have periodic dynamics. In

short, if the dynamics of a nominally quasiperiodic system are perturbed, then the dynamics

will be periodic in a finite region of parameter values; see [32] for more details.

3. Reaction-diffusion system

We compute a numerical solution to a lambda-omega reaction-diffusion system governed

by

ut = [1− (u2 + v2)]u+ β(u2 + v2)v + d1(uxx + uyy),

vt = −β(u2 + v2)u+ [1− (u2 + v2)]v + d2(vxx + vyy),
(5)

for −10 ≤ x ≤ 10, −10 ≤ y ≤ 10. The parameter values are d1 = d2 = 0.1 and β = 1, and we

impose homogeneous Neumann boundary conditions on u and v. The domain is discretized

into a uniform 101 × 101 grid, and the second-order derivatives from the diffusion terms

are approximated by second-order centered finite differences. Time integration is performed

using MATLAB’s ode45 function with default settings [19]. The initial condition is

u(x, y, 0) = tanh
[√

x2 + y2 cos
(
∠(x+ iy)−

√
x2 + y2

)]
,

v(x, y, 0) = tanh
[√

x2 + y2 sin
(
∠(x+ iy)−

√
x2 + y2

)]
.

(6)

Once transients decay, we obtain a spiral wave and collect our data. The training data
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Shape Activations Epochs

Encoders 20402 : 128 : 64 : 16 : 8 : 1 elu : elu : elu : elu : linear 2000

Decoders 1 : 8 : 16 : 64: 128 : 20402 elu : elu : elu : elu : linear 2000

Dynamics 1 : 32 : 32 : 16 : 4 : 1 elu : elu : elu : elu : linear 2000

TABLE III. Neural network parameters for spiral wave dynamics of the reaction-diffusion sys-

tem. “Shape” indicates the dimension of each layer, “activation” indicates the activation functions

between layers, and “epochs” indicates the number of epochs used for training.

are the values of the fields u and v at all grid points; our dataset consists of 200 such data

points, uniformly spaced 0.05 time units apart, covering a bit more than one period of the

spiral wave. One period of the spiral wave is shown in figure 8.

We use three charts (three clusters in k-means). The graph is built by connecting points

to their four nearest neighbours. Clusters are expanded once along the graph.

The neural network parameters are listed in table III. The autoencoders are trained with

an exponential decay learning rate schedule (initial learning rate 0.01, decay rate 0.8 every

200 steps using a staircase function), and the neural networks for dynamics are also trained

with an exponential decay learning rate schedule (initial learning rate 0.01, decay rate 0.9

every 200 steps using a staircase function).
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4. Kuramoto-Sivashinsky bursting dynamics

We compute a numerical solution to the Kuramoto-Sivashinsky equation using the scheme

described in Section VII B 2. We set ν = 16
71

; once transients decay, we obtain bursting

dynamics and collect our data. The training data are the values of the field u at 64 points

spaced equally in x; our dataset consists of 6565 such data points, uniformly spaced 0.05

time units apart, covering 16 bursts.

The data described above are used to train the autoencoders. The neural networks for

dynamics are trained using off-attractor data. The reason for using off-attractor data to

learn the dynamics is that the attractor is very thin, making it difficult to learn accurate

dynamics in the three-dimensional latent spaces. When only using the original dataset to

learn the dynamics, we found that the learned dynamics often included a stable fixed point

that was off the attractor (in a region where there was no data to learn from). To create the

dynamics dataset, we took every third data point of the autoencoder dataset (2189 in total),

perturbed them, and used the resulting data as initial conditions for new simulations. The

perturbations are given by

a1 cos 2x+ a2 cosx+ a3 sinx, (7)

where the ai are randomly sampled from a uniform distribution spanning [−0.05, 0.05]. The

new simulations were all run for 1.5 time units, and only the last time unit of data was

stored. In the end, our dynamics dataset consists of 2189 slightly-off-attractor trajectories,

each spanning one time unit and consisting of 21 data points uniformly spaced 0.05 time

units apart. The new dynamics dataset was partitioned and transformed to the latent spaces

based on the previously trained charts before training the neural networks for the dynamics.

We use six charts (six clusters in k-means). The graph is built by connecting points to

their four nearest neighbours. Clusters are expanded twice along the graph.

The neural network parameters are listed in table IV. For the autoencoders, we use the

method described in [17] with α = 1 (cf. eq. 4 in that work). The autoencoders are trained

with an exponential decay learning rate schedule (initial learning rate 0.01, decay rate 0.8

every 200 steps using a staircase function), and the neural networks for dynamics are also

trained with an exponential decay learning rate schedule (initial learning rate 0.01, decay

rate 0.9 every 200 steps using a staircase function).
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Shape Activations Epochs

Encoders 64 : 128 : 64 : 16 : 8 : 3 elu : elu : elu : elu : linear 1000

Decoders 3 : 8 : 16 : 64 : 128 : 64 elu : elu : elu : elu : linear 1000

Shape dynamics 3 : 16 : 64 : 64 : 16 : 3 elu : elu : elu : elu : linear 1000

TABLE IV. Neural network parameters for bursting dynamics of the Kuramoto-Sivashinsky equa-

tion. “Shape” indicates the dimension of each layer, “activation” indicates the activation functions

between layers, and “epochs” indicates the number of epochs used for training.

In this example, we add an additional step before learning the dynamics. In each chart,

we take the training data in their local coordinates, subtract the mean, and perform principal

components analysis (PCA), changing the local coordinates to their coordinates in the PCA

basis (without any dimension reduction). We then normalize each PCA coordinate by the

data’s standard deviation along the coordinate. This set of steps is similar to whitening. We

found this type of normalization to be helpful in learning accurate dynamics. The rationale

for normalizing the local coordinates before learning the dynamics is that the saddle points

have sharp cusps leading into them, and we thought normalizing the local coordinates would

make the cusps less sharp and therefore make the sensitive dynamics easier to learn.

Even with the above modifications, many of our learned models display periodic dynam-

ics. We have found models that have one stable limit cycle (essentially consisting of two

of the heteroclinic orbits), two stable limit cycles (each consisting of an independent pair

of the heteroclinic orbits), and one longer stable limit cycle (consisting of all four hetero-

clinic orbits), in addition to models with non-periodic dynamics. We attribute this to the

presence—in the space of weights for the neural networks for the dynamics—of a gluing

bifurcation [9, 11, 13]. In short, perturbations to the dynamics can “glue” the heteroclinic

orbits together, forming periodic orbits of various degrees of complexity. It may be possi-

ble to avoid the gluing bifurcation by enforcing some of the symmetries present in the K-S

system [14], but we do not pursue this avenue here. The main text describes results from a

model that displays qualitatively correct non-periodic dynamics.
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Shape Activations Epochs

Encoders 3 : 32 : 32 : 16 : 4 : 1 elu : elu : elu : elu : linear 1000

Decoders 1 : 4 : 16 : 32 : 32 : 3 elu : elu : elu : elu : linear 1000

Dynamics 1 : 32 : 32 : 16 : 4 : 1 elu : elu : elu : elu : linear 1000

TABLE V. Neural network parameters for periodic dynamics on a torus. “Shape” indicates the di-

mension of each layer, “activation” indicates the activation functions between layers, and “epochs”

indicates the number of epochs used for training.

B. Additional examples from Supplementary Information

1. Periodic dynamics on a torus

The training data are the Cartesian (x, y, z) coordinates of a particle as it moves around

the surface of a torus. The surface of the torus is given by (4). The particle moves at

a constant rate in the poloidal and toroidal directions, three times as fast in the poloidal

direction, generating a periodic orbit. There are 100 data points in total, uniformly spaced

π/50 radians apart in the toroidal direction, covering one full period of the motion.

We use three charts (three clusters in k-means). The graph is built by connecting points

to their two nearest neighbours. Clusters are expanded twice along the graph.

The neural network parameters are listed in table V. The autoencoders are trained with

an exponential decay learning rate schedule (initial learning rate 0.01, decay rate 0.9 every

200 steps using a staircase function), and the neural networks for dynamics are also trained

with an exponential decay learning rate schedule (initial learning rate 0.01, decay rate 0.9

every 200 steps using a staircase function).

2. Kuramoto-Sivashinsky beating dynamics

We compute a numerical solution to the Kuramoto-Sivashinsky equation,

ut + uux + uxx + νuxxxx = 0, (8)

for 0 ≤ x ≤ 2π with periodic boundary conditions using a pseudo-spectral method with 64

Fourier modes. Time integration is performed using Crank-Nicolson for the linear terms and

two-step Adams-Bashforth for the nonlinear term. The first step of the time integration is
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Shape Activations Epochs

Encoders 64 : 128 : 64 : 16 : 8 : 1 elu : elu : elu : elu : linear 2000

Decoders 1 : 8 : 16 : 64: 128 : 64 elu : elu : elu : elu : linear 2000

Dynamics 1 : 32 : 32 : 16 : 4 : 1 elu : elu : elu : elu : linear 2000

TABLE VI. Neural network parameters for beating dynamics of the Kuramoto-Sivashinsky equa-

tion. “Shape” indicates the dimension of each layer, “activation” indicates the activation functions

between layers, and “epochs” indicates the number of epochs used for training.

performed using the fourth-order Runge-Kutta method. The time step used is 10−4. The

initial condition is u(x, 0) = − sinx+ 2 cos 2x+ 3 cos 3x− 4 sin 4x [24].

We set ν = 16
337

; once transients decay, we obtain a beating standing wave and collect our

data. The training data are the values of the field u at 64 points spaced equally in x; our

dataset consists of 100 such data points, uniformly spaced 0.01 time units apart, covering a

bit more than two periods of the beating wave.

We use three charts (three clusters in k-means). The graph is built by connecting points

to their four nearest neighbours. Clusters are expanded once along the graph.

The neural network parameters are listed in table VI. The autoencoders are trained with

an exponential decay learning rate schedule (initial learning rate 0.01, decay rate 0.8 every

200 steps using a staircase function), and the neural networks for dynamics are also trained

with an exponential decay learning rate schedule (initial learning rate 0.01, decay rate 0.9

every 200 steps using a staircase function).

3. Kuramoto-Sivashinsky beating travelling dynamics

We compute a numerical solution to the Kuramoto-Sivashinsky equation as before. We

set ν = 4
87

; once transients decay, we obtain a beating travelling wave and collect our data.

The training data are the values of the field u at 64 points spaced equally in x; our dataset

consists of 100 such data points, uniformly spaced 0.01 time units apart, covering a bit more

than two beating periods and 1% of the travelling period. Separation of the data into shape

and phase variables is described in the main text.

We use three charts (three clusters in k-means). The graph is built by connecting points

to their four nearest neighbours. Clusters are expanded twice along the graph.
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Shape Activations Epochs

Encoders 64 : 128 : 64 : 16 : 8 : 1 elu : elu : elu : elu : linear 2000

Decoders 1 : 8 : 16 : 64 : 128 : 64 elu : elu : elu : elu : linear 2000

Shape dynamics 1 : 32 : 32 : 16 : 4 : 1 elu : elu : elu : elu : linear 2000

Phase dynamics 1 : 32 : 32 : 16 : 4 : 1 elu : elu : elu : elu : linear 2000

TABLE VII. Neural network parameters for beating travelling dynamics of the Kuramoto-

Sivashinsky equation. “Shape” indicates the dimension of each layer, “activation” indicates the

activation functions between layers, and “epochs” indicates the number of epochs used for training.

The neural network parameters are listed in table VII. The autoencoders are trained with

an exponential decay learning rate schedule (initial learning rate 0.01, decay rate 0.9 every

200 steps using a staircase function), the neural networks for shape dynamics are also trained

with an exponential decay learning rate schedule (initial learning rate 0.01, decay rate 0.9

every 200 steps using a staircase function), and the neural networks for phase dynamics

are also trained with an exponential decay learning rate schedule (initial learning rate 0.01,

decay rate 0.9 every 200 steps using a staircase function).
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