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I. RELATED WORK

The recent significant progress in AI and ML has prompted their applications in optimization [1], [2], [3], [4].
Combinatorial optimization, given its intricate nature, stands to benefit greatly from learning-based approaches [1],
[5], [6], [7], [8]. Learning methods for combinatorial optimization problems can be categorized into supervised
learning [9], [10], [11], [12], [13], unsupervised learning [8], [14], [15], and reinforcement learning [7], [16], [17],
[18]. Although supervised learning methods have shown promising results in various combinatorial optimization
problems, they need a dataset of solved instances, posing challenges of computational intensity, expense, and
limited generalizability to new or larger problems. Reinforcement learning is a powerful tool for optimization and
has been proved to be effective for many problems. However, training RL models is usually challenging and time-
consuming. Therefore, RL methods are best to be used for finding efficient algorithms to solve specific problems [19].
Unsupervised learning methods enable fast and generalizable optimization of combinatorial optimization problems
without requiring a dataset of solved problem instances. One issue with unsupervised learning methods is that they
are based on gradient descent and therefore, they may converge to subpar local optima.

To address the issues of the unsupervised learning methods getting stuck at local optima, [20] proposed an
annealed training framework for combinatorial optimization problems over graphs. A smoothing term is added to
the loss function to help the training process escape the local optima. This smoothing strategy can be combined
with any unsupervised learning method for combinatorial optimization including the method described in this paper.

While there is no existing research that models constrained combinatorial optimization problems as hypergraphs
to capture higher-level dependencies between variables, a study has approached maximum constraint satisfiability
problems by modeling them as bipartite graphs and training a Graph Neural Network (GNN) to find solutions [15].
However, it is limited to problems with constraints involving only two variables and is not suitable for problems
with different types of constraints, such as 3-SAT.

A. Distributed Training
Numerous research works have addressed the acceleration and scalability of Graph Neural Network (GNN)

training in distributed and parallel computing. Broadly categorized, these efforts focus on system-level optimizations,
modifying graph data preprocessing and execution processes, or algorithm-level enhancements proposing efficient
machine learning algorithms with minimal inter-server communication and improved model aggregation strategies
[21]. The system-level approaches are orthogonal to HypOp and can be incorporated within HypOp to further
accelerate the training process. At the algorithm-level [21], works like [22], [23], [24], [25] have focused on
optimizing graph partitioning or model aggregation strategies for accelerated GNN training. HypOp doesn’t enhance
training by optimizing the graph partitioning scheme since it is designed for scenarios where the graph is inherently
distributed across multiple servers and cases where the graph is partitioned beforehand. In this context, graph
partitioning schemes are orthogonal to HypOp and can be incorporated for improved scalability in the latter scenario.
Furthermore, HypOp exhibits two advantages over these approaches: (i) Unlike partition-based methods [22], [23],
[24], HypOp doesn’t require subgraph sampling at every iteration, thereby reducing significant communication
overhead; (ii) [23] proposes a superior aggregation strategy to reduce communication overhead, however, it requires
longer iterations for convergence. In contrast, HypOp achieves comparable results within the same epochs as single
GPU training, showcasing its efficiency and scalability for parallel/distributed training.

II. PRELIMINARIES: HYPERGRAPH NEURAL NETWORKS

A hypergraph is a generalized version of a graph in which, instead of having edges connecting two nodes, we have
hyperedges connecting multiple nodes to each other, allowing for more complex relationships than traditional graphs.
Hypergraph neural network (HyperGNN) [26] is an advanced variation of graph neural networks that is designed
to handle hypergraphs. HyperGNNs extend the concept of GNNs to hypergraphs by introducing new aggregation
mechanisms that consider higher-order connections (hyperedges). HyperGNNs can capture intricate dependencies
among multiple nodes simultaneously, making them well-suited for tasks involving data with complex associations,
such as social interactions, collaboration data, knowledge graphs, and recommendation systems. In hypergraph
convolutional networks introduced in [26], features of nodes are first aggregated in each hyperedge and are then
passed on to new nodes for another aggregation. In particular, we have the following layer-wise operation:

H(l+1) = σ(D
− 1

2
v AD−1

e ATD
− 1

2
v H(l)W (l)) (1)
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Algorithm 2 Parallel Multi-GPU HyperGNN Training

Require: Hypergraph G = (V,E), HyperGNN Model M , Number of GPUs S, Epoch Number EP
Ensure: Trained HyperGNN Model M

1: Initialize M on each GPU
2: for ep in EP do
3: Shuffle E to obtain Eshuffled
4: Partition Eshuffled into S sublists: E1

shuffled, E
2
shuffled, . . . , E

S
shuffled

5: for s← 1 to S do
6: Assign Es

shuffled to GPUs

7: Train Ms on GPUs with edges Es
shuffled

8: end for
9: Aggregate gradients from all GPUs and update M

10: Broadcast updated M to all GPUs
11: end for
12: return M

where H(l) ∈ RN×D is the matrix of node features at lth layer, A is the hypergraph incidence matrix defined as
(A)ij = 1 if node i belongs to hyperedge j, and (A)ij = 0 otherwise. Dv and De are the diagonal degree matrices
of nodes and hyperedges, respectively, and W (l) is the lth layer trainable weight matrix.

III. HYPERGCN STRUCTURE

In our HyperGCN model, we use two convolutional layers with a Relu activation function after the first layer.
For the case of binary variables, we use Sigmoid activation function to generate a number between 0 and 1. The
dimension of the convolutional layers are chosen as follows. The first layer has an f dimensional input and outputs
an f/2 dimensional vector. The second layer’s input and output dimensions are f/2 and 1, respectively. For most
of out experiments, we set f =

√
N , where N is the number of variables.

IV. BLACK-BOX OPTIMIZATION OF THE HYPERPARAMETERS

We have incorporated the optional hyperparameter optimization step in HypOp, in which we conduct a sampling
based black-box optimization w.r.t. the hyperparameters of the algorithm to improve the performance of HypOp.
We use AdaNS optimization tool [27] for this step. One of the hyperparameters that we optimize over is the initial
value of the input embedding of the HyperGNN. Since our method is based on gradient descent, the initialization
point can potentially be important in avoiding bad local optima and therefore, the output of the algorithm can be
improved if we optimize w.r.t. the initial point. Other potential hyperparameters that we can optimize with this tool
are the learning rate and the SA hyperparameters.

V. REAL AND SYNTHETIC HYPERGRAPHS

The real hypergraphs used in our experiments are extracted from the the American Physical Society (APS) [28].
The APS dataset contains the basic metadata of all APS journal articles from year 1993 to 2021. Focusing on a
specific journal within this dataset, Physical Review E (PRE), we partitioned the data into 3-year segments, and
extracted the giant connected component of the authorship hypergraphs. The synthetic hypergraphs are generated
randomly for specific values of number of nodes, edges, and upper bounds on the node degrees.

VI. NATIONAL DRUG CODE (NDC) DATASET

NDC dataset consists of the substances that make up drugs in the National Drug Code Directory maintained
by the Food and Drug Administration [29], [30]. This dataset consists of a list of drugs and the substances that
make them. The drugs are considered as nodes and substances are presented by hyperedges. Drugs (nodes) within
each hyperedge contain that substance. We considered the experiment of choosing a set of substances such that if
one puts some regulatory measures on them, the rest of the dataset is divided into two separate (smaller) isolated
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group of drugs that can be addressed separately. We are interested to know the maximum number of substances that
we need to regulate to create two separate datasets. This experiment can be represented by a hypergraph MaxCut
problem. Before applying HypOp on NDC dataset, We first removed the hyperedges containing one node and then
removed the isolated nodes. As a result, we constructed a hypergraph with 3767 nodes and 29810 hyperedges.

VII. EXPERIMENT RESULTS

A. Graph MaxCut

We have considered graph MaxCut problem to compare HypOp with the baseline solver [8] (PI-GNN). Similar
to PI-GNN, we run HypOp on Gset dataset [31]. Table I summarizes our experiments on this dataset. As can be
seen in the table, HypOp outperforms PI-GNN in all of the tested graphs.

We need to note here that Graph MaxCut is a very well studied problem and efficient heuristic algorithms have
been developed to solve this problem. Although one can use algorithms such as HypOp and PI-GNN to solve
MaxCut problems, these algorithms are not expected to outperform the efficient heuristics that are customized to
the MaxCut problem specifics. However, the advantage of the learning-based algorithms such as HypOp and PI-
GNN is that they are general solvers and one can use the same tool to solve thousands of optimization problems
without the need to learn to run specific heuristics for each problem. So the main point of benchmarking HypOp
on MaxCut problem is to compare its performance with the baseline algorithm PI-GNN and to further motivate the
additional components that we have added to the baseline method.

Graph G14 G15 G22 G49 G50 G55
Nodes 800 800 2000 3000 3000 5000
Edges 4694 4661 19990 6000 6000 12498

Run-CSP 2943 2928 13028 6000 5880 10116
PI-GNN 3026 2990 13181 5918 5820 10,138
HypOp 3042 3030 13185 5999 5879 10150

Best Known Result 3064 3050 13359 6000 5880 10,294

Supplementary Table I: Graph MaxCut with HypOp. Performance of HypOp for graph MaxCut problem on the
Gset dataset. HypOp outperforms other unsupervised learning based methods, while achieving results that are close
to the best known heuristics.

B. SAT Problems

We have tested our algorithm on random 3-SAT benchmarks from SATLIB dataset [32]. Table II in the sup-
plementary section shows the performance of HypOp on some of the satisfiable instances. We see that except for
one with less than 2% violation of constraints, all others were successfully solved. We provide our experiments on
SAT problems to showcase the success of our algorithm on various problem instances, including the challenging
and widely studied SAT problems. We need to note that we do not expect HypOp to compete with the powerful
heuristics that are designed specifically for SAT problems and therefore, we do not provide any baselines in this
section.

SAT Dataset uf 20-91 uf 100-430 uf 200-860 uf 250-1065
Number of problems 100 100 100 100

Percentage Solved 100% 100% 100% 98%
Average number of unsatisfied clauses 0 0 0 1

Average time 4s 15s 37s 60s
Median time 4s 14s 21s 29s

Supplementary Table II: SAT with HypOp. Performance of HypOp for random 3-SAT problems in the SATLIB
dataset.
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C. Resource Allocation Problem

We use HypOp to solve a resource allocation problem where there are a number of tasks to be assigned to a
number of agents with given energy and budget constraints. In particular, each agent has an energy budget to spend
on the tasks and each task requires a minimum energy to be completed. We can also consider a global arbitrary
objective function to minimize while satisfying the constraints. One can model this problem as a hypergraph
discovery problem where the hypergraph nodes correspond to the agents and the hyperedges correspond to the
tasks. The nodes (agents) within each hyperedge (task) are assigned to that task. One needs to discover different
variations of this hypergraph to find feasible solutions and optimize the objective function. For simplicity, we do
not consider a global objective function in our experiments and only try to find feasible solutions. In order to get
realistic energy and budget constraints, we consider the APS co-authorship hypergraphs [28]. The papers correspond
to tasks and the authors correspond to agents. The energy requirement of each task (paper) is the number of authors
in it. Each agent has a budget that is a fixed number more than the papers that the agent appears in. We refer to this
number as the budget surplus. The feasible set would be larger if we increase the budget surplus. We use the same
budget surplus for all of the hypergraphs that we have considered so that as the number of agents in the hypergraph
increases, the size of the feasible set shrinks. We use the initial co-authorship hypergraphs to build the HyperGNN
in HypOp and try to find feasible solutions by assigning agents to tasks. We compare the result of HypOp with SA
in Supplementary Figure 1. As can be seen in the figure, SA fails to find feasible solutions and its performance gets
worse as the size of the feasible set shrinks (the number of agents increases). However, HypOp can find feasible
solutions for all number of agents. Furthermore, in terms of run time, HypOp can solve these resource allocation
problems in a significantly less time than SA (See Table III).
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Supplementary Figure 1: Resource Allocation with HypOp.
Unsatisfied constraints in the Resource Allocation problem
with different number of agents. HypOp can find feasible
solutions (zero constraint violation), while SA fails to do so.

Supplementary Table III: Average run time of Hy-
pOp for resource allocation problems.

Run Time (s)
HypOp 4668 ± 2017

SA 35472 ± 61448

VIII. HYPERGNN ARCHITECTURE CHOICE

Two prominent HyperGNN architectures are Hypergraph Convolutional Networks (HyperGCNs) and Hypergraph
Attention Networks (HyperGATs). HyperGCNs extend traditional graph convolutional networks to hypergraphs,
enabling the incorporation of higher-order relationships. On the other hand, HyperGATs leverage attention mech-
anisms to weigh the importance of different hyperedges and nodes, allowing the network to focus on relevant
information during message passing. In HypOp, we opted for HyperGCN architecture due to the unsupervised
nature of our approach and the fact that they facilitate easier training for each problem instance. To support our
choice, we also implemented and tested a HyperGAT architecture within HypOp. The HyperGAT model is based
on the implementation in [33]. In Supplementary Figure 2, we show the performance and runtime of HypOp with
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Supplementary Figure 2: HyperGCN vs. HyperGAT. Performance of HypOp with HyperGCN architecture, compared
with HyperGAT for hypergraph MaxCut problem on synthetic random hypergraphs. HyperGAT can not achieve the
same performance compared to HyperGCN, while requiring significantly more time to train. HypOp performance
is presented as the average of the results from 10 sets of experiments and the error region shows the standard
deviation of the results.

HyperGCN against the same method with a HyperGAT architecture. As depicted in the figure, HyperGAT can not
achieve the same performance compared to HyperGCN, while requiring significantly more time to train.

IX. LIMITATIONS: PHASE TRANSITION IN GNN PERFORMANCE

Although learning-based approaches for optimization have shown tremendous potential, one has to be mindful
of their limitations. In this section, we provide our experimental results on the performance of GNNs for MIS
problems on various graphs. Note that for the analysis in this section, we consider the GNN outcome in HypOp
with a simple threshold mapping as used in PI-GNN. For problems on graphs (including MIS), this will be the
same as the PI-GNN result. We compare this result to the fine-tuned outcome generated by HypOp as an end-to-end
solver. Our goal is to show the limitations of PI-GNN on some graphs. This analysis is inspired by the results of
[34], where the authors study the limitations of the network online learning algorithms by considering different
types of graphs.

We investigated different structures of graphs, namely, Erdos-Renyi Random graphs, Regular graphs, and Power-
law graphs (graphs with powerlaw degree distribution), with various options for their number of nodes and edges.
We observed that for MIS problem, PI-GNN can not learn anything on the graphs that are denser than a given
threshold. In Supplementary Figure 3(a) and 3(c), we show the performance of PI-GNN on Erdos-Renyi random
graphs for different parameters, p, and different number of nodes, N , for two different learning rates. As is evident
in the figure, the performance drops to 0 at a given threshold. The threshold, however, varies with the number of
nodes. In Supplementary Figure 3(b) and 3(d), we show the plot of the phase transition threshold w.r.t. the number
of nodes. The Erdos-Renyi graphs are well known for their phase transition in their connectivity. The threshold for
this phase transition is p∗ = ln(N)

N . As we have shown in Supplementary Figure 3(b) and 3(d), the phase transition
threshold in the performance of PI-GNN is almost the same as the threshold for connectivity phase transition. This
means that PI-GNN does not learn a solution over graphs that are dense enough to be connected. We provide our
experimental results for two different learning rates to show that the performance drop is not caused by a high
learning rate and is instead caused by the potential inability of GNNs to learn on dense graphs.

In order to investigate whether or not the specific structure of the graphs plays a role in the observed phase
transition, we have compared the performance of PI-GNN on Powerlaw graphs, Regular graphs, and Random
(Erdos-Renyi) graphs. In order to do the comparison, for each parameter of the powerlaw graphs, we construct
random and regular graphs with almost the same number of edge density and compare the performance of PI-GNN
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(a) Phase transition in the performance of PI-GNN over random
graphs.
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(c) Phase transition in the performance of PI-GNN over random
graphs.
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Supplementary Figure 3: Phase Transition in GNN Learning. Phase transition in the GNN-based optimization
performance for MIS problem with learning rate of 1e− 4 in (a) and (b) and learning rate of 1e− 5 in (c) and (d).

over the three generated graphs. In Supplementary Figure 4, we show that the phase transition is the same for all
of the three types of graphs when the performance is plotted w.r.t. the density (p) of the Random graph. Therefore,
based on the existing evidence, we conclude that the performance is affected mainly by the density of the graph as
opposed to its structure. We need to note here that most of the real graphs are powerlaw graphs with components
between 2 to 4. Such graphs usually have lower densities than the observed critical density threshold for GNN
learning.

The phase transition in the GNN learning can be attributed to the oversmoothing issue that is widely observed
in the GNNs throughout the literature [35]. Roughly speaking, oversmoothing occurs due to too many feature
averaging, leading all hidden features to converge to the same point. In Supplementary Figure 5, we show the
maximum distance between the output embeddings of the different nodes after the main operations of the HyperGNN
(two convolutional and two aggregation operators). We provide two saparate figures, one for the graphs for which
the PI-GNN is successful in producing good outcomes (graphs that have density less than the threshold found in
Supplementary Figure 3), and one for the graphs for which the PI-GNN is not successful in producing good outcomes
(graphs that are denser than the threshold found in Supplementary Figure 3). We see that the embedding distance
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Supplementary Figure 4: Phase Transition in GNN Learning. Phase transition in the performance of PI-GNN for
Powerlaw, Regular, and Erdos-Renyi graphs.

is decreasing and converges to a small number for the dense graphs. This observation confirms the occurrence of
oversmoothing in the HyperGNN training for dense graphs.
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(a) Successful GNN training: graphs that are sparser than the
phase transition threshold.
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(b) Unsuccessful GNN training: graphs that are denser than the
phase transition threshold.

Supplementary Figure 5: Oversmoothing. Maximum node embedding distance after four main GNN operations.
The plot is generated for MIS problem over random graphs with N = 200. Oversmoothing is happening for graphs
in (b) where the GNN training is unsuccessful.

A solution proposed in the literature for oversmoothing is graph sparsification by dropping edges [36]. This also
explains how GNNs fail to learn good solutions on dense graphs as observed in Supplementary Figure 3. Motivated
by [36], we propose graph sparsification to improve the GNN’s performance in HypOp.

A. Graph Sparsification

With the observation that the inability of the GNNs to learn a good solution on some graphs is attributed to their
high density, we explored the possibility of improving GNN learning through the process of graph sparsification.
We experimented with the same graphs of Supplementary Figure 3 with N = 200 nodes and sparsified the ones
that the GNN failed to learn a good solution by removing each edge with a given probability Ps. A similar method
was conducted in [36] to alleviate the oversmoothing issue in graph neural networks. We show the performance of
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Supplementary Figure 6: Graph Sparsification. The performance of PI-GNN over original and sparsified random
graphs with N = 200 for MIS problem.

HypOp on the sparsified graphs with different values of Ps in Supplementary Figure 6. We can see in the figure
that sparsification improves the performance of PI-GNN. However, there is still a gap between the overall outcome
quality of HypOp and the outcome of the PI-GNN.

Based on the findings presented in this section, we conclude that integrating Graph Neural Networks (GNNs) and
HyperGNNs with other solvers yields significant advantages compared to employing them as standalone end-to-end
solvers. This observation serves as additional motivation for the inclusion of the fine-tuning step using Simulated
Annealing (SA) in HypOp. This supplementary fine-tuning step ensures a reliable solution, even in cases where the
GNN fails to learn a good solution.

X. EFFECT OF SELF-LOOPS IN THE HYPERGCN

It is common to add self-loops to the graphs before training a GNN model on them. We observed that in HypOp
(and similarly in PI-GNN), adding self loops will deteriorate the performance of the GNN or HyperGNN. The
reason is most likely related to the results shown in the previous section where we showed that the GNNs fail
to learn on graphs that are denser than a given threshold. Adding self loops will make the graphs denser than is
tolerated by the GNN, and therefore, we did not add self loops and also set the diagonal terms in the hypergraph
adjacency matrix to 0 to create sparser graphs and hypergraphs.
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