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Supplementary Note 1: Details of Involved Tasks

To investigate the differences in emerged structures elicited by various cognitive demands, we implemented a
functional classification of the 20 tasks used in our study. This classification is not novel but strictly adheres
to the original design framework established for this task set ([1]). Based on the similarities and differences in

their core computational requirements, the tasks were organized into five ”families”: the Go, Anti, Decision

Making (DM), Delayed Decision Making (Dly DM), and Matching families:

Supplementary Table. 1. Cognitive Task Requirements and Elicited Representations

Task Family

Task Member

Core Computational
Primitive

Required Representation Type

Go Family

fdgo, reactgo, delaygo

Sensorimotor Mapping,
Inhibitory Control (in
‘fdgo‘), Working Memory (in
‘delaygo‘)

Sensorimotor & Memory: Represen-
tations must map a sensory location to a
motor plan. ‘delaygo‘ specifically requires
maintaining this location trace over a
delay (fading memory). ‘fdgo‘ requires
inhibiting a prepotent response.

Anti Family

fdanti, reactanti,
delayanti

Flexible Sensorimotor
Re-mapping, Inhibitory Con-
trol, Working Memory (in
‘delayanti‘)

Rule-based Transformation: Repre-
sentations must apply a contextual ” Anti”
rule to transform the sensory location into
a new, opposite motor plan, requiring high
separation of sensory input from motor
output.

Decision Making
(DM) Family

dml, dm2, con-
textdm1, contextdm?2,
multidm

Spatial Evidence Integration,
Selective Attention/Gating
(context tasks)

Integrator/Accumulator: Represen-
tations must simultaneously compare
and accumulate analog evidence (stimu-
lus strength) from two competing spatial
locations. Context tasks require this inte-
gration to be gated by a rule.

Delayed DM
Family

delaydml, delaydm2,
contextdelaydml,
contextdelaydm?2, mul-
tidelaydm

Temporal Evidence Inte-
gration, Analog Working
Memory, Selective Attention/-
Gating

Analog Working Memory: Repre-
sentations must store an *analog* value
(strength of stim 1) over a delay and then
compare it to a second sequential input.
This demands robust memory of a contin-
uous variable.

Matching Fam-
ily

dmsgo, dmsnogo,
dmcgo, dmcnogo

Feature-based Working Mem-
ory, Categorization (dmc
tasks), Comparison

Abstract/Categorical: Representations
must store discrete features (location/-
modality) in ‘dms‘. For ‘dmc‘, they must
further abstract a continuous location into
a binary category, maintain this abstract
label, and compare it to a subsequent
stimulus category.

The specifications of the five task sets used in Fig. 2 are as follows:

3 tasks: {Go Family}

6 tasks: {Go Family, Anti Family}

11 tasks: {Go Family, Anti Family, Decision Making Family}

16 tasks: {Go Family, Anti Family, Decision Making Family Delayed Decision Making Family }

20 tasks: {Go Family, Anti Family, Decision Making Family, Delayed Decision Making Family, Matching Family}
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24 2.1 Task-specific modularity
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Supplementary Fig. 1. Task-specific modularity reveals an interaction between computational
demand and model capacity. Mean modularity (Q) of networks trained on each of the 20 single tasks,
grouped by model size (# Hidden Neurons: 8, 16, 32, 64). Tasks are color-coded by their functional family.
Bars show mean values and error bars show SEM; overlaid dots indicate individual independently trained
networks. For each task and model size, n=20 independent experiments.

Supplementary Fig.1 provides a detailed breakdown of the modularity elicited by each of the 20 tasks when
trained individually. To further avoid variability associated with random initialization, these experiments
adopted the same initialization protocol as that used in Fig. 4. This analysis reveals broad, consistent patterns
that directly link a task’s computational requirements to the network’s emergent structure, and it highlights
a crucial interaction with model capacity.

In larger models (# Hidden Neurons: 64 and 32), a clear hierarchy emerges. The Delayed Decision Making
(Dly DM) family (red) consistently yields the highest median modularity. These tasks are arguably the most
computationally complex, requiring the integration of context, evidence accumulation, and working mem-

ory over a delay. Conversely, tasks requiring simpler, immediate sensorimotor mapping (the fdgo, reactgo,
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fdanti, and reactanti tasks) produce the lowest median modularity. The Decision Making (DM) and Match-
ing families fall between these two extremes. Notably, a "delay” component consistently induces greater
modularization than its non-delay counterpart (e.g., delaygo vs. fdgo, delayanti vs. fdanti, and the Dly DM
family vs. the DM family), indicating that the demand for working memory introduces significant compu-
tational pressure. Furthermore, within the Go and Anti families, tasks requiring reactive control (reactgo,
reactanti) tend to elicit slightly higher modularity than their fixed-duration counterparts (fdgo, fdanti). This
subtle increase suggests that even the necessity for precise, reaction-time-based control over a fixed, internal
temporal mapping contributes marginally to the pressure for structural segregation.

This pattern is strongly modulated by model capacity. In the 16-neuron models, the trend largely holds:
delay tasks still induce higher modularity than their non-delay counterparts. However, this phenomenon
dramatically inverts in the most severely constrained models (# Hidden Neurons: 8). Here, the simpler fdgo
and fdanti tasks produce higher modularity than their more complex delaygo and delayanti counterparts.
This inversion suggests a threshold effect: when network capacity is too limited, it cannot form the necessary
complex, modular solution for the delay tasks. The network can, however, still adequately solve the simpler
tasks, for which a moderately modular structure is sufficient and achievable.

Taken together, these results support our central hypothesis. Modularity is not a default property but
an emergent structural adaptation to specific computational demands. The strongest demand appears to be
the need to maintain information and segregate computational processes over time—directly engaging the

)

”fading memory” and ”separation” properties—as seen in all delay-based tasks. These complex requirements
drive the network to find more modular solutions, but this adaptation is contingent on the network having

sufficient representational capacity to find and implement them.
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Supplementary Fig. 2. The complete results across models of all sizes. Due to space limitations,
Fig. 2d in the main text only shows the results for N=16. This figures presents a comparison of models of all
sizes under training mode I and training mode II. Solid lines indicate the mean and shaded areas indicate
the s.e.m. For the multi-task condition, n = 20 independently trained model instances were used. For the
single-task condition, n = 20 replicate-level means were used, each calculated by averaging modularity across
the 20 independently trained task-specific models within that replicate.
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Supplementary Table. 2. Statistical comparisons corresponding to Supplementary Fig. 2. Exact
P values from two-sided Welch’s t-tests comparing modularity between the single-task and multi-task training
conditions at the indicated training checkpoints. For each comparison, n = 20 multi-task model instances
and n = 20 single-task replicate-level means were used; each single-task replicate-level mean was calculated
across 20 independently trained task-specific models.

Iterations | 15000 20000 25000 30000 35000 40000
# 64 1.80 x 1078 | 1.12x 10~° | 0.01 0.41 0.50 0.20

# 32 130 x 1079 | 1.97 x 10710 | 469 x 10~° | 2.18 x 10~9 | 1.70 x 10~7 | 4.77 x 10~¢
# 16 4.43 x 10710 | 3.58 x 10710 | 2.98 x 10712 | 4.07 x 10~ | 2.60 x 10~1° | 7.51 x 10~11
#8 1.69 x 1079 | 6.52x 107° | 227 x 1072 | 2.06 x 1079 | 9.03 x 10710 | 1.85 x 10~1°
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Supplementary Fig. 3. Control experiment examining the effect of recurrent-weight scaling
at initialization. In the experimental condition shown in Supplementary Fig. 2, orthogonally initialized
recurrent weights were scaled to reduce the influence of modularity arising from random initial connectivity.
Here, this scaling was omitted, resulting in a less pronounced separation in modularity between the multi-
task and single-task conditions and indicating that initial recurrent connectivity can obscure task-driven
modular organization. Solid lines indicate the mean and shaded areas indicate the s.e.m. For the multi-task
condition, n = 10 independently trained model instances were used. For the single-task condition, n = 20
replicate-level means were used, each averaged across 10 independently trained task-specific models.Exact
P values are reported in Supplementary Table. 3.

Supplementary Table. 3. Statistical comparisons corresponding to Supplementary Fig. 3. Exact
P values from two-sided Welch’s t-tests comparing modularity between the single-task and multi-task training
conditions at the indicated training checkpoints. For each comparison, n = 10 multi-task model instances
and n = 20 single-task replicate-level means were used; each single-task replicate-level mean was calculated
across 10 independently trained task-specific models.

Iterations | 15000 | 20000 25000 30000 | 35000 | 40000
# 64 0.96 | 0.09 0.12 0.09 | 0.01 | 0.00
# 32 0.35 | 0.81 0.80 0.42 | 1.00 | 0.37
# 16 0.65 | 1.88x107° | 5.76 x 10=* | 0.00 | 0.01 | 0.01
#8 0.63 | 0.37 0.18 024 | 056 | 0.62

Supplementary Table. 4. Statistical comparisons corresponding to Fig. 5b. Exact unadjusted P values
from two-sided Welch’s two-sample t-tests comparing modularity between the incremental and all-at-once
training conditions at the indicated training checkpoints. For each condition, n=20 independently trained
model instances.

Iterations | 15000 20000 25000 30000 35000 40000

# 84 1.49 x 10724 | 1.13 x 10725 | 4.01 x 10725 | 2.17 x 10724 | 1.60 x 1072 | 2.66 x 10716
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Supplementary Note 3: Results of Other Types of Networks

In addition to the recurrent architectures, we also conducted experiments using feed-forward neural models
that lack recurrent connections, such as convolutional neural networks (CNNs) and graph neural networks
(GNNs). For recurrent layers, the recurrent weight matrix is a square matrix defined over the same set of
recurrent units, with each matrix entry directly describing the connection between a pair of nodes within
that layer. Such a representation can therefore be naturally interpreted as a weighted network for commu-
nity detection. In contrast, the weight matrix of a feed-forward layer describes connections between two
distinct sets of units in adjacent layers and is generally rectangular, rather than a square connectivity matrix
defined over a single set of nodes. Consequently, how modular structure should be defined and detected for
feed-forward neural networks is less straightforward. This remains an open methodological question, and a

comprehensive theoretical treatment or a new formal definition is beyond the scope of our study.

(a) Feedforward layer as a weighted bipartite network (b) DIRTLPAwb+ on the weighted incidence matrix (c) Detected communities across adjacent layers
Input neurons (n) Input neurons (n)
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initializations )

maximize weighted modularity score Q,, — quality of the partition
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Supplementary Fig. 4. Community detection of feed-forward layers using DIRTLPAwb-+ algo-
rithm. Feed-forward connections between two adjacent layers can be represented as a weighted bipartite
network. The corresponding feed-forward weight matrix is treated as the weighted incidence matrix for
DIRTLPAwb+. Within each execution of LPAwb+, node labels are iteratively updated through label prop-
agation to increase weighted bipartite modularity, followed by community merging when merging produces
a further increase in modularity. DIRTLPAwb+ repeats this optimization using multiple initializations and
retains the partition with the greatest weighted bipartite modularity, Qw. c, The resulting partition assigns
community labels jointly to neurons from both adjacent layers. Neurons sharing the same community label
constitute a common bipartite module across the two node sets, and Qw quantifies the modularity of the
resulting partition.

Nevertheless, for exploratory purposes, we investigated two possible approaches. First, since feed-forward
connections naturally form a weighted bipartite graph between adjacent layers, we applied the DIRTLPAwb+
algorithm proposed by [2] for community detection in weighted bipartite networks (Supplementary Fig. 4).

Specifically, neurons from two adjacent layers were treated as two disjoint node sets, where the feed-forward
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weights between them define weighted edges of the bipartite graph. The corresponding weight matrix was
used as the weighted incidence matrix provided to the algorithm. DIRTLPAwb+ optimizes weighted bipar-
tite modularity by iteratively updating node labels to maximize modularity, merging communities when
this increases modularity, and repeating the optimization from multiple random initializations to improve
robustness against local optima. The approach directly operates on asymmetric feed-forward connectivity
and simultaneously assigns community labels to both node sets. The resulting partitions therefore character-
ize modular organization across pairs of adjacent feed-forward layers without requiring the original weight

matrix to be symmetrized.

n m
ight_in = W1T « W1
n - —
m
m W2 weight_out = W2+ W2T
_—
q

Supplementary Fig. 5. Construction of symmetric matrices for community detection in feed-
forward networks. For three consecutive feed-forward layers containing n, m, and ¢ units, respectively,
the adjacent asymmetric weight matrices are denoted by W1 € R™*™ and W2 € R™*4. For the m neurons
in the intermediate layer, symmetric matrices describing their incoming and outgoing connection patterns
were constructed as weight_in = W1TW1 and weight_out = W2W 27, respectively. Both resulting matrices
are of size m x m and were used for subsequent community detection.

Second, we considered an alternative approach in which the asymmetric weight matrices of adjacent feed-
forward layers were transformed into symmetric matrices defined over neurons within the same intermediate
layer. Consider three consecutive layers containing n, m, and ¢ units, respectively, with adjacent feed-
forward weight matrices W1 € R"*™ and W2 € R™*4 (Supplementary Fig. 5). For the m neurons in
the intermediate layer, we characterized their pairwise relationships from both their incoming and outgoing
connection patterns. Specifically, we constructed the symmetric incoming-connectivity matrix as weight_in =
W1TW1 and the symmetric outgoing-connectivity matrix as weight_out = W2W27. Both weight_in and
weight_out are therefore m x m symmetric matrices defined over the same set of intermediate-layer neurons.
More specifically, each element (7, j) of weight_in is the inner product between the incoming weight vectors of
intermediate-layer neurons i and j, such that (weight_in);; = >}, W1;;W1;. Thus, two intermediate-layer
neurons have a larger value in weight_in when their weighted connection profiles from the preceding layer
are more strongly aligned. Similarly, (weight_out),; = ZZ:l W2 W2ji is the inner product between the

outgoing weight vectors of neurons ¢ and j, characterizing the extent to which they project to the subsequent
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layer with aligned weight patterns. In this way, the original rectangular and asymmetric feed-forward weight
matrices are projected onto symmetric representations of pairwise relationships among neurons within the
intermediate layer. Standard community-detection methods can then be applied to these derived symmetric
matrices to identify potential modular organization among the intermediate-layer neurons. The corresponding
results are shown in Supplementary Fig. 6 and Supplementary Fig. 7.

For the CNN experiments, we used the CIFAR-10 dataset [3] to build a contrastive learning task. Specif-
ically, we selected the first two (Clas Num 2 in Supplementary Fig. 6) and all ten categories (Clas Num 10
in Supplementary Fig. 6) from CIFAR-10, respectively, and trained a Siamese CNN to determine whether
two input images belong to the same class.

For the GNN experiments, we used the Tox21 dataset, which contains 12,060 training and 647 test
samples of chemical compounds, each annotated with 12 binary labels indicating activity or inactivity across
12 toxicological assays. We trained both single-task and multi-task GNN models: the former predicts one
toxicity label at a time (Single Task Learning in Supplementary Fig. 7), while the latter simultaneously

predicts all 12 labels (Multiple Tasks Learning in Supplementary Fig. 7).
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Supplementary Fig. 6. Modular structure for CNNs. We applied bipartite network community detec-
tion(DIRT_LPA _wb_plus [2]) or community detection on CNN models. Solid lines are the mean over 10
independent runs. Shaded areas indicate the standard error.
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Supplementary Fig. 7. Modular Structure for GNNs. We applied bipartite network community
detection(DIRT_LPA _wb_plus [2]) or community detection on GNN models. Solid lines are the mean over 10
independent runs. Shaded areas indicate the standard error.
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Supplementary Note 4: Mask Generation Protocol and the Control Experiments

To recapitulate the biological growth of brain networks, we leveraged empirical human brain data from the
Human Connectome Project [4] and selected a parcellation atlas of 84 cortical areas [5]. We then extracted
both the mean inter-regional distance matrix and the structural connectivity (SC) matrix. To determine the
appropriate network sparsity, we analyzed binarized SC matrices from 758 participants, identifying an average
of approximately 2000 structural connections. Accordingly, the final connections in the RNN recurrent layer
were constrained by a 84 x 84 binary mask fixed at 2000 connections. The topology of this mask was
derived from the inter-regional distance matrix, where the connection probability between nodes u and v is
defined as P(u,v) = E(u,v)", with E(u,v) representing the Euclidean distance and 7 governing the decay
of connection probability with distance. For the experiments presented in Fig. 4b, we set n = —3.0, and add
25 connections every 500 steps; additional control experiments examining connection counts, randomness
levels, and addition schedules are detailed as follows.

To isolate the effect of the incremental mechanism from other confounding factors, we conducted a series
of additional control experiments to rule out potential influences such as the total number of connections,
the degree of randomness, and the schedule for adding connections.

Selection Strategy and Randomness. We investigated the connection selection strategy. Here, we varied
the parameter 1 to control the importance of distance (e.g. the degree of randomness). As shown in the 1st
row in Supplementary Fig. 8, the magnitude of 7 significantly influences the overall height of the modularity
curves, confirming that stronger spatial constraints correlate with higher modularity.

Robustness to Connection Schedules. To test if the specific order of addition mattered, we explored
different schedules for adding connections while keeping the total number of added edges constant. As shown
in the 2st row in Supplementary Fig. 8, we found no obvious difference between these schedules.

Impact of Total Connection Density. To study the impact of the total number of connections, we tested
2,000, 4,000, 5,000, 6,000, and the fully connected 7,056 edges while holding other conditions (like 7) constant
(3rd row in Supplementary Fig. 8). As the total number of connections increases and the model transitions
from sparse to dense, modularity decreases in both training modes. In the all-at-once mode, modularity
gradually falls below 0.1 as the network becomes fully connected. This aligns with the results for the "Model
Size=64” case (which starts fully connected), effectively validating the consistency of our results.
Controlling for Training Samples and Update Steps. To study the impact of the total number of
training samples and update steps, we trained the models under the same training plan in Fig. 4b but for a
4x longer iterations. In 4th row of Supplementary Fig. 8, the vertical green dashed line marks a critical point:

after this point, the models in both curves possess identical connectivity (the same number and exact set of
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connections). It can be seen that even when the topology and subsequent training plan are identical (post-
green line), the ”incremental” method maintains higher modularity. Although the gap tends to narrow over
time—which is expected, as the structural connectivity are identical after the green line—the persistence of
higher modularity demonstrates that the difference is inherited from the structural characteristics formed
during the earlier incremental phase, rather than being a byproduct of mismatched sample sizes or update

counts.

Supplementary Note 5: Perturbation Analysis of models in Fig2. b

This analysis is specifically designed to quantify the weight perturbation robustness of the large-capacity
(over-parameterized) model relative to smaller-capacity models. We conducted the perturbation by adding
Gaussian white noise (N') to the recurrent connection weight matrix (W;..), simulating the effect of various
random errors or noise that the model might encounter. To precisely control the perturbation intensity,
we utilized the Signal-to-Noise Ratio (SNR), a scientific and standard technique in signal processing. This
approach links the noise power to the power of the original weights (the signal), ensuring that the perturbation
strength is independent of the model’s intrinsic scale. This allows for a fair comparison of robustness across
models of different capacities. We define the signal power (Ps;gnaq) as the total energy (sum of squares) of
the original weight matrix, Psigna = Y, W2,.. For a given SNR (in dB), the required noise power P, p;se
is calculated as:Ppoise = Psignal / 10(SNRdB/10) -~ The randomly generated Gaussian noise is then scaled to
possess exactly the required P, sisc. We measure the incremental change in task loss (ALoss = LosSperturbed —
LosSoriginal) after the perturbation. A smaller A Loss indicates greater robustness to that level of perturbation.
The Supplementary Fig. 9 clearly demonstrates the following trend: for a given training step and SNR
perturbation, models with larger capacity (larger Nryn) show a significantly lower variance in ALoss
compared to smaller-capacity models. Furthermore, the median ALoss is also lower in most cases for the
larger models. This robustly supports our argument that a certain degree of over-parameterization endows

the model with inherent robustness.

Supplementary Note 6: Statistical Model Comparison via Information Criteria

To disentangle the advantage conferred by additional degrees of freedom from genuine improvements in model
fit, we calculated the Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC) for all
generative models. Generative Network Models (GNMs) are evaluated based on their ability to reproduce the

distributions of topological features rather than exact edge-to-edge overlaps. Consistent with this framework,
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Supplementary Fig. 8. Ablation study for the comparison between “All-at-once” and ”Incre-
mental” strategies. Control experiments are conducted to ablate the effects of the degree of randomness
(1st row), the connection-incremental schedule (2nd row), total connection number (3rd row) and total num-
ber of training iterations (4th row). Solid lines are the mean over 8 independent runs. Shaded areas indicate
the standard error.

we estimated the likelihood of observing the empirical network’s topology under the distribution generated
by the model parameters 8 = {n,~}.

We characterized the topology of any given network using distributions of four key metrics: node degree
(k), clustering coefficient (c), betweenness centrality (b), and edge length (e). For each metric, we extracted

a vector of 7 summary statistics: the mean, variance, and 5 percentiles (10th, 30th, 50th, 70th, 90th).
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Supplementary Fig. 9. Larger-capacity models show greater robustness to recurrent-weight
perturbations. Models in Fig. 2b were perturbed at the indicated training checkpoints by adding Gaussian
noise to the recurrent weights at different signal-to-noise ratios (SNRs). Perturbation sensitivity was measured
as ALoss = Lossperturbed — Lossoriginal, with smaller values indicating greater robustness. For each model
size, training checkpoint and SNR, n = 20 independently trained model instances were evaluated, with
10 independent noise realizations per model. Boxes show the interquartile range, center lines indicate the
median, whiskers extend to 1.5 times the interquartile range, and colors denote model size.

Concatenating these yielded a raw feature vector x € R?8. To address the high collinearity among these
features, we applied Principal Component Analysis (PCA) to the feature space of the simulated networks. We
retained the first m = 10 principal components, denoted as vector s, which accounted for > 98% of the total
variance. For a given subject and parameter set 6, we generated N = 200 independent synthetic networks.
The distribution of the dimensionality-reduced statistics sy, was modeled as a multivariate Gaussian sgy, ~
N (g, X9) where py and Xy are the sample mean and covariance matrix estimated from the simulations.
The validity of this Gaussian assumption was confirmed using the Henze-Zirkler multivariate normality test.

The log-likelihood of the empirical subject’s data sy; given parameters 6 is:

In(L(0]sgt)) = —% (590 — 9) 25" (8¢ — tp) +mIn(2m) +1n|Sp] (1)

Calculation of AIC and BIC. We optimized 6 to find the maximum likelihood estimate L. The Information
Criteria were defined as: AIC = 2k — 2In(£) and BIC = kln(n) — 2In(£). Here, k represents the number
of free parameters in the generative model, where we have k = 1 for the Single-constraint models (Spatial
or Task) and k = 2 for the Combined model (Spatial + Task). The term n refers to the number of effective
independent observations used in the likelihood evaluation. In this dimensionality-reduced feature space,

n=m = 10.
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Statistical Results. The “Spatial + Task” model consistently yielded the lowest AIC and BIC scores across
the cohort (Supplementary Fig. 10), demonstrating that the improvement in topological fidelity outweighs
the penalty for model complexity. Specially, the AIC value for “Spatial + Task” is significantly lower than
that for both “Spatial” (¢ = 49.66,p < 0.0001) and “Task” (¢ = 17.61,p < 0.0001). And the BIC value
for “Spatial + Task” is significantly lower than that for both “Spatial” (¢ = 49.65,p < 0.0001) and “Task”

(t = 17.58,p < 0.0001). For more detailed statistical results, see Supplementary Table. 5.
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Supplementary Fig. 10. Model selection via Information Criteria. Comparison of Akaike Informa-
tion Criterion (AIC) and Bayesian Information Criterion (BIC) across the three generative model families:
Spatial-only (green), Task-only (orange), and Spatial+Task (blue). Lower values indicate a better trade-off
between goodness-of-fit and model complexity. The combined “Spatial4+Task” model consistently achieves
the lowest scores, statistically outperforming single-constraint baselines even after penalizing for the addi-
tional parameter (k = 2 vs k = 1). Statistical significance was assessed via two-sample t-tests.

Supplementary Table. 5. Detailed statistical results for model comparison using information
criteria. This table reports the precise statistics for the independent two-sample t-tests performed on AIC
and BIC values across the three generative model families. For each comparison, the t-statistic, degrees of
freedom (df), and exact p-value are provided. Sample size N = 200 represents the number of subjects (To
balance the robustness of the statistical results and computational feasibility, we determined N=200 instead
of 758.); here df = 2N — 2.

Comparison Metric t-statistic df p-value

Spatial vs. Task AIC 44.90 398 7.04 x 10~158
Task vs. Spatial+Task AIC 17.61 398  9.55 x 10752
Spatial vs. Spatial+Task  AIC 49.66 398 1.18 x 10172
Spatial vs. Task BIC 44.90 398  7.04 x 107158
Task vs. Spatial+Task BIC 17.58 398  1.25 x 10751
Spatial vs. Spatial+Task  BIC 49.65 398  1.24 x 10—172

16



195

196

197
198
199

200
201
202
203
204
205

206
207
208
209

210
211
212
213
214
215
216

Supplementary Note 7: Mechanistic Account of Task-Driven Modularity and

Learning Efficiency

This note provides an idealized mechanistic account for the emergence and utility of modular structure in
multitask recurrent neural networks. The goal is not to prove a universal theorem for all nonlinear trained

RNNs, but to formalize the main empirical chain observed in the manuscript:

task statistics — family-structured hidden representations
— block-biased recurrent updates — modular recurrent weights

— reduced destructive cross-task interference — improved learning efficiency.

This derivation follows the style of idealized model-based explanations used in recent work on modular
structure in artificial neural networks [6]. We distinguish between three levels of claims: (i) formal derivations
under idealized assumptions, (ii) toy-model closures that make the modularity statistic interpretable, and
(iii) mechanistic interpretations for incremental connectivity and temporal extensions. This distinction is
important because the following derivations are intended to support the interpretation of our empirical

findings, not to replace them with a fully general theory.

Setup and local linearization. We start from the recurrent network in the manuscript and consider
a local linearization around a stable operating regime, a standard simplification for analyzing recurrent
dynamics near a trained trajectory or fixed operating point [7, 8]. Let the hidden state obey the discrete-time
approximation

hiv1 = Jhy + Bry + Uy + &t (2)

where h; € RV is the hidden state, z; is the stimulus drive, Um(t) 18 the task-dependent context drive,
m(t) € {1,..., M} indexes the task, & is zero-mean noise, and J is the linearized recurrent operator. We
assume p(J) < 1, so that the linearized dynamics are stable. A key point is that the raw one-hot task
label covariance is not itself block-structured. Any block structure must arise from task-conditioned hidden
statistics induced by learning, rather than from the one-hot rule input alone. We assume that tasks can be
grouped into a small number of compatible task families, reflecting the empirical observation that some task

pairs require disjoint representations while others share representations partially or almost fully.
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Hidden-state second moments inherit task-family structure. For a fixed task m, definep,,, = E[h; | m]
and Eﬁlm) = Cov(ht | m). Under Eq. (2), the task-conditional covariance satisfies the discrete Lyapunov
equation Z;Lm) = JE,(lm)JT + BZ&m)BT + X¢. When tasks are mixed with probabilities m,,, the law of total

covariance gives

M M M
Sawie = 9 TS Y T = 1) (o =), =D o (3)
m=1 m=1 m=1

Thus the mixed hidden covariance decomposes into within-task variability and between-task mean geometry.
If related tasks induce nearby hidden means and similar within-task covariances, X,ix acquires a family-
wise block structure. This formalizes the hypothesis that task co-embedding can modularize hidden-layer
functional covariance. Importantly, this argument does not assume modular recurrent weights a priori; it

only assumes that learning organizes related tasks into nearby hidden-state statistics.

Capacity limits make full task separation impossible. We next explain why the effect should be
strongest when task load is high relative to representational capacity. Let ay,...,ay € R? be normalized
task representations in a true latent subspace of dimension d, and define the Gram matrix G, = (am, an).

The frame-potential bound, also known as the Welch bound in signal design [9], gives

M

tr(G)? M?
2 = N> > T
3 Haman)l = (%) > U > = ()
Consequently,
1 9 M—d

m#n
When M > d, this bound gives a positive lower bound on average task overlap; when M < d, the bound

is non-positive and therefore only states the trivial fact that the average squared overlap is non-negative.
Thus, as the task-to-capacity ratio grows beyond one, some task overlap becomes unavoidable. The bound
itself does not prove that family-wise clustering is the unique optimum. Rather, it establishes that full task
separation becomes impossible under limited capacity; clustered reuse among compatible tasks is then a
natural low-interference compromise. In the manuscript, the task-to-dimensionality ratio uses PCA-based
effective dimensionality and should be interpreted as an empirical proxy for this latent-capacity ratio, not

as the exact theorem variable.
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From family-structured hidden activity to block-biased recurrent updates. The previous sections
explain why task-family structure can appear in hidden-state statistics. We now show how such repre-
sentational structure can be translated into modular recurrent wiring through learning. Let P, be the
projection onto the dominant hidden subspace for task family g. For a task m in family g, assume
hgm) P, z(m) +r(m) where rt(m) is a small residual. Likewise, let the backpropagated recurrent error decom-

(m) + sim), where ), is the dominant error-support projector for family g, approximately

aligned with Py, and sgm) is a small residual. This error-structure assumption is necessary: hidden-state

pose as 5;:”1 = Qge;

block structure alone does not automatically imply block-structured weight updates. For recurrent weights,

the gradient has the standard outer-product form

m m)T
Vit Lon = > 00 h™ T (6)
t

Substituting these decompositions gives

ST = Que™ ™ TPy + Que™ ™!
+s;m>z5mﬁpg+sgm>r§m>f @
Taking expectations,
[AWrec = T Z Qg (m) ] P + Eg, (8)

where E; collects residual terms and is small when the residual energies of Tt(m) and sgm) are small. Therefore,

under family-structured hidden activity and family-structured error propagation, expected recurrent updates
are block-biased: within-family update magnitude dominates cross-family update magnitude. Over training,
these biased updates accumulate into block-dominant recurrent weights, providing a learning-dynamics bridge

from functional co-embedding to structural modularity.

Gradient factorization and quadratic suppression of interference. We next explain why modular

recurrent structure improves multitask optimization. Consider the steady-state linearized RNN

T = (I - W)ilck, W =al + 5Wrcca (9)

and define the effective recurrent error

6= (I — W), (10)
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Differentiating the steady state with respect to Wye. gives

oL -
aWiC = Bopry . (11)

Therefore, for tasks ¢ and j, the inner product of vectorized recurrent gradients factorizes as

OL; OL; ~e
Gij = <Vec <8VVrec> , vec (aWrJec>> = 52(5;5]-)(7“?7"]-). (12)

This factorization shows that cross-task interference is small whenever either forward activity overlap or
backward error overlap is small. Under modular structure, both overlaps are small across task families.
To quantify this point, write

Weee = Wp +9Wo, (13)

where Wp is block diagonal, /WO is the normalized inter-family perturbation, and ~ is the perturbation

magnitude. Let P = (I — WD)_l. If B7||P||||/V[70|| < 1, the Neumann expansion gives

oo

(I=W)™' =3 (ByPWo)"P. (14)

n=0

Thus, for two tasks from different dominant families, cross-family leakage in both 7 and gk is of order O(7),

SO

rir =00, 8 0;=0(). (15)

Combining Eq. (15) with Eq. (12),
Gyl < Cy* +0(+), (16)

for some constant C' depending on signal norms and the stability of the recurrent dynamics. The exact
prefactor is not essential; the key conclusion is the quadratic suppression of cross-family gradient interference

as inter-family coupling decreases.

Reduced destructive interference improves learning efficiency. Let the multitask objective be

LO) =D Tmlm(0),  gm=VIn(0), G= D TmGm- (17)
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If £ is locally smooth, one gradient step gives [10]

£0 - mg) < £6) ~m (1= 5% gl (19)

while

1911 =D~ molgmnll* + Y T {gims gn)- (19)

m#n
Negative cross-task inner products create destructive interference and reduce local descent. Modular structure

is useful when it suppresses destructive cross-family interference while preserving within-family sharing. This
point is important: the argument does not claim that all cross-task alignment should be removed. Positive
within-family alignment can be beneficial, whereas negative cross-family interference is costly, consistent
with the motivation behind multi-task gradient-conflict methods [11].

If tasks are sampled stochastically during training, the gradient variance also depends on cross-task gradient

inner products. For uniform sampling over K tasks, let G, = VL; and G=K"1 Zk Gy. Then

- K-1 2

2 2

ByllGr — GIP = = SOIGHI? = 5 3 (G, Gy, (20)
k i<j

Thus, suppressing destructive cross-family interference improves learning through two coupled channels: it

reduces cancellation in the average update and stabilizes stochastic multitask optimization. This mechanism

explains why mid-training modularity is most predictive in capacity-limited networks, where task overlap

cannot be avoided simply by increasing representational dimension.

Capacity dependence, incremental connectivity, and empirical diagnostics. Combining the capac-
ity bound and the interference analysis gives the following interpretation. When latent capacity is high relative
to task count, near-separated representations may be possible even without strong structural segregation.
When task count exceeds effective representational capacity, average overlap becomes unavoidable, and clus-
tered reuse among compatible tasks becomes a low-interference solution. In that regime, modularity is not
merely descriptive; it is a structural means of reducing destructive cross-task interference. The connection-
incremental results can be interpreted through the same lens, but should not be overstated as a theorem.
Incremental connectivity defines a continuation process: early sparse subproblems encourage low-interference
substructures, and later connection growth can preserve and amplify them through path dependence. Simi-
larly, the steady-state derivation suggests an analogous temporal statement under BPTT if family support
is approximately preserved through recurrence and backpropagation, but a complete temporal theorem is

beyond the scope of this note.
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The framework also yields direct empirical diagnostics. First, using modules estimated from neuron-similarity

or recurrent-weight communities, one can decompose task gradients into intra- and inter-module energy:

Eingra(m) = Z HPgGmPgH%v Einter(m) = Z HPg’GmPgH%‘v (21)
g 97#g’

where G, = Vw,.. L. The theory predicts that Eintra/ Einter should increase as modular organization forms.
Second, within-family and cross-family gradient cosine similarities can be compared over training. The theory
predicts preserved or positive within-family alignment but reduced destructive cross-family interference,

especially in capacity-limited models.
Overall, such a reasoning procedure explains why task-driven modularity emerges as a useful structural
adaptation under multitask pressure and limited representational capacity, while keeping the theoretical

claims appropriately scoped to idealized assumptions.
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