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Supplementary Notes

Simplified Equivariant Message for Scalar Fields

In a graph neural network (GNN), a crystal structure is represented by a graph G = (V, &, X, C), where V
and £ denote the sets of node (atom) and edge (bond) features, respectively, while X and C represent atom
positions and cell parameters. The message-passing in the equivariant GNN—essentially a graph convolution
by aggregating the high-dimensional features Vi/;,,,, from neighbor atoms—employs spherical tensor kernels

composed of trainable radial filters ]-"l °!i's (1) and spherical harmonics Yéff (r) [1,2):

cl oMo Z Z Cll::rrL:leme’l m; ’Féz’lllf (’rab)Yé{f (f‘ab)j| (1)
beN (a) lilgmimygc!
where Cll"f?’: 1ym, Are Clebsch-Gordan (CG) coefficients which transform the direct product of IRREPs into
direct sums, preventing the exponential growth of feature dimensions after successive convolution layers.
Parity equivariance is enforced by restricting the allowed product channels I; ® [y — [, in Eq. (m) to those
satisfying p;ps = po.
Predicting the PS charge density 7(r) is challenging due to the overwhelming number of grid points. By
exploiting the atomic structure, 7i(r) has a natural formulation via spherical harmonics expansion with basis
functions centered at atoms {a}:

i(r) = S5 e, R (r — ra )Y (Ir — ral) 2)

a clm

where spherical harmonics Y}, (£) and radial basis R,;(r) together form the basis. Using Eq. (E), the basis-
based methods indirectly fit_the expansion coeflicients hy;m, (7). For convenience the contracted Gaussian
basis is typically employed [B], at the cost of accuracy due to their limited completeness. The grid-based
methods, on the other hand, directly predict the charge density on grids using message-passing from atoms
to grids [4-6]. The efficiency-accuracy trade-off between the two methods can be understood from Eq. (m)
Basis-based methods perform a single atom-to-grid message-passing step with parametric analytic radial
basis functions, where the tensor product scales as O(L?) owing to the sparsity of CG coefficients coupling
to l, = 0. In contrast, grid-based methods employ multiple atom-to-grid message-passing layers with learned
radial basis functions, resulting in a prohibitive O(L®) scaling cost of tensor product for the hundreds of
thousands of edges per atom.

The state-of-the-art grid-based methods incorporate equivariant tensor products for atom-to-grid message
passing. A single layer of equivariant tensor product for scalar property reduces to a simple form of tensor
contraction of O(L?) scaling. While in [f] a two-layer atom-to-grid equivariant message passing is employed
at the cost of O(LY) scaling, deeper layers have not been reported yet in the literature due to their prohibitive
computational time. In the following, we prove that the two-layer case can be reformulated to O(L?) scaling,
which is the theoretical minimum complexity of spherical tensor operations outputing scalars. For notational
simplicity, the constant coefficients are often absorbed into the radial filters throughout the derivation. The
derivation is inspired by the linearity of high order equivariant operations and the fact that the charge density
is a scalar field. We start from the first equivariant message passing layer pl; . (r):
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where Gate.(r) is the non-linearity gate function acting on different spherical tensor channels, the input
of which is the scalar part of a tensor product plus a scalar node attribute term ®%,. When coupling to
scalar, the conservation of angular momentum requires that the CG coefficients Cl1m1l2m2 be non-zero only
for I = la,m1 + ma = 0, hence O(L®) tensor product reduces to O(L?) scaling tensor contraction. The
basis-method is a special case of equivariant message passing with a single layer equivariant message passing
and no gate non-linearity.

The second equivariant message layer starts from the result of the first layer pilomo (r) and couples it
with spherical harmonics to scalar:
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We have neglected_here the gate function for simplicity, but it should not be an issue since it is merely a
repetition of Eq. (H) to be multiplied by p?(r). The third term in the R.H.S of Eq(a) is computationally
expensive for incorporating the direct product of two spherical harmonics, which can be decomposed into a
direct sum using CG coeflicients:
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where a(l’,1;,1) are coeflicients of coupling channels. Thus it is further written as a contraction between CG
coefficients:
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with the third term in the R.H.S of Eq. (E) reduced to:
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With some redefinition of trainable parameters, the two-layer atom-to-grid equivariant message passing is
reformulated into an O(L?) scaling form:
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1See Eq. (8) in p. 259 of [i]



Though O(L?) scaling, Eq. (E) incorporates a large number of grids and channels, hence it is memory
prohibitive. The nontrivial parts are the fully trainable radial filters F and the non-linearity gate functions.
If we give up the non-linearity functions, we could greatly simplify the grid-based methods to a basis-based
form with fully trainable radial basis functions.



Supplementary Discussions

1. Performance on NMC Dataset

The NMC dataset contains 2,000 LiyNiyMn,Co;_y_,)O2 battery cathode materials with varying levels of
Li content [B], split into 1,450 training, 50 validation, and 500 test structures. The original NMC dataset is
calculated with VASP but lacks the specific pseudopotential information. For applicability of downstream
tasks such as electronic structure calculations, we recalculated the pseudo charge density as well as the
augmentation occupancies for the original structures, the exact version and hashes of the pseudopotentials
are reported in our Zenodo data repository.

The model was trained to predict both the pseudo-charge densities and augmentation occupancies simul-
taneously. The radial cutoff for RBFs cutoffyrone is 3A and the number of channels N, is 3, other model
hyperparameters are identical to those used for training the MD trajectory datasets. The rationale for
these hyperparameters is justified in Supplementary Discussions 5. On the test set, EdenGNN achieved a
pseudo-charge density MAE of 0.096% and an augmentation occupancy MAE of 0.00085. While this density
error is marginally larger than that reported by ChargE3Net (0.061%), it is fully adequate for downstream
applications such as predicting electronic structures. This is illustrated by a representative band structure
comparison for one of the test structures shown in Supplementary Fig. [L1]. Across the 500 test structures,
the band energy MAE is 0.045 eV. Crucially, EdenGNN maintains this level of accuracy while achieving a
150-fold inference speedup compared to ChargE3Net, as demonstrated in Fig. 3(a) of the main text.

2. Construction of Spherical Bessel Radial Basis Functions for Ablation Study

To isolate the effect of the radial basis construction, we replace only the trainable radial basis in EdenGNN
with a fixed spherical Bessel basis, while keeping all other settings unchanged, including Ly,.x, the number
of channels, the cutoff radii, and the network architecture. In particular, the comparison is performed under
the same controlled setting as in Supplementary Discussion 5, so that the observed performance difference
can be attributed to the basis choice itself.

For the fixed basis, we constructed the [-dependent radial functions from spherical Bessel functions with
a cosine cutoff envelope. Let r. denote the cutoff radius and let «,,; be the n-th positive root of the spherical
Bessel function j;(«), i.e.,

jl(anl)zov n=1,...,Ng, l:Ow”;Lmax- (9)

The corresponding radial basis is written as

Fa(r) = o) @i ) (10)

C

where the cutoff envelope is
r

fowo(1) = 3 oos((xZ ) + 1] €00 = 1), (1)

and ©O(-) is the Heaviside step function. This construction enforces smooth decay to zero at the cutoff
boundary, while the roots «,,; provide a complete fixed radial expansion for each angular momentum channel.
In our implementation, the same set of L.x and N, values is used for both the trainable and fixed-basis
models; therefore, any change in accuracy directly reflects the advantage of learning the radial filters rather
than using a predetermined Bessel expansion.

Te

3. Validate EdenGNN on LCAO-basis DFT

In this section, validation the applicability of EdenGNN to LCAO-basis DFT by training a foundation model
using ABACUS [8]. The dataset consists of structural data for non-magnetic materials sampled from the
MP database [9]. This dataset differs from the one used to train EdenGNN-Uni, as the norm-conserving
pseudopotentials employed here provide less comprehensive support for f-block elements compared to the
projector augmented-wave (PAW) method. The dataset was randomly partitioned into 50,000, 2,000, and



2,000 samples for training, validation, and testing, respectively. The model was trained on a single NVIDIA
A800-SXM4-80GB GPU for 168 GPU hours, completing 698,000 steps with a batch size of 1. The hyperpa-
rameters are set as follows: Lyax = 6, N. = 4, cutoffarom = 4.0 A, cutoffprone = 3.0 A. The meaning of these
parameters and the justification for their selection are discussed in Supplementary Discussion 5.

On the test set, the model achieves a density error of 0.61%, which error is comparable to the error
of EdenGNN-Uni on PAW datasets (0.67%), indicating the transferability and robustness of EdenGNN
across different DFT methods. To evaluate out-of-distribution performance, we further calculate the band
structures for 100 randomly sampled structures from the GNoME database, ensuring the chemical systems
excluded from the training set. The resulting KS eigenenergy MAE MAEgigen is 0.097 eV. The corresponding
parity plot is presented in Supplementary Fig. [L2.

For the DFT calculations in this section, we employed the Perdew-Burke-Ernzerhof (PBE) exchange-
correlation functional and a k-point grid with a density of 0.15 A~'. The self-consistent field (SCF ) conver-
gence criterion scf_thr is set to 1076, The energy cutoff (ecutwfc) is set to 100 Rydberg; we refer readers
to the ABACUS documentation for further details regarding this precision parameter. The trained model
weights, dataset splits, and the exact pseudopotentials and basis sets (along with their hashes) are publicly
available in our Zenodo data repository.

4. Workflow to Generate the Superposition of Atomic Charge Density

The superposition of atomic charge density (SACD) prior is generated directly from the native output of
the electronic-structure code, rather than from any separate atomic-density reconstruction. For the VASP
datasets used in this work, we obtain the SACD prior by setting ICHARG = 12 (and NELM = 0 to disable self-
consistent calculations) with a strictly consistent pseudopotential set and the same calculation parameters
used throughout dataset generation and charge density prediction. This workflow ensures that the atomic-
center charge density is produced in a standardized and reproducible manner, without introducing additional
interpolation artifacts or post-processing noise.

The same principle applies to other supported DFT packages in EdenGNN. In these cases, we also rely on
the built-in SACD functionality provided by the code itself, together with a unified pseudopotential setup,
so that the resulting SACD prior is defined on the same physical baseline across all samples. Because SACD
depends on the pseudopotential choice, we keep the corresponding pseudopotentials fixed for each dataset to
guarantee internal consistency and to avoid mixing priors generated under different atomic reference states.

5. Validate the Hyperparameter Settings of EdenGNN

To validate the hyperparameter choices used in the main text, we perform controlled scans of the maximum
angular momentum Ly, .y, the number of radial channels N, the atomic cutoff radius, the probe cutoff radius,
and the density loss fraction, while keeping all other settings fixed at the reference configuration (Lyax = 6,
N, =4, cutoff,iom, = 4.0 A, cutoffyohe = 4.0 A, and loss density fraction = 0.9). The corresponding results
are shown in Supplementary Fig. @—@

The density prediction error decreases rapidly as L.y increases from 3 to 4, and then becomes nearly
saturated for Lpax > 5. A similar trend is observed for the radial channels: the error is reduced from
0.118% at N, = 2 to 0.087% at N. = 3, and remains at a comparable level for N, > 4. These results
indicate that N. = 3 already provides a good balance between expressivity and efficiency. The cutoff-
radius scans show that the model is more sensitive to the probe cutoff than to the atomic cutoff when the
cutoff is too small, and the inverse is observed when the cutoff is larger. This suggests that we can further
improve the accuracy by increasing the interaction ranges of atoms. The density loss has already saturated
at cutoffprobe = 3.0 A, and the choice of cutoffprone = 4.0 A is to provide a safety margin. On the other
hand, using cutoff,;ope = 3.0 A instead of 4.0 A would increase the training speed. Finally, as expected,
varying the density loss fraction from 0.5 to 0.9 would increase the density accuracy while decreasing the
augmentation occupancy accuracy, because the two optimization targets are competing with each other.
Hence we choose a dual network strategy in training EdenGNN-Uni to maximize the performance. Overall,
these scans support the hyperparameter setting adopted in the main text as a compromise between accuracy
and computational cost.



6. The Optimization Strategies for Training Models

Throughout the work we used the AdamW optimizer with a ReduceLROnPlateau learning rate scheduler
to train all models, including the ChargE3Net and EAC-Net models. The ReduceLROnPlateau scheduler
is implemented by monitoring the validation metrics and reducing the learning rate by a factor of 0.5 if the
validation metrics do not improve for patience evaluation times. As a robust, feedback-driven scheduler,
ReduceLROnPlateau automatically adjusts the learning rate based on validation metrics, thereby reducing
the difficulty of engineering hyperparameters. The detailed optimization settings including batch size and
learning rate scheduler are summarized in Table P.



Supplementary Tables

Supplementary Table 1: Overlap statistics and generalizability of EdenGNN-Uni on disjoint test sets. Comp,
Re-Form, Chem-Sys and Proto denote composition, reduced formula, chemical system and AFLOW-style
protostructure [L0], respectively. The overlap percentages indicate the proportion of test samples that share
the same descriptor with the MP training set. The Disjoint subset is constructed by excluding test structures
whose Comp, Re-Form, Chem-Sys or Proto labels appear in the MP training set.

Test Subset Size (V) Overlap gn (%) MAE.u; MAEcgen (€V)

9.6% (Comp)
17.7% (Re-Form)

MP Test Set 5,000 54.9% (Chem-Sys) 0.67 0.0085 0.102
2.9% (Proto)

MP Comp-Disjoint 4,519 0% (Comp) 0.66 0.0084 0.100

MP Re-Form-Disjoint 4,107 0% (Re-Form) 0.69 0.0086 0.102

MP Chem-Sys-Disjoint 2,254 0% (Chem-Sys) 0.68 0.0087 0.106

MP Proto-Disjoint 4,853 0% (Proto) 0.67 0.0083 0.102
0% (Comp)

GNoME Test Set 1,000 09;? (g}leei‘)g;s)) 0.66  0.0105 0.099
3.3% (Proto)

GNoME Proto-Disjoint 967 0% (Proto) 0.66 0.0105 0.099

Supplementary Table 2: Optimization settings for models trained in this work. Abbreviations: MD-traj
(Molecular Dynamics trajectories), MP (Materials Project), LR (learning rate). For the MP dataset, patience
is measured in evaluation steps rather than epochs. For EAC-Net, the batch size is 40 probes, because at
each training step EAC-Net optimizes a fixed number of probes which may belong to 1 or more structures,
while other models optimize a fixed number of structures at each step.

Model Dataset Initial LR Patience Batch Size
EdenGNN MD-traj 5 x 1073 5 epochs 1
EdenGNN MoS-2 1x1072 5 epochs 1
EdenGNN-Aug MP 1x1072 5 x 1000 steps 8
EdenGNN-Den MP 5x 1073 5 x 3000 steps 1
ChargE3Net MD-traj 1 x 1072 50 epochs 8
EAC-Net MD-traj 1 x 1073 50 epochs 40 probes




Supplementary Figures
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Supplementary Fig. 1: Relative bond length distributions of structures in the test sets of the molecular
dynamics trajectory datasets. The relative bond length is defined as dd = (d — d)/d, where d is the average
bond length.
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Supplementary Fig. 2: Parity plots of model predictions versus DFT benchmarks for systems from the
molecular dynamics trajectories datasets. The systems are: (a) Si, (b) GaN, (¢) GaAs, (d) AlyO3, (e) InSb,
(f) InAs, (g) LiF and (h) Al. In each subfigure, the panels from left to right illustrate the pseudo density n(r),
the augmentation occupancy p%, ., the total energy I, and the eigenenergy e, respectively. The coefficients
of determination R? and the average errors are shown in each panel.
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Supplementary Fig. 3: Comparison of band structures predicted by EdenGNN and calculated by DFT for
materials in the molecular dynamics trajectories dataset. The structure is chosen as the first frame in the
trajectories of the test sets.
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Supplementary Fig. 5: Predicted charge density of the valence band maximum (VBM) state for 3.5° twisted
MoS; superlattice. (a) The VBM charge density predicted by EdenGNN. (b) The VBM charge density
calculated by DFT. Both figures are plotted using the same isovalue of 4.3 x 1075 e/A3.
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Supplementary Fig. 6: Validation loss curves for EdenGNN-Uni in the training stage. (a) The loss curve for
the pseudo charge density prediction network. (b) The loss curve for the augmentation occupancy prediction
network. €5 is the normalized pseudo charge density mean-absolute error (MAE), while MAE,; is the MAE

of augmentation occupancies.

Note: Due to its large size, the images and detailed caption for this figure are placed at the end of this
Supplementary Information document on page |37.

Supplementary Fig. 7: Band structure and density of state comparisons for 100 randomly sampled structures

from the Materials Project database.
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Supplementary Fig. 8: Representative band structure comparison for an outlier structure at the 95th per-
centile of the band energy error distribution. The plot shows the band structure of a material with Materials
Project ID mp-1228750 [9], which has a mean absolute error MAEy,,q of 0.232 eV.
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Supplementary Fig. 9: Parity plots of EdenGNN-Uni predictions versus DFT benchmarks for 1,000 novel
materials randomly sampled from the GNoME database [L1]. the pseudo density 7n(r), the augmentation
occupancy p%, . the total energy I and the eigenenergy e, respectively. The coefficients of determination
R? and the average errors are shown in each panels.
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Supplementary Fig. 10: Comparison of predicted band structures by EdenGNN-Uni and Uni-HamGNN
for materials in the GNoME database. For each subfigure, the upper panel illustrates the band structure
comparison plot along high-symmetry lines; the lower-left panel displays the atomic structure; and the
lower-right panel shows the parity plot of the eigenenergy e,; with the coefficient of determination (R?)
indicated. At the bottom, the elements of the compound, energy error AF and band energy mean absolute
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4] eV relative to the Fermi level. The representative compounds include: (a, b) AgInlrMgsY3 and (c, d)
CSigVgWay; for the latter, Uni-HamGNN exhibits ghost state artifacts near Fermi level.
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Supplementary Fig. 7: Band structure and density of state comparisons for 100 randomly sampled structures
from the Materials Project database. Each panel is labeled by its corresponding Materials Project ID. The
plots are arranged in ascending order in terms of the MAEy,,q metric to illustrate the model’s performance

distribution.
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