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SUPPLEMENTARY INFORMATION
Null model calibration

Scatter plots of strengths in the empirical and the ran-
domized networks provide additional information about
individual null model calibration and bias, i.e., the fi-
delity of its behavior across the range of data under con-
sideration. For example, in the HCP dataset (Fig. 2a,
S7), the Rubinov-Sporns algorithm appears to system-
atically underestimate low strengths and overestimat-
ing high strengths, as shown by the preponderance of
data points below the identity line for lower empirical
strength values and above the identity line for higher
empirical strength values. By comparison, the Maslov—
Sneppen algorithm shows a more even spread of points
around the identity line, and even slightly outperforms
the Rubinov-Sporns algorithm in terms of mean squared
error (MSE; Fig. S1) in the low resolution HCP net-
work (p < 10722, CLES = 54.08%, two-tailed, Wilcoxon—
Mann-Whitney two-sample rank-sum test). Importantly,
the simulated annealing algorithm yields data points
which perfectly align to the identity line, indicative of
an unbiased fit. In contrast, in the Lausanne dataset
(Fig. S7), the Maslov-Sneppen model underestimates
high strengths, with most data points falling under the
identity line at high empirical strength values. Con-
versely, the Rubinov—Sporns algorithm and the simulated
annealing algorithm exhibit a number of data points
above the identity line. In the case of simulated anneal-
ing, a small number of low strengths are over-estimated.
Importantly, these errors do not appear to be systematic,
as they affect different regions in different null realiza-
tions. Therefore, screening strength preservation results
for each null realization could avoid introducing a bias
towards the overestimation of low strengths in the null
ensemble without incurring a considerably longer pro-
cessing time. Furthermore, these low-strength outliers
only have a small effect on simulated annealing perfor-
mance, as shown by the high correlation coefficients ob-
tained.

Alternative objective function

To mitigate the small reconstruction errors observed in
the Lausanne dataset using simulated annealing, we con-
sider a different objective function that penalizes large
individual errors: maximum absolute error. We explore
the effect of this objective function in 100 null networks
for each empirical network. We find that low-strength
outliers are less apparent but that this effect is achieved
at the detriment of the overall fit of the model (Fig. S2).
For all networks, the strength sequence preservation is
considerably worse as assessed using Spearman rank-
order correlation (LAU - low res: p < 10733, CLES
= 85.10%, LAU - high res: p < 107%, CLES = 100%,
HCP - low res: p < 107%, CLES = 100%, HCP - high res:

p < 10796, CLES = 100%, two-tailed, Wilcoxon-Mann—
Whitney two-sample rank-sum test).

Alternative annealing schedule

The annealing schedule is the process used to control
the temperature during simulated annealing [2, 20]. In
the Results section, we only present analyses in which
a geometric cooling schedule was used for the simu-
lated annealing algorithm (see Methods for more details).
While this is the most widely used annealing sched-
ule [2, 29], alternatives exist, including non-monotonic
schedules. Here, we explore the use of a non-monotonic
annealing schedule, which allows reheating when the
system gets stuck in a local minimum [2, 31, 32].

While monotonic cooling strategies allow the system
to escape from local minima (see Fig. 1c and Methods
for more details), a situation may arise where the sys-
tem, under simulated annealing, converges to an inad-
equate super-structure and gets stuck in a local mini-
mum under a low temperature regime. The costly re-
arrangements required to exit this local minimum and
allow super-structural changes would then be highly im-
probable. The system could then be reheated to escape
the local minimum and allow super-structural changes.
Here, we explore this approach by modifying our sim-
ulated annealing algorithm to detect local minima and
reheat the system. Specifically, a local minimum was
detected if no weight swap was accepted in an anneal-
ing stage and the temperature was updated according
to: T;41 = max(7,/2,Ty), where T;; is the tempera-
ture at iteration ¢ + 1, T,. is the previous reheat temper-
ature, and 7, is the temperature at which the best so-
lution to date was obtained. When no local minimum
is detected, temperature is decreased according to the
standard geometric cooling schedule used in the main
analyses: T;11 = oT;.

To test this new annealing schedule, we use the low-
resolution Lausanne connectome. Applying the reheat-
ing strategy with the default annealing parameters used
in the main analyses (100 stages of 10000 iterations, with
a = 0.5) resulted in the same null networks. This is
due to the fact that no local minimum was detected,
i.e., all annealing stages resulted in at least one weight
swap. In Fig. S4a, we show the energy of the opti-
mal solution (blue) as a function of the annealing stage
(throughout the simulated annealing procedure) for an
example null network. We observe a similar trajectory
as in Fig. S13c (see section “Morphospace trajectories”
for more details). However, to show that local minima
can be escaped even without reheating, we overlay the
energy trajectory of the optimal solution with the actual
energy of the system at the end of each annealing stage
(yellow). We see that considerable increases in energy
can occur, but that they are largely constrained to the
early stages of the procedure, as explained above.

Next, since no strict local minimum (absence of swap



in a stage) was detected under the default parameters,
we shorten the annealing stages (1000 iterations per
stage instead of 10000) to induce local minima and re-
heating. In order for the results to be comparable (to
maintain the same total number of iterations), we con-
comitantly increase the number of stages to 1000. Fi-
nally, so that temperature does not decrease too fast
given the increased number of stages, we use @ = 0.9.
With these updated parameters, we find that two local
minima are detected throughout the procedure, lead-
ing to reheating (Fig. S4b, bottom) and apparent es-
capes (concomitant high increases in energy, as seen
in Fig. S4b, top). We then generate two ensembles
of 100 null networks: one using the default anneal-
ing schedule and the other using reheating. We com-
pare the resulting energies (MSE) of the optimal solu-
tions and find that the reheating schedule produces a
better reconstruction of the empirical strength sequence
(p = 0.004,CLES = 61.85%, two-tailed, Wilcoxon—
Mann-Whitney two-sample rank-sum test). To ensure
that this effect is not simply due to slower cooling, we
compare the energies of the reheated ensemble to that
of an ensemble that underwent the same updated an-
nealing schedule (1000 stages of 1000 iterations with
a = 0.9), but without reheating. Again, we find that the
reheating schedule outperforms the monotonic cooling
schedule (p = 5.23 x 107%, CLES = 66.56%, two-tailed,
Wilcoxon-Mann-Whitney two-sample rank-sum test).

In summary, using a non-monotonic annealing sched-
ule can yield a better reconstruction of the empirical
strength sequence, but might require more parameter
fine-tuning.

Log-transformation

Our assessment of the quality of strength reconstruc-
tion revealed a slight tendency of the simulated anneal-
ing algorithm to overestimate low strengths in networks
with a heavily right-skewed weight distribution. This
could be due to a combination of high weight outliers
and low-strength nodes having lower degrees and there-
fore providing fewer “degrees of freedom” in match-
ing their original strength through weight permutations.
We posit that the small discrepancies in strength recon-
struction observed between datasets might be due to a
simple but potentially influential processing step: log-
transformation, which was applied to the HCP dataset
but not the Lausanne dataset. This common practice
consists in taking the logarithm of the network’s edge
weights and scaling them between 0 and 1 [6, 34].
Weight distributions of physical connections between
neural elements have often been described as approxi-
mately log-normal across scales and species [5, 8, 26].
Log-transformation is therefore believed to bring a net-
work’s weight distribution closer to normality, making it
more amenable to downstream analyses. In the case of
the simulated annealing algorithm, correcting the strong

skewness of connectome weight distributions might al-
low for more degrees of freedom in reconstructing the
strength sequence, consequently leading to faster con-
vergence. In line with this hypothesis, we find that ap-
plying the log-transformation to the Lausanne dataset
leads to better solutions (LAU - low res: p < 10726, CLES
= 93.31%, LAU - high res: p < 10733, CLES = 100%)
of similar quality to those obtained with the HCP dataset
(Fig. S3).

Computational cost

The results so far show that simulated annealing out-
performs alternative network null models at reconstruct-
ing the empirical strength sequence. Given the perva-
sive assumption that simulated annealing is time con-
suming, we next sought to benchmark the computa-
tional cost associated with each procedure. Unlike the
other two algorithms, simulated annealing naturally in-
volves a tradeoff between computational cost and per-
formance. Namely, the user specifies the number of it-
erations per annealing stage—more iterations result in
better solutions but this comes at the cost of added exe-
cution time. To examplify this, we use the low-resolution
Lausanne dataset for computational efficiency. Fig. S5
(left) shows that MSE is logarithmically reduced with
the number of iterations per annealing stage (blue), with
a concomitant linear increase in execution time (yel-
low). To illustrate the benefit of added iterations, Fig. S5
(right) shows strength sequence fits at a small (1000)
and large (100000) number of iterations. We see that
low-strength inaccuracies which are present for a small
number of iterations get “ironed off” as we increase the
number of iterations. Importantly, simulated anneal-
ing’s flexible nature allows it to reach arbitrarily opti-
mal solutions with a sufficiently slow cooling schedule
(1, 2, 4, 7, 10, 12, 13, 17, 28, 36, 47]. However, while
on average, each null took approximately 3 seconds to
generate using 1000 iterations, it took approximately 98
seconds to generate using 100 000 iterations. Generating
a complete null ensemble could therefore require several
hours without parallelization. Nevertheless, simulated
annealing’s strength reconstruction performance initially
improves rapidly with an increase in iterations, providing
adequate reconstruction at the default value of 10000 it-
erations (see Fig. S7, top).

Given that simulated annealing is more computation-
ally intensive, how feasibly can it be applied to more
fine-grained networks with a greater number of edges?
Would users be forced to use the Maslov—Sneppen or
Rubinov-Sporns algorithms in those instances? Fig. S6a
(left) shows execution time for the three null model
algorithms run on empirical networks with increasing
density. Note that the duration of the Maslov—Sneppen
rewiring was subtracted from that of the Rubinov-Sporns
and simulated annealing procedures because the two
strength-preserving weight reassignment procedures are



modular. Here, they build atop the Maslov—Sneppen
algorithm, but they could effectively be used in com-
bination with any randomization procedure. Consid-
ering their execution time separately allows us to fo-
cus on their specific scaling behaviors while maintain-
ing an equal footing. First, we observe that the Maslov—
Sneppen and Rubinov-Sporns algorithms have consid-
erably shorter execution time. However, we find that
simulated annealing scales well, showing a near-flat
relation with increasing density. By comparison, the
Rubinov-Sporns algorithm shows a slightly worse scal-
ing behavior, characterized by a steeper slope. Fi-
nally, the execution time of Maslov-Sneppen rewiring
is the most sensitive to network density. Importantly,
the Maslov—-Sneppen algorithm’s strength reconstruc-
tion performance concomitantly decreases, as shown
by an increase in MSE as a function of network den-
sity (Fig. S6a, right). In contrast, the Rubinov-Sporns
and simulated annealing algorithms’ performances are
not affected by density. Similar results were observed
when considering the relationships between network size
(number of nodes) and the algorithms’ execution time
and performance (Fig. S6b). Overall, these results show
the flexibility of the simulated annealing procedure: de-
spite greater computational cost, simulated annealing
can be tuned to achieve even better performance, and
it scales well to more detailed networks.

Morphospace trajectories

A question that might arise when using iterative op-
timization methods such as simulated annealing is how
dependent the solution is on the number of iterations.
Once again, morphospace representation can be used
to address this question. Namely, it allows us to ask
how much do global architectural features of null net-
works change as a function of optimization performance
or number of steps taken. As an example, we con-
sider the low-resolution empirical networks of the Lau-
sanne and HCP dataset and we track the trajectory of a
null network through morphospace during optimization
(Fig. S13a,d). We find that while early optimization steps
result in big leaps in the morphospace, i.e. highly vari-
able solutions depending on the moment the process is
stopped, displacements quickly localize to a constrained
portion of the morphospace. Correspondingly, we ob-
serve a rapid transition in performance relatively early
in the simulated annealing process (Fig. S13c,f). This in-
dicates that simulated annealing reaches a high level of
performance early on and that the following minor in-
creases in performance do not result in important struc-
tural changes for the null networks. In other words, each
null network, based on the simulated annealing proce-
dure’s random initialization, has a predetermined place
in the morphospace. This is further confirmed by ag-
gregating morphospace positions and performance (in
terms of MSE) across 100 null trajectories of 100 an-
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nealing stages (Fig. S13b,e). Indeed, we find a clear di-
chotomy between an area of low-energy and an area of
high-energy. Therefore, tracking performance and vari-
ability in the null network features under consideration
for a subset of nulls could be very useful in establish-
ing an iteration threshold or performance target to ulti-
mately reduce the duration of the null networks’ genera-
tion, while still preserving a good approximation.

Weighted rich-club inference and geometry

In section “The weighted rich-club phenomenon”, we
have previously shown that using simulated annealing-
derived null networks yields larger normalized rich-club
ratios than using Rubinov-Sporns or Maslov—Sneppen
randomization (Fig. 4, left, S14, top; p < 0.01 for all
two-tailed, Wilcoxon—-Mann-Whitney two-sample rank-
sum tests). We posited that the differences in normalized
rich-club coefficient observed between models was due
to an overestimation of strength in high-degree nodes.
Here, we verify this hypothesis and further relate this
phenomenon to the prevalence of long-distance connec-
tions between hubs [44] and the exponential decay of
connection weights with physical distance in structural
brain networks [35, 42]. First, we consider the differ-
ence between the normalized rich-club coefficient ob-
tained using simulated annealing and that obtained us-
ing Maslov—Sneppen rewiring. We relate this measure
to median average weight (ratio of strength to degree)
across the rich nodes. We find a strong negative rela-
tionship between the two measures (LAU - low res: p =
—0.96,p < 10727, LAU - high res: p = —0.70,p < 10711,
HCP - low res: p = —0.99,p < 10747, HCP - high res:
p = —0.96,p < 10741, This indicates that the difference
in normalized rich-club coefficient between the two mod-
els might indeed be due to an overestimation of strength
in high-degree nodes by the Maslov-Sneppen rewiring
(Fig. S14; middle). We then relate median average
weight to the median Euclidean distance across rich con-
nections. Again, we find strong negative relationships
between the two (LAU - low res: p = —0.91,p < 10718,
LAU - high res: p = —0.93,p < 10732, HCP - low res:
p = —0.87,p < 10719 HCP - high res: p = —0.62,p <
10~®), indicative of the previous effect possibly being
due to a preponderance of low-weight long-range con-
nections between rich nodes (Fig. S14; bottom). Similar
results were obtained for an alternative definition of the
weighted rich-club coefficient [30, 45] (see Methods and
Fig. S15 for more details).

Alternative strength-preserving randomization
for directed networks

In this implementation, instead of swapping a pair of
edge weights at random among every possible edge, the
basic iteration consists in picking a node at random and



swapping a pair of edge weights at random only among
its outgoing connections. Furthermore, the cost function
to be minimized is now defined as the mean squared er-
ror between the in-strength sequence vectors of the em-
pirical and the randomized networks only. Given that
the out-strength sequence is already preserved by the
Maslov-Sneppen algorithm and that we only permute
outgoing edge weights node-wise, the out-strength se-
quence remains preserved and the algorithm instead fo-
cuses on reconstructing the in-strength sequence of the
empirical network. We find that this alternative imple-
mentation also provides better results than the previ-
ous one in terms of in-strength sequence reconstruction
for all animal connectomes except macaque (drosophila:
p ~ 0, CLES = 72.31%; mouse: p =~ 0, CLES = 79.06%;
rat: p ~ 0, CLES = 77.33%; macaque: p < 107'1,
CLES = 51.41%, two-tailed, Wilcoxon—-Mann-Whitney
two-sample rank-sum test, see Fig. S17 for scatter plots
of strengths in the empirical and the randomized net-
works). This is potentially due to the reduced search
space being easier to explore despite providing less “de-
grees of freedom”.

Strength-preserving randomization for signed networks

Many real-world networks are signed (include both
positive and negative weights). Here we adapt strength-
preserving simulated annealing to signed networks by
iteratively applying the algorithm to the positive and
negative edges separately. This allows us to maintain
both the empirical positive and negative strength se-
quences, as well as the positive and negative weight
distributions. Instead of applying the procedure atop
Maslov-Sneppen degree-preserving nulls, we use the
connection-switching method [50] to randomize the em-
pirical network while preserving both positive and neg-
ative degrees. This method was implemented using the
openly available randmio_und_signed function from the
Python version of the Brain Connectivity Toolbox (https:
//github.com/aestrivex/bctpy) [37], specifying approxi-
mately 10 swaps per edge.

To assess algorithm performance, we apply strength-
preserving simulated annealing to a dataset of signed
brain networks reflecting inter-regional similarity across
seven local biological features (https://github.com/
netneurolab/hansen _many networks) [15]. These net-
works include: correlated gene expression (recon-
structed using the microarray Allen Human Brain At-
las [16, 24]), neurotransmitter receptor similarity (re-
constructed using positron emission tomography [14,
25]), laminar similarity (reconstructed using the Merker-
stained BigBrain neuron density atlas [3, 33]), metabolic
connectivity (reconstructed using dynamic FDG-PET [18,
19, 49]), haemodynamic connectivity (reconstructed us-
ing resting-state functional magnetic resonance imag-
ing - fMRI [46]), electrophysiological connectivity (re-
constructed using resting-state magnetoencephalogra-

phy [22, 23, 40, 46]), and temporal profile similarity (a
measure of dynamic similarity reconstructed from fMRI
time series features [9, 41]). Nodes were defined based
on the Schaefer functional parcellation [39] at a reso-
lution of 400 cortical regions (see [15], for details on
acquisition and preprocessing of each dataset). Addi-
tionally, we benchmark the performance of the simu-
lated annealing algorithm against that of the connection-
switching method [50] and the original Rubinov—Sporns
algorithm for signed networks, using the openly avail-
able null model und sign function of the Brain Con-
nectivity Toolbox (https://sites.google.com/site/bctnet)
[37].

For each of the 7 inter-regional similarity networks
(Fig. S19, top row), we generate 100 null networks ac-
cording to each algorithm. To assess the performance
of the null models in preserving strength sequence, we
plot empirical network strengths against strengths of the
randomized networks for all 100 nulls. Fig. S19 shows
the resulting scatterplots for positive strengths (top row)
and negative strengths (bottom row) separately for each
algorithm (grey: connection-switching, teal: Rubinov—
Sporns, blue: simulated annealing). We also compute
Spearman rank-order correlation coefficients between
the empirical strength sequence and the strength se-
quence of each null. We find that across all the con-
sidered brain networks, simulated annealing shows the
best performance (p =~ 0, CLES = 100% for all networks,
two-tailed, Wilcoxon—-Mann-Whitney two-sample rank-
sum test), with a near-perfect reconstruction of the em-
pirical strength sequence (M =~ 1.0 for all networks).
In contrast, the connection-switching method showed
highly variable and biased performance across networks,
with mean absolute correlation coefficients ranging from
0.056 to 0.987.

In conclusion, we show that the simulated annealing
algorithm can be readily adapted to signed networks to
preserve both positive and negative strength sequences.
Note however that the use of correlation as a connec-
tivity measure has been associated with the emergence
of non-random topological features, such as increased
clustering. These features are not necessarily captured
by network null models that are naive to the underlying
connectivity measure, such as the ones presented in the
current report. Network null models should therefore
be used cautiously when dealing with correlation net-
works and results should be interpreted in the context
of the null hypothesis the nulls embody. For a detailed
overview of pitfalls and solutions associated with the use
of null models for correlation networks, see [51].

Network determinants of simulated annealing
performance

While most networks show a near-perfect reconstruc-
tion of the empirical strength sequence using simulated
annealing, Fig. 6b shows a small number of outliers
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with slightly lower performance. We have previously
observed low-strength inaccuracies using the Lausanne
dataset and some directed animal connectomes. We hy-
pothesized these errors to arise from the heavily right-
skewed weight distributions of these networks and from
low-strength nodes having lower degrees and therefore
providing fewer “degrees of freedom” in reconstructing
the strength sequence (see section “Strength-preserving
randomization for directed networks” and Supplemen-
tary Information section “Log-transformation” for more
details). Here we test these hypotheses across a wide va-
riety of real-world networks to determine how network
features affect the simulated annealing algorithm’s per-
formance. Specifically, in Fig. S20a, we plot the per-
formance of each of the 37 real-world networks under
consideration (mean Spearman’s rho for strength recon-
struction across 100 null networks) against various net-
work features. These features include the normality and
skewness of the weight distribution (in line with the
previous observation that normally distributed weights
led to better performance than right-skewed weights),
the uniformity and skewness of the degree distribution,
as well as the network density (in line with the “de-
grees of freedom” hypothesis). Normality is assessed us-
ing the Shapiro-Wilk statistic, whereas uniformity is as-
sessed using the Kolmogorov-Smirnov statistic, follow-
ing a generalized Monte Carlo goodness-of-fit procedure,
implemented using the goodness_of fit function from the
scipy open-source package (https://docs.scipy.org/doc/
scipy/index.html) [11, 21, 43, 48]. We define outliers as
the networks for which performance was lower than the
20%" percentile of the performance distribution and plot
their empirical strength sequences against the strength
sequences of their randomized counterparts (Fig. S20b).

We find that across most network features, strength re-
construction performance is robust across a large portion
of the feature ranges, with performance outliers mostly
concentrated at the extremes of these feature ranges.
This indicates that simulated annealing is robust across a
wide-range of network features but that its performance
becomes more variable at extremes. Moreover, the ab-
sence of clear relationships across all network features
indicates that simulated annealing performance might
instead be explained by a confluence of multiple fea-
tures. In general, we find that networks with a weight
distribution closer to normality show a better perfor-
mance, that performance drops for networks with very
low density and that outliers generally show higher de-
gree heterogeneity and right-skewed degree and weight
distributions (Fig. S20a). Furthermore, scatterplots of
strength sequences in empirical and randomized outlier
networks generally show a higher propensity for low-
strength inaccuracies (Fig. S20b). Overall, these results
align with previous observations and the notion that net-
work features which lower the algorithm’s “degrees of
freedom” lower performance.

Influence of strength on global network features

In the previous section, we have investigated the net-
work determinants of simulated annealing performance.
Inversely, we can test how the simulated annealing al-
gorithm influences network features. In other words,
when and how much does strength matter? Specifically,
we compare global network features of randomized net-
works depending on whether only degree or, addition-
ally, strength is preserved. We consider characteristic
path length (CPL), mean clustering, assortativity, and
modularity and quantify the difference between the dis-
tributions of degree and strength-preserving nulls using
the common-language effect size: the probability that a
randomly selected value from the degree-preserving en-
semble is greater than a randomly selected value from
the strength-preserving ensemble (Fig. S21). We find
that the direction of the effect varies as a function of the
network considered. This indicates that the constraints
that strength exerts on global network features vary
across network classes. Nevertheless, we find that char-
acteristic path length and mean clustering mostly show
higher values in the strength-preserving nulls (66% of
networks for CPL, mean CLES = 35.73% and 86% of net-
works for mean clustering, mean CLES = 24.96%). This
indicates that across multiple network classes, weight as-
signment that matches the empirical strength sequence
results in less efficient communication pathways but in-
creased weighted clustering. In contrast, changes in
assortativity were smaller between the two null mod-
els and no clear direction of the effect emerged across
networks (60% of networks showed higher values for
degree-preserving nulls, mean CLES = 58.11%), sug-
gesting that the influence of strength on assortativity
is more network-specific than for the other global fea-
tures considered. Finally, we observe a strong and highly
consistent effect towards higher modularity in degree-
preserving nulls as compared with strength-preserving
nulls across diverse network classes (97% of networks,
mean CLES = 93.47%). Therefore it appears highly
prevalent that strength sequence encodes a weaker com-
munity structure. Overall, these results show that a
network’s strength sequence, and by extension, a net-
work’s weighted nature, can encode information that
goes over and above its degree sequence. Therefore,
strength-preserving null models can yield different in-
ferences than strictly degree-preserving null models and
importantly, when used in combination, such a hierarchy
of constraints can disentangle the specific contribution of
strength to network organization.
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Supplementary Algorithm 1 Strength sequence-preserving network randomization

1: procedure STRPRSVNRAND(A, nstage, niter, temp, frac)
2: Compute strengths S from adjacency matrix A

3 Compute m, the number of edges in A

4: Compute B, a Maslov-Sneppen rewiring of A

5: Compute strengths S, from B

6: Compute energy F as a function of S and S,

7
8

EnLin —F
: Beyrr <+ B
9: for stage = 1,2,...,nstage do
10: for iteration = 1,2, ..., niter do
11: el < RandomlInt(1,m)
12: €2 + RandomInt(1,m)
13: Compute B’ by permuting el and e2 in Beyrr
14: Compute strengths S; from B’
15: Compute energy E’ as a function of S and S,
16: AE«+ E —-E
17: if AE < 0V Random(0,1) < exp( ;gf‘ni) then
18: Beurr < B’
19: Sy +— S}
20: E«+ FE
21: if £ < E,.;n then
22: B < Beurr
23: Emin < E
24: end if
25: end if
26: end for
27: temp < temp X frac

28: end for
29: return B, F,in
30: end procedure
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Supplementary Figure S1 Benchmarking strength sequence preservation - MSE | Density plots representing mean squared error
between the strength sequences of the empirical and the randomized networks for the Maslov—Sneppen algorithm (grey), the
Rubinov-Sporns algorithm (teal) and the simulated annealing algorithm (blue). Due to low variability, we only show the mean
MSE across null realizations for the simulated annealing algorithm.
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Supplementary Figure S2 Benchmarking strength sequence preservation - maximum absolute error | Scatter plots of strengths
of the empirical (abscissa) and 100 null networks (ordinate) obtained using simulated annealing with the maximum absolute error
objective function. Each point represents a brain region. Marginal distribution histograms are shown on the top and right axes.
Mean and standard deviation across 100 Spearman rank-order correlation coefficients are provided as insets. Linear regression
lines (blue) are computed over the whole ensemble for visualization purposes. The identity line (black) is provided as reference.
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Supplementary Figure S3 Benchmarking strength sequence preservation - log-transformation | Scatter plots of strengths of the
empirical (abscissa) and 100 null networks (ordinate) for the empirical and the log-transformed Lausanne networks. Each point
represents a brain region. Marginal distribution histograms are shown on the top and right axes. Mean and standard deviation
across 100 Spearman rank-order correlation coefficients are provided as insets. Linear regression lines (blue) are computed over
the whole ensemble for visualization purposes. The identity line (black) is provided as reference.
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Supplementary Figure S4 Alternative annealing schedule | (a) Optimization trajectory (energy as a function of annealing stage)
for an example null network using the default monotonic cooling schedule. The energy of the optimal solution (minimum energy)
is shown in blue and the energy of the current solution at the end of each stage is shown in yellow. (b) Top: Same as in (a) but for
the non-monotonic annealing schedule. Bottom: Corresponding temperature trajectory. (c) Density plot representing energies in
terms of MSE across 100 nulls for the monotonic and non-monotonic schedules.
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Supplementary Figure S5 Computational cost-performance tradeoff of the simulated annealing procedure All analyses were
carried out on the low resolution group-representative connectome of the Lausanne dataset. Left: MSE (e) decays logarithmically
as a function of the number of iterations per annealing stage (n) while process time (t) increases linearly. The blue line corresponds
to the least squares-fitted function e = —3.82 x 10~ "log(n) + 4.22 x 107%, R> = 0.22. The yellow line corresponds to the least
squares-fitted function t = 9.6 x 10~ *n+2.12, R? ~ 1.0 Right: Scatter plots of strengths of the empirical (abscissa) and randomized
(ordinate) networks for all 100 null networks generated via annealing stages implementing 1000 (top) and 100000 iterations
(bottom). Mean and standard deviation across 100 Spearman rank-order correlation coefficients are provided as insets. Linear
regression lines (blue) are computed over the whole ensemble for visualization purposes. The identity line (black) is provided
as reference. Interestingly, when the algorithm is allowed to run for more iterations, even the minor inaccuracies observed in
the Lausanne dataset for low strength nodes (previously shown in Fig. S7) are completely “ironed out”, with a near-perfect
reconstruction of the empirical strength sequence.
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Supplementary Figure S6 Scaling of the simulated annealing procedure with network density and size All analyses were carried
out on the low resolution group-representative connectome of the Lausanne dataset. Note that the duration of the Maslov—Sneppen
rewiring was subtracted from that of the Rubinov-Sporns and simulated annealing procedures. (a) Left: Linear relationships
between process time (t) in seconds and density (d) for all three randomization algorithms. The grey line corresponds to ¢ =
0.1674d 4 0.32, R*> ~ 1.0. The teal line corresponds to t = 0.0715d — 0.54, R> = 0.98. The blue line corresponds to ¢t =
0.0477d + 9.3, R> = 0.95. Right: Linear relationships between performance in terms of MSE (p) and density (d) for all three
randomization algorithms. The grey line corresponds to p = 3.76 x 10™°d + 0.0016, R> = 0.69. The teal line corresponds to
p=—6.12x10""d+9.99 x 107>, R? = 0.02. The blue line corresponds to p = 4.23 x 107*°d +6.31 x 1077, R?> = 6.4 x 107°. (b)
Left: Linear relationships between process time (¢) in seconds and network size (s) for all three randomization algorithms. The
grey line corresponds to t = 0.0228s — 2.16, R? = 0.99. The teal line corresponds to t = 0.0018s + 0.12, R? = 0.9. The blue line
corresponds tot = 7.5x 10" *5+6.78, R?> = 0.57. Right: Linear relationships between performance in terms of MSE (p) and network
size (s) for all three randomization algorithms. The grey line corresponds to p = 7.43 x 10~"s + 0.0023, R* = 0.35. The teal line
corresponds to p = 7.01 x 10785+ 7.87 x 1075, R? = 0.27. The blue line corresponds to p = 9.31 x 107 %5 —6.44 x 10~7, R? = 0.53.
All functions were fitted using the least squares method. Lines are colored by the null algorithm used (Maslov—Sneppen in grey,
Rubinov-Sporns in teal, and simulated annealing in blue).
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Supplementary Figure S7 Benchmarking strength sequence preservation | Scatter plots of strengths of the empirical (abscissa)
and randomized (ordinate) networks for all 10 000 null networks, where each point represents a brain region. Marginal distribution
histograms are shown on the top and right axes. Mean and standard deviation across 10000 Spearman rank-order correlation
coefficients are provided as insets. Data points and histograms appear in grey for the Maslov—Sneppen algorithm, teal for the
Rubinov-Sporns algorithm, and blue for the simulated annealing algorithm. Linear regression lines (colored) are computed over
the whole ensemble for visualization purposes. The identity line (black) is provided as reference.
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Supplementary Figure S8 Benchmarking strength distribution preservation | Strength cumulative distribution functions (top)
and histograms representing Kolmogorov—-Smirnov statistics obtained by comparing the strength distribution of the empirical
network with that of the randomized networks (bottom). Cumulative distribution function curves and histograms are shown in
grey for the Maslov—Sneppen algorithm, teal for the Rubinov-Sporns algorithm, and blue for the simulated annealing algorithm.
The original cumulative distribution function is depicted in indigo and almost perfectly overlays all 10 000 cumulative distribution
functions obtained via simulated annealing, effectively hiding them.
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Supplementary Figure S9 Hubs | (a) Brain plots representing hubs (red points) identified in the high resolution Lausanne empirical
network (top left) and example Maslov-Sneppen (bottom left), Rubinov—-Sporns (top right) and simulated annealing (bottom right)
null networks. Feeder links (connections between hubs and non-hubs) are colored by weight based on the green-blue colormap,
whereas rich links (connections between hubs) are colored by weight based on the red-indigo colormap. Displaying rich/feeder
links shows that the network is rewired by all the algorithms, but the hubs are only preserved by the strength-preserving null
models (Rubinov-Sporns and simulated annealing). (b) Histogram representing percentage of hubs in the empirical (yellow line)
and across null networks (Maslov—Sneppen in grey, Rubinov-Sporns in teal, and simulated annealing in blue). (c) Histogram
representing z-scored Rand indices between the empirical and the null hub assignments.
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Supplementary Figure S10 Morphospaces of null network ensembles | (a) Morphospaces spanned by characteristic path length
and clustering. Marginal distribution histograms are shown on the top and right axes. Data points corresponding to randomized
null networks generated by the simulated annealing algorithm appear in blue; those resulting from the Rubinov—Sporns algorithm
appear in teal; and Maslov-Sneppen rewired networks are shown in grey. The empirical group-consensus structural network is
depicted in indigo. The bottom panel consists in a zoomed-in view of the clusters of randomized networks appearing in the top
panel. Contour levels are drawn using a Gaussian kernel density estimate and delineate iso-proportions of the density.
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Supplementary Figure S11 Morphospaces - 100 nulls | Morphospaces spanned by characteristic path length and clustering for a
subset of 100 nulls. Marginal distribution histograms are shown on the top and right axes. Data points corresponding to randomized
null networks generated by the simulated annealing algorithm appear in blue; those resulting from the Rubinov-Sporns algorithm
appear in teal; and Maslov-Sneppen rewired networks are shown in grey. The empirical group-consensus structural networks are
depicted in indigo. The bottom row consists in a zoomed-in view of the clusters of randomized networks appearing in the top row.
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Supplementary Figure S12 Morphospace scaling behavior | Trajectories of relative difference in mean clustering (first row),
clustering variance (second row), mean characteristic path length (third row) and characteristic path length variance (fourth row)
between the full null population (N = 10000) and subsamples of increasing size (n € {100, 250, 500, 750, 1000, 2500, 5000, 7500}).
Colored lines and shaded bands represent mean and 95% bootstrapped confidence interval (1000 samples).
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Supplementary Figure S13 Morphospace trajectories | (a,d) Example annealing trajectory through a morphospace spanned by
characteristic path length and clustering for the low-resolution Lausanne (a) and HCP (d) networks. Marginal distribution his-
tograms are shown on the top and right axes. Data points corresponding to randomized null networks generated by the simulated
annealing algorithm appear in blue and Maslov—Sneppen rewired networks are shown in grey. The trajectory is represented by a
line colored from blue (early stages) to red (late stages). (b,e) Morphospace colored by mean energy aggregating 100 null network
stages per annealing schedule across 100 nulls. (c,f) Optimization trajectories (energy as a function of annealing stage) for 100
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Supplementary Figure S14 The weighted rich-club phenomenon | Top: Normalized rich-club ratio as a function of the degree
threshold used to define rich nodes. Lines are colored by the null algorithm used (Maslov—Sneppen in grey, Rubinov—Sporns in
teal, and simulated annealing in blue). Colored points indicate significance at the Bonferroni-corrected threshold of p < 0.05
(one-sided). Middle: Median average weight of the rich nodes as a function of the degree threshold used to define them. Inset:
Relationship between the normalized rich-club ratio difference (simulated annealing-derived - Maslov—Sneppen-derived) and the
median average weight of the rich nodes. Spearman correlation coefficient and the resulting p-value are indicated above. Bottom:
Median Euclidean distance of rich links as a function of the degree threshold used to define them. Inset: Relationship between the
normalized rich-club ratio difference (simulated annealing-derived - Maslov—Sneppen-derived) and the median Euclidean distance
of rich links. Spearman correlation coefficient and the resulting p-value are indicated below.
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Supplementary Figure S15 The weighted rich-club phenomenon - alternative coefficient | Top: Normalized rich-club ratio as
a function of the degree threshold used to define rich nodes. Lines are colored by the null algorithm used (Maslov—Sneppen in
grey, Rubinov—Sporns in teal, and simulated annealing in blue). Colored points indicate significance at the Bonferroni-corrected
threshold of p < 0.05 (one-sided). Middle: Median average weight of the rich nodes as a function of the degree threshold used
to define them. Inset: Relationship between the normalized rich-club ratio difference (simulated annealing-derived - Maslov—
Sneppen-derived) and the median average weight of the rich nodes. Spearman correlation coefficient and the resulting p-value are
indicated above. Bottom: Median Euclidean distance of rich links as a function of the degree threshold used to define them. Inset:
Relationship between the normalized rich-club ratio difference (simulated annealing-derived - Maslov—Sneppen-derived) and the
median Euclidean distance of rich links. Spearman correlation coefficient and the resulting p-value are indicated below.
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Supplementary Figure S16 Strength-preserving randomization in directed networks - Maslov—-Sneppen and Rubinov-Sporns
| Top: Wiring diagrams for the drosophila, mouse, rat, and macaque connectomes (from left to right). Bottom: Scatter plots of
strengths of the empirical (abscissa) and randomized (ordinate) networks for all 10 000 null networks, where each point represents
a brain region. In-strengths and out-strengths are considered separately. Note that the Maslov—Sneppen algorithm provides a
biased reconstruction of the in-strength sequence, systematically overestimating low strengths and underestimating high strengths.
Marginal distribution histograms are shown on the top and right axes. Mean and standard deviation across 10000 Spearman
rank-order correlation coefficients are provided as insets. Data points and histograms appear in grey for the Maslov—Sneppen
algorithm and teal for the Rubinov-Sporns algorithm. Linear regression lines (colored) are computed over the whole ensemble for
visualization purposes. The identity line (black) is provided as reference.
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Supplementary Figure S17 Strength-preserving randomization in directed networks - alternative simulated annealing algo-
rithm | Top: Wiring diagrams for the drosophila, mouse, rat, and macaque connectomes (from left to right). Bottom: Scatter plots
of strengths of the empirical (abscissa) and simulated annealing-derived networks (ordinate) for all 10 000 nulls, where each point
represents a brain region. In-strengths and out-strengths are considered separately. Marginal distribution histograms are shown on
the top and right axes. Mean and standard deviation across 10000 Spearman rank-order correlation coefficients are provided as
insets. Linear regression lines (blue) are computed over the whole ensemble for visualization purposes. The identity line (black) is
provided as reference.
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Supplementary Figure S18 Strength-preserving randomization in individual networks | (a) Density plot representing Spearman
correlation coefficients between strength sequences in empirical and randomized networks derived using the Maslov—Sneppen
algorithm (grey), Rubinov-Sporns algorithm (teal), and simulated annealing algorithm (blue). (b) Morphospace spanned by
characteristic path length and clustering in which 69 empirical connectomes and a total of 300 null networks per connectome were
embedded. Networks are colored by participant. (c) Density plot representing Spearman correlation coefficients between empirical
and null sets of Euclidean distances between participants across 100 nulls for each randomization algorithm. (d) Algorithm-wise
morphospaces of null networks colored by participant. (e) Left: All null networks embedded in the morphospace. Right: Example
null network morphospace for a single participant. Marginal distribution histograms are shown on the top and right axes. Data
points are colored by the randomization algorithm used to generate them.
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Supplementary Figure S19 Strength-preserving randomization for signed networks | Top: Signed brain networks of inter-
regional biological similarity. Bottom: Scatter plots of strengths of the empirical (abscissa) and randomized (ordinate) networks
for all 100 null networks, where each point represents a brain region. Colors represent the null model used (grey: connection-
switching, teal: Rubinov-Sporns, blue: simulated annealing). Positive (top rows) and negative (bottom rows) strengths are
considered separately for each algorithm. Marginal distribution histograms are shown on the top and right axes. Mean and
standard deviation across 100 Spearman rank-order correlation coefficients are provided as insets. Linear regression lines (colored)
are computed over the whole ensemble for visualization purposes. The identity line (black) is provided as reference.
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Supplementary Figure S20 Network determinants of simulated annealing performance | (a) Mean Spearman’s rho for strength
reconstruction as a function of the weight distribution normality (Shapiro-Wilk statistic) and skewness, degree distribution distance
to uniformity (Kolmogorov—Smirnov statistic) and skewness, and network density (from left to right). Outliers (Mean Spearman’s
rho below 20" percentile) are colored in groups of 5 percentiles, e.g., points colored in orange in the 10 — 15 percentile group are
networks with strength reconstruction performance contained between the 10" and 15" percentile of the distribution. The rest
of the networks are colored in grey. (b) Scatter plots of strengths of the empirical (abscissa) and randomized (ordinate) networks
for all 100 null networks, where each point represents a node. Marginal distribution histograms are shown on the top and right
axes. Mean and standard deviation across 100 Spearman rank-order correlation coefficients are provided as insets. Scatter plots
are grouped in columns of 5 percentiles according to the mean correlation coefficients. Linear regression lines (blue) are computed
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Supplementary Figure S21 Influence of strength on global network features | Heatmap of common-language effect sizes (CLES;
percentage of values from the degree-preserving null ensemble that are greater than values from the strength-preserving null
ensemble) for global network features (rows), namely characteristic path length (CPL), mean clustering, assortativity, and mod-
ularity, across diverse real-world networks (columns). Red indicates greater values for the degree-preserving nulls obtained via
Maslov-Sneppen rewiring, whereas blue indicates higher values for the strength-preserving nulls obtained via simulated annealing.
Example density plots for CPL are shown on top to reflect how CLES captures the overlap between the Maslov-Sneppen (grey) and
the simulated annealing (blue) distributions.
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