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1. SUPPLEMENTARY NOTES

1.1. Linear-strain kinematics and statics.
Assuming, the manipulator could be divided into N segments. To include the shear and torsion deformation, the
general coordinates of the segment 7, ¢; was defined as below:
h/x %) 7y,m Ez 3 k)(z %) ko,i’ Tzo,i? 7)1<,iﬂ 7;,1'7 €z NER] k)lc 79 k;,zﬂ T, Z]T
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fyii/'y}(,i: the nominal z-y plane shear strain at the start/end point of the segment 4,

’y}?’i /’y}l,)i: the nominal z-z plane shear strain at the start point of the segment 7,

ey ,;/e,.qt the nominal z axial strain at the start point of the segment 4,

kgi / k}” the nominal x axis bending curvature at the start/end point of the segment 4,

k) ;/k; i+ the nominal y axis bending curvature at the start/end point of the segment i,

72 i/ TZ17iZ the nominal z axis torsion rate at the start/end point of the segment i,

u?/u}l: the strain vector related to the internal forces at the start/end point of the segment i,

v9/vl: the strain vector to the internal moments at the start/end point of the segment 4.
Then the general coordinates of the manipulator can be expressed as:
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At a point along the centre line of the segment i, its general strains can be expressed as below:
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where s is the nominal arc length coordinate s € [0, 1]. The centre line configuration of the segment i can be
calculated by integrating the following differential equations [49]:

—
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where & ; is the strain twist vector, the ' denotes a first derivative with respect to the nominal arc length s, and
the "~ symbol denotes mapping from R3 to so(3). And the solution of centre line, g5, is an infinite series of the
exponential, and only can be expressed in a compact way under some special situation such as with constant-strain.

Considering the torsion and shear stiffness of the manipulator in this work is much higher than bending and axial
stiffness, it can be assumed that there is only bending and axial deformation existing with the manipulator body.
Thus Eq. S(1), S(3) and can be rewritten as:

(5) [kgl’ko ’L7EZ 7,7k>1(m kl ivf‘:; i}T = [qonqulT]Tv
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Since the torsion and shear ratio of the manipulator were assumed as zero, the Eq. (4) can be rewritten as:

Ps,i/ = RS 2[0 0 1 +€§ i]T7
RS,/ = R, i([k3;, kS ] )~
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Its quasi-static state can be solve by a pseudo dynamic equation when ¢, § =~ 0, as:

G(qs,i) + D Gs,i + FM; (5) = FMex(qs,i) + FMr

(8) M’ii Kbend O 0
with FM,; = | My, | = Ksifgsi (s), and K = 0 Kpend 0 ,
Fg’ 0 0 Kaxial

where G is the gravitational force, D is the damping matrix, Kgg is the stiffness matrix, F'M,; is the internal
load from stiffness, F'Mex; is the external load, and F M, is the tendon actuation load. Mg ;, M7, and F};
moment /force components on x, y and z axis. Kpend, is the bending stiffness and K,yial, is the axial stiffness.

The relationship between tendon lengths L; = [L1 4, La;, L3 ;] and general coordinates g; of the segment i can be

draw as follows.

1
(9) an,i:/O qsnid‘s* [kivzvk;‘/zv sz]T ([kgzvkgzv z1]T7L [k)lczvk}lrzv zz]T) /2

where ¢4, ; is the averaged strain vector.
The position of three tendon at the section for the segment ¢ can be written as:

(10) Prendon,j = Rilcos (6;),sin (6,)],5 = 1,2,3,

where R; is the distance from tendons to the center of segment ¢ (could be different from the initial value), and 6,
is the orientation angle of tendon j.
Then, the variation of tendon lengths can be derived as:

ATL; =TDef2ATL.i Qav.i
(11) R;sin(61) —R;cos(61) 1
TperearL; = | Risin(6z) —Rjcos(62) 1
R;sin(f3) —R;cos(fs3) 1
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1.2. Discrete algorithm.

Due to the variable curvatures and strains, it is difficult to get an close-form expression of the robot configuration.
Even though numerical integration could be involved to obtain a numerical solution with trade of calculation efficiency,
its continuous form may be not be appropriate for some robots with un-deformable regions. The PCC model has
been investigated intensively, and works well in some situations with low gravity effect, low load bearing and constant
stiffness. But when the gravity effect, bearing loads or stiffness variation are non-negligible, PCC would have to pay
a much higher cost to reconstruct the configuration of robot body with more discrete elements.

Here, a discrete algorithm was proposed to facilitate the calculation by projecting the high order solution space of
discrete constant strain elements to the low-order subspace solution space of the linear strain segment. And due to
the constant strain, the configuration of elements can be expressed in a compact way [49]. When the shear strains
Yx, vy = 0, its configuration will be a helical curve [50]. When 7,7, = 0 and torsion rate 7, = 0, its configuration will
be a constant curvature arc as that in PCC model, which are easier for computation. But by reducing the dimension
of PCC model and keeping the variable curvature and strain of robot body, the subspace projection (SP) method
can achieve higher calculation efficiency and reconstruct the robot deformation reasonably.

For each segment i, it can be divided into N elements. Assuming the curvature and strain of each element k is
constant, the force balancing equations of each element can be derived as:

T T T
(12) qf,z- = qi (sk) = (1 — sk) [kg,i’ kg,iﬁg,i] + Sk [k)lc,iv k;,ia’f;,i] = [k)]:za k}]f,i’éjzc,i]
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Assuming ¢ ; is static solution of the segment i, there may be no solution of Q for Eq. S(8), but a projected
solution @)y, ; can be derived as below to obtain least square solution of g ;.

-1
(14) Qp.i = (Tq2q'Tq2q)  Tqaq Ge.i

And here, instead of solving the static solution of g. directly, Eq. S(8) was only utilized to calculate the iterated
variation dQ.

&, =D NFME, (¢k) + FME  — Kyn,qf; — G(al,))

ext,?
- -1 s
Qp,i = (Té2qTQ2q) T(/Q2qqc,i

By assuming D = CqampKstiff, and setting tgep = 1, the Q in next time step ¢ + 1, @ (¢t + 1), can be written as
below.

(15)

-1 _
dQp,i = (Téquva) Tc,gqustiff ! [FM]gxt,i(qc]f,i) + FMZ““ - Kstiffq«]:,z' - G(qu)} /Cdamp
(16) Qt+1)=Q({) +dQy,
Qstatic = tll>rg<> Q (t)
1.3. Control with inverse statics.

To get to the target state, the tension forces of 9 tendons were chosen as control parameters to approach the target
state. The evaluation indexes of error between the present state Spre and target Siarget state are defined as below.

B Ppre v
rror = = T -7 ,
(17) (Rprthargct - RtargctRpre)
. _ Rpre Ppre _ Rtarget Ptarget
with Spre - |:01><3 1 ) Starget - 01><3 1 .
the V symbol denotes inverse mapping of *, i.e. (#)” = . Thus the Jacobian matrix J(Fr,) between the tendon

forces TF and Error can be expressed as below:

OError
1 P - =
(18) J(Fr,) Ok, Jex9
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Where TFLJ' = FT’j, TFQ’J' = TFg’j = FT,j+3, TF4’J' = TF5’]' = FT,j—I—G, FT, = [FT,la ceey FT’Q]I, j = 1,2,3. Then
the Eq. (19) can be derived.

(19) JexodFr,= —Error

Since the manipulator is redundant, there are infinite solutions for Eq.(19) in theory, but here the least norm
solution was introduced to get closest solution of Fr, from the present state as:

(20) dFr,= pinv (Jsxg) Errorgx:
(21) Fitt = FR 4 XdFp, A >0

where A is step length scaling factor.

2. SUPPLEMENT FIGURES
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SUPPLEMENTARY FIGURE 1. Stiffness distribution and contribution of homogeneous (left) and he-
licoids (right) cylinders. (a) The contribution to axial stiffness, dK,xia1/dR, from the material at
different radius R. (b) The contribution to bending stiffness, dKpenda/dR, from the material at dif-
ferent radius R. (c) The local axial nominal modulus, Eyominal, at different radius R.
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SUPPLEMENTARY FIGURE 2. FEM Simulation of architectured structures with varied helical angles
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SUPPLEMENTARY FIGURE 3. FEM Simulation of architectured structures with varied helicoid num-

bers
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SUPPLEMENTARY FIGURE 4. The mapping from helix strucutre to wave structure. The wave struc-
ture was involved to reduce the stress concentration without changing much of its property
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SUPPLEMENTARY FIGURE 5. The sensitivity and compliance analysis at Z axis
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SUPPLEMENTARY FIGURE 6. The sensitivity and compliance analysis at XY axis
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SUPPLEMENTARY FIGURE 7. The workspace reach-ability, sensitivity and compliance analysis of

couple-tendon manipulator

3. SUPPLEMENT TABLES

We report here the precision achieved with the manipulator for the trajectories shown in Table 1:
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SUPPLEMENTARY TABLE 1. Precision of trajectory planning

Position Scale (cm), | Trajectory RMSE error (cm) | Centre position offset (cm)
XYZ (cm) | (configuration) | XY | Z Overall XY | Z Overall
Circle 1 0,0,70 60,(D) 31 1.7 35 12| 1.6 21
Circle 2 0,050 60,(D) 28 | 1.9 3.4 25| 03 2.5
Square 1 0,0,60 40,(L,sym) 4.5 |15 4.8 4.2 | -0.9 4.3
Square 2 0,0,60 40,(L,mono) | 4.8 | 2.7 5.5 4.4 | -2.4 5.0
Null-space 1 0,0,70 - 2.7 | 1.0 2.9 2.0 | -0.6 2.1
Null-space 2 | 0 ,-10,70 - 3.2 (22 3.9 1.7 | -2.1 2.7
Null-space 3 | 10, 0,70 ] 47 16 5.0 39 | -15 41

* L: length of the square’s side, sym: symmetrical, mono: mono-directional.
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