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ABSTRACT

Here, we provide details about the rigid wall approximation along with the details of the micromagnetic simulations performed in
the paper.

1 Derivation of Lagrangian
The starting point of magnetization dynamics is the Landau-Lifshitz-Gilbert (LLG) equation augmented with Slonczweski spin
torque (1) term

dmmm
dt

=−γmmm×HHHeff +αmmm×
(

dmmm
dt

)
− γ h̄

eµ0Msd
mmm× (JJJs(z)×mmm) (1)

where JJJs(z) is the incident spin current density which is assumed to be dependent only on z; HHHeff =
−1

µ0Ms

δ Ẽ
δmmm

where Ẽ is the

micromagnetic energy density. eq (1) can be derived from the Lagrangian, eq (2), along with the generalized forces derived
from the expression in eq (3),

L = µ0Mswd
∫

dz
(
−mz

γ
φ̇ −E[mmm](z)

)
(2)

δW = µ0Mswd
∫

dz
(
−α

γ
ṁmm+

h̄
eµ0Msd

(JJJs×mmm)

)
.δmmm (3)

where µ0MsE = Ẽ. In this section, we derive this equivalence. We take {mz(z),φ(z)} as coordinates. Hence, we can write,

δmmm = sinθδφΦ̂ΦΦ+δθ Θ̂ΘΘ (4)

where cosθ = mz, Φ̂ΦΦ = (−sinφ ,cosφ ,0) and Θ̂ΘΘ = (cosθ cosφ ,cosθ sinφ ,−sinθ). This gives ṁmm.δmmm = sin2
θφ̇δφ + θ̇ δθ

which translates to,

ṁmm.δmmm = sin2
θφ̇δφ +

ṁzδmz

1−m2
z

(5)

One can notice that {mmm,Θ̂ΘΘ,Φ̂ΦΦ} forms an orthonormal right handed system. They are just the unit vectors in polar coordinates
with mmm acting like the radius vector. Using Euler Lagrange equations by varying the action with respect to the coordinates, we
get two equations of motion,

d
dt

δL
δ φ̇
− δL

δφ
=

δW
δφ
⇒

−ṁz + γ
δE
δφ

=−α(1−m2
z )φ̇ −

γ h̄
eµ0Msd

√
1−m2

z JJJs.Θ̂ΘΘ (6)

d
dt

δL
δ ṁz
− δL

δmz
=

δW
δmz

⇒

φ̇ + γ
δE
δmz

=−α
ṁz

1−m2
z
− γ h̄

eµ0Msd
JJJs.Φ̂ΦΦ√
1−m2

z
(7)



The above equations are equivalent to the Landau-Lifshitz Gilbert (LLG) equation. To show this, we explicitly reduce down
the terms in eq (6) to relevant terms in eq (1).

γ
δE
δφ

= γ
δE
δmy

sinθ cosφ − γ
δE
δmx

sinθ sinφ (8)

=−γ (mmm×HHHeff)z (9)

α(1−m2
z )φ̇ = α(1−m2

z )
mxṁy−myṁx

m2
x +m2

y
(10)

= α (mmm× ṁmm)z (11)√
1−m2

z JJJs.Θ̂ΘΘ = sinθJJJs.
(

mmm× Φ̂ΦΦ

)
(12)

= JJJs.(mmm× (ẑzz×mmm)) (13)
=−(mmm× (JJJs×mmm))z (14)

From the above set of equalities, we can readily write eq (6) as,

dmmmz

dt
=−γ (mmm×HHHeff)z +α

(
mmm× dmmm

dt

)
z
− γ h̄

eµ0Msd
(mmm× (JJJs(z)×mmm))z (15)

which is just the z-component of eq (1). Hence, one of the equations we get from Lagrangian is compatible with LLG. For the
next equation, eq (7), we proceed from eq (1) and show that we can derive eq (7),

Φ̂ΦΦ.ṁmm =−γΦ̂ΦΦ.(mmm×HHHeff)+αΦ̂ΦΦ.(mmm× ṁmm)− γ h̄
eµ0Msd

JJJs.Φ̂ΦΦ⇒

sinθφ̇ =−γΘ̂ΘΘ.HHHeff +αΘ̂ΘΘ.ṁmm− γ h̄
eµ0Msd

JJJs.Φ̂ΦΦ⇒

sinθφ̇ = γ
[
Heff,z sinθ − cosθ

(
Heff,x cosφ +Heff,y sinφ

)]
−α

ṁz

sinθ
− γ h̄

eµ0Msd
JJJs.Φ̂ΦΦ⇒

φ̇ = γ

[
Heff,z−

mz

1−m2
z

(
Heff,x cosφ +Heff,y sinφ

)]
−α

ṁz

1−m2
z
− γ h̄

eµ0Msd
JJJs.Φ̂ΦΦ√
1−m2

z
⇒

φ̇ =−γ
δE
δmz
−α

ṁz

1−m2
z
− γ h̄

eµ0Msd
JJJs.Φ̂ΦΦ√
1−m2

z
(16)

Hence, we show that both eq (6) and eq (7) are satisfied if the original LLG equation eq (1) is. As the number of independent
equations in LLG is 2, we can say that the former two equations are equivalent to LLG.

2 Derivation of the Rigid Domain Wall Approximation
We concluded the last section by deriving a Lagrangian for the magnetization dynamics. In this section, we use rigid domain
wall approximation to derive the equation of motion for the collective coordinates. This amounts to putting the following ansatz
in the Lagrangian,

φ(z, t) = ψ(t) (17)

θ(z, t) = 2tan−1
(

e
z−Z(t)

λ (t)

)
(18)

After we put this ansatz in the Lagrangian eq (2), we can carry out the integration with respect to the z co-ordinate. The
energy functional (divided by µ0Ms) is,

E =
Aex

µ0Ms
(∂zmmm)2 +

H⊥
2

m2
y−

H‖
2

m2
z −mmm.HHHext (19)

Then, we will be left with a Lagrangian with Z, ψ and λ as coordinates. It is this final Lagrangian that will give us the
equation of motion via the Euler-Lagrange equations. The generalized force due to STT, however, will have to be changed as
well. By the prescription of work-energy, we have∫

dz(JJJs×mmm) .δmmm = Fψ δψ +FZδZ +Fλ δλ (20)
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where {Fψ ,FZ ,Fλ} are functions of {Z,ψ,λ} which we are going to find. For convenience in notation, we resolve JJJs as,

JJJs(z) = J1(z)mmm(z)+ J2(z)mmm′(z)+ J3(z)mmm(z)×mmm′(z) (21)

where mmm′(z) denotes the derivative of mmm(z) w.r.t z. The above expansion is valid only if mmm′ is non-zero everywhere. This is true
in the particular ansatz we are considering. We write down the relevant expressions now,

mmm′.(mmm×δmmm) =−sin2
θ

δψ

λ
(22)

mmm′.δmmm =−sin2
θ

(
δZ
λ 2 +

δλ (z−Z)
λ 3

)
(23)

Now, using the above equations, the term under consideration is (refer (21) for definition of Ji),

JJJs.(mmm×δmmm) = J2mmm′.(mmm×δmmm)+ J3mmm′.δmmm (24)
=−J2θ

′ sinθδψ + J3θ
′
δθ (25)

=−sin2(θ(z))
[

J2(z)
δψ(t)
λ (t)

+ J3(z)
(

δZ
λ 2 +

δλ (z−Z)
λ 3

)]
(26)∫

dzJJJs.(mmm×δmmm) = Fψ δψ +FZδZ +Fλ δλ (27)

Fψ =−
∫ dz

λ

4[
exp
( z−Z

λ

)
+ exp

(
− z−Z

λ

)]2 J2(z) (28)

FZ =−
∫ dz

λ 2
4[

exp
( z−Z

λ

)
+ exp

(
− z−Z

λ

)]2 J3(z) (29)

Fλ =−
∫ dz

λ 3
4(z−Z)[

exp
( z−Z

λ

)
+ exp

(
− z−Z

λ

)]2 J3(z) (30)

So far, it was generally applicable for any distribution of spin currents. For the case under consideration, we focus on a specific
spin current distribution such that Jz is a constant, say Js

z , for z < 0 and zero for z > 0. Jx and Jy are zero everywhere. Then, we
get FZ = Fλ = 0 with Fψ given by,

Fψ =
2Js

z λ

1+ exp
( 2Z

λ

) (31)

Now, we calculate the integrals with respect to the z co-ordinate for the terms in the main Lagrangian. We list down the
equality among integrals,∫

dz
−mz

γ
φ̇ =
−2Z

γ
ψ̇ (32)∫

dz
Aex

µ0Ms
(∂xmmm)2 =

2Aex

µ0Msλ
(33)∫

dz
H⊥
2

(mmm.ŷyy)2 = H⊥λ sin2
ψ (34)∫

dz
−H‖

2
(mmm.ẑzz)2 = H‖(l−λ ) (35)∫

dz
α

γ
ṁmm.δmmm =

2αλ

γ

(
ŻδZ
λ 2 + ψ̇δψ

)
+

απ2

6γ

λ̇δλ

λ
(36)∫

dz(−mmm.HHHext) =−2HextZ (37)

The final Lagrangian along with work is given by,

L = µ0Mswd
[
−2Z

γ
ψ̇− 2Aex

µ0Msλ
−H⊥λ sin2

ψ +H‖(l−λ )+πλ (Hx cosψ +Hy sinψ)+2HzZ
]

(38)

δW =−µ0Mswd

[
2αλ

γ

(
Ż.δZ

λ 2 + ψ̇.δψ

)
+

απ2

6γ

λ̇ .δλ

λ

]
+FZδZ +Fψ δψ +Fλ δλ (39)
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The Euler-Lagrange equations then lead to,

−ψ̇ + γHext =
αŻ
λ

(40)

Ż
λ
− γH⊥ sinψ cosψ = αψ̇−

γ h̄Js
z

eµ0Msd
1

1+ exp
( 2Z

λ

) (41)

2Aex

µ0Msλ 2 −H⊥ sin2
ψ−H‖ =

απ2

6γ

λ̇

λ
(42)

Note that we have applied a field in −z direction in the paper and hence in the notation of the paper, Hext =−H. Similarly, the
sign of Js

z here is opposite of that in the paper.
So far, we have treated all coordinates {Z,ψ,λ} on equal footing. However, λ is different from the other two in the sense

that it changes the shape of Domain Wall instead of just coherent translation (Z) and rotation (ψ). Hence, under the validity
of the rigid domain wall, the variation in λ should be small. This can be verified through numerical simulations as well.
Using this approximation as a guide, we neglect the time derivative term (which is also proportional to α , thereby helping
the approximation) in eq (42). Hence, we arrive at the equation of motion in {Z,ψ} with λ as a function of ψ instead of an

independent variable, given by λ (ψ) =

√
2Aex

µ0Ms(H‖+H⊥ sin2
ψ)

.

3 Noise Analysis
At T = 0, rigid domain wall approximation correspond to eqs (40) and (41) with qualifications about λ from the subsequent
paragraph. At non-zero temperature, we have to add terms pertaining to noise in the aformentioned equations. In this section,
we derive these terms and discuss the simulations of the stochastic differential equations. For analytical simplicity, we only
consider the case when H⊥� H‖, such that λ can be taken to be a constant. Also, we consider the case of equilibrium without
an external magnetic field or spin current and then assume that the noise sources remain the same in non-equilibrium. Under
such circumstances, we can rewrite the final set of equations more generally by the following definitions,

p =

√
2µ0Mswd

γ
ψ (43)

x =

√
2µ0Mswd

γ
Z (44)

E = µ0MsH⊥wdλ sin2
ψ (45)

Note that with λ as a constant, the only term remaining in energy is the hard axis anisotropy. After some calculations, we can
reduce eqs (40) and (41) in terms of x and p as,

ẋ =
1

1+α2

(
∂E

∂ p
−αλ

∂E

∂x

)
+gxNx (46)

ṗ =− 1
1+α2

(
∂E

∂x
+

α

λ

∂E

∂ p

)
+gpNp (47)

where we have added two uncorrelated white source, Nx and Np; gx and gp are assumed to be independent of Z and ψ . We

assume
〈
N(t)N(t ′)

〉
=

2αkBT
1+α2 δ (t− t ′) for both Nx and Np. These assumptions are justified by deriving the expressions of gx

and gp from the Fokker-Planck equations corresponding to the above Langevin equations. They are given as,

∂P
∂ t

=− ∂

∂x

[
D(1)

x P
]
− ∂

∂ p

[
D(1)

p P
]
+

∂ 2

∂x2

[
D(2)

x P
]
+

∂ 2

∂ p2

[
D(2)

p P
]

(48)

where the drift and diffusion coefficients are given by,

D(1)
x =

1
1+α2

(
∂E

∂ p
−αλ

∂E

∂x

)
D(1)

p =− 1
1+α2

(
∂E

∂x
+

α

λ

∂E

∂ p

)
(49)

D(2)
x = αkBT g2

x D(2)
p = αkBT g2

p (50)
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After a series of elementary manipulations, we can get the expressions for g2
x = λ and g2

p = 1/λ by demanding that
P =C exp(−E /kBT ) satisfies the Fokker-Planck equations in equilibrium, where C is some constant. Now we revert back to the
original coordinates, {Z,ψ}. We define two noise terms, NZ = Nx−αNp and Nψ = αNx +Np to simplify the final expression
as,

Ż
λ

= γH⊥ sinψ cosψ +αψ̇ +
γ h̄Js

z

eµ0Msd
1

1+ exp(2Z/λ )
+

√
γ

2µ0Mswdλ
NZ (51)

ψ̇ = γHext−
αŻ
λ

+

√
γ

2µ0Mswdλ
Nψ (52)

where we have added the external magnetic field and spin current back. Note that both NZ and Nψ are uncorrelated white noise
sources with 〈N(t)N(t ′)〉= 2αkBT δ (t− t ′).

We then numerically simulated eqs (51) and (52) using Stratonovich calculus and second order Heunn scheme. We wrote
the code in MATLAB by discretising time in units of 1ps and assuming the parameters as Ms = 800kA/m, Aex = 13pJ/m,
H‖ = 32.9kA/m, H⊥ = 16.6kA/m, γ = 2.21×105m/(A− s) and α = 0.007. To verify the code under equilibrium, we added a
pinning potential of the form 0.5kPinZ2, with kPin = 15.12µJ/m3, and assumed a low temperature of 50K such that sin2

ψ ≈ψ2.
Under such circumstances, the energy (refer eq (45)) becomes analogous to a particle in a harmonic potential and we verified
that the equipartition theorem holds by finding the average value of Z2 and ψ2. All averages as well as any other statistical
values were calculated after removing the initial motion for 40ns to allow the system to achieve time invariance.

We then applied the external inputs and assumed a room temperature of 300K. We simulated the motion for 40µs and
found the spectral function (again after removing the initial 40ns of motion). The simulation was run for various values of Hext
and Js

z and we extracted the Q-factor in all the cases, which turned out to be between 500 and 1500. The simulation result for
three cases is shown in the paper (see Fig 4 of the paper).

4 Micromagnetic Simulations
The theoretical analysis in the main paper was carried out using rigid domain wall approximation imposed on a 1 dimensional
LLG with effective parameters for anisotropy. For a more quantitative treatment, we must take into account the dipolar
interaction precisely instead of masking it with a local effective field as in eq (19). This, in general, might be a difficult problem
to solve analytically. Hence, we simulate a magnetic domain wall under the conditions given in the paper to verify if the
oscillations are happening and compare the motion with the one derived from theoretical analysis.

We consider a magnetic thin film of thickness 3nm (along y-axis), width 100nm (along x-axis) and length 800nm (along
z-axis). Consider the LLG equation given in eq (1) with the effective magnetic field given by a sum of exchange field, crystalline
anisotropy, field due to other dipoles and an external magnetic field.

HHHeff =
2Aex

µ0Ms
∂

2
z mmm+

2Ka

µ0Ms
myŷyy+HHHext +HHHdip (53)

where we assume crystalline anisotropy, Ka, to reduce the hard axis anisotropy due to demagnetisation field (this is required for
rigid domain wall approximation to work); HHHdip is the effective field due to the dipolar interaction between magnetizations.
HHHdip has been calculated as discussed by Miltat et al. (2)

We use finite difference method and fourth order Runge Kutta with a fixed time step of 0.2ps to simulate a tail-to-tail
domain wall. As the thickness of the film is small compared to typical exchange length, we perform a 2-dimensional
simulation with discretization in blocks of 4nm×4nm. The values of parameters are taken to be Aex = 13pJ/m, Ms = 800kA/m,
Ka = 0.35MJ/m3 and α = 0.007. To achieve the domain wall configuration, we simulate an infinite strip by adding additional
magnetic charges at the two edges along the length (3). These magnetic charges are due to the remaning left and right parts of
the infinite strip, which are assumed to have a constant magnetization pointing along ±z-axis. Under such conditions, we let the
system equilibriate for a sufficient amount of time. After equilibrium, we observe that my is zero in the bulk and develop small
non-zero values at the edges along the width. We average {mx,my,mz} along the strip width (x-axis) to get the plots given in

Fig 1. We have also shown the theoretical waveform derived from rigid domain wall approximation, mz(z) = tanh
(

z−Z
λ

)
with the domain wall position, Z and width, λ chosen to fit the micromagnetic result. The system equilibriates at Z = 64.2nm
and λ = 38.9nm. We note that the initial location of the domain wall, Z, is dependent on the initial conditions of the simulations
while the width, λ , is independent of it.

We then apply an external magnetic field of 8.75kA/m and vary the vertical spin current density to see the motion under
these stimuli. The spin current applied is restricted to one half of the magnet as discussed in the paper. Fig 2 shows the motion
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Figure 1. The equilibrium magnetization along the length of the magnet. Here {mx,my,mz} denotes the average of the
quantities taken along the width, x-axis. The dots (‘RDW’) refers to the fitted waveform of mz in rigid domain wall
approximation.

Figure 2. The motion of the domain wall under various values of spin current density with a magnetic field of 8.75kA/m. The
spin current is restricted to be in one half of the magnet as discussed in the paper.

under various values of spin current density, all in GA/m2. The domain wall position has been defined as (−l/2)∗ 〈mz〉x where
the average is taken along x-direction. Note that we could as well define Z to be the point where 〈mz〉x is zero. However, this
distinction doesn’t quantitatively affect the dynamics. At J = 0, we get back the usual oscillatory and drifting motion of the
domain wall position. For non-zero small J, we still have a drifting domain wall but with a smaller velocity. For higher J, we
get pure oscillations with the average domain wall position dependent on the spin current as discussed in the paper.

Now, we focus on the case of J = 20GA/m2 where oscillations are stable. The oscillation frequency is 0.56GHz which
agrees with the one derived from the rigid domain wall approximation in the paper, 0.61GHz. As discussed in the paper, we
have both translatory oscillations as governed by Z and rotation of the wall as governed by ψ . To show the rotation we plot the
time evolution of 〈my〉x and 〈mx〉x at the instantaneous domain wall position in Fig 3. We can see that they are oscillating with a
phase difference of close to π/2. In rigid domain wall approximation, the oscillations of ψ occur with half the frequency of
Z. This can be explicitly noted in micromagnetic simulations as well by plotting 〈my〉x at z = Z(t) as a function of time and
comparing it to Z(t) itself as shown in Fig 4. From eq (41), we can see if the domain wall is sufficiently outside the region of
non-zero spin current, Z� λ , the velocity of the domain wall is zero at ψ = 0,±π/2,π . Even though this condition is never
achieved in the shown oscillations, it can be approximately noticed from the plot at the maxima of the domain wall position
(where Z is still less than λ ).

Fig 5 is a plot of 〈mz〉x at the four points marked as {A,B,C,D} in Fig 4. These waveforms can be fitted with rigid domain
wall approximation with the domain wall position and width as fitting parameters. Using this, we can verify that at least for
the averaged value of mz, the rigid domain wall approximation is valid throughout the oscillations. This also illustrates the
oscillations of the width of the domain wall.

To compare the micromagnetic simulations with theoretical analysis, we need to define H⊥ and H‖ through micromagnetics.
The definition is given in terms of mean field of a mono domain magnet. We extract Hx as the mean field when all the magnetic
moments are pointing along x axis. Hy and Hz are defined analogously. We then define H‖ to be Hx−Hz and H⊥ as Hy−Hx.
We note however that defining a particular H⊥ and H‖ can only give an estimate of the observables and cannot be used for
quantitative correctness (4). We get the values as H‖ ≈ 32.9kA/m and H⊥ ≈ 16.6kA/m. Using these as effective parameters in
the LLG equation, we calculate the amplitude of oscillations through the rigid domain wall approximation. We find that the
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Figure 3. Depicting rotation in domain wall. Here my means the average value of my at the instantaneous position of the
domain wall. The averaging is done across the width. mx is computed similarly.

Figure 4. Illustrating the phase relation between the domain wall position and its rotation. Here again, my denotes the average
value across the width at the instantaneous position of the domain wall.

Figure 5. The plot of mz averaged across the width for four different instances in the oscillations. This depicts the variation in
width during different phases of the oscillations.
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amplitude is of the same order as the micromagnetic prediction. The amplitude in micromagnetic simulations is approximately
twice of the one derived from theoretical analysis in the paper. The factor of 2 could be because of a specific definition of H⊥
and H‖ and hence cannot be predicted easily. This is an evidence of the validity of the theoretical analysis carried out in the
main paper.
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