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Screw dislocation in a semiconducting nanocrystal 

Consider a screw dislocation along the axis of a cylindrical semiconducting nanocrystal of 
radius 𝑅𝑅 and length 𝐿𝐿. This dislocation can be described by the scalar deformation potential 
−2𝑏𝑏2/(2𝜋𝜋𝑎𝑎𝑎𝑎)2 and the kinetic term 𝑏𝑏/(𝜋𝜋𝑟𝑟)2𝜕𝜕𝜑𝜑𝜕𝜕𝑧𝑧, where a is the lattice constant and 𝑏𝑏 is the 
Burgers vector projection on the 𝑧𝑧 axis. 

The solution to the Schrödinger equation without the kinetic term 
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is given by energies 
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First-order perturbation theory for the kinetic term 

The kinetic term 𝑈𝑈 = 𝑏𝑏/(𝜋𝜋𝑟𝑟)2𝜕𝜕𝜑𝜑𝜕𝜕𝑧𝑧 can be treated as a small perturbation of the nanocrystal’s 
electronic subsystem. Since the Bessel function order (𝜆𝜆) is nonzero for all 𝑙𝑙, the matrix 
elements of perturbation 𝑈𝑈 are all finite and given by 
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The first-order energies and wave functions of the nanocrystal electrons are of the form 
𝜖𝜖𝑛𝑛𝑛𝑛𝑛𝑛 = 𝜖𝜖𝑛𝑛𝑛𝑛𝑛𝑛

(0) , 

𝜓𝜓𝑛𝑛𝑛𝑛𝑛𝑛 = 𝜓𝜓𝑛𝑛𝑛𝑛𝑛𝑛
(0) + �

𝑈𝑈𝑛𝑛1𝑙𝑙𝑝𝑝1;𝑛𝑛𝑛𝑛𝑛𝑛

𝜖𝜖𝑛𝑛𝑛𝑛𝑛𝑛 − 𝜖𝜖𝑛𝑛1𝑙𝑙𝑙𝑙1

′

𝑛𝑛1𝑝𝑝1

𝜓𝜓𝑛𝑛1𝑙𝑙𝑙𝑙1
(0) . 

The energy correction is zero because 𝑈𝑈𝑛𝑛𝑛𝑛𝑛𝑛;𝑛𝑛𝑛𝑛𝑛𝑛 ∝ 𝐴𝐴𝑝𝑝𝑝𝑝 = 0. 

Applicability limits of the perturbation theory 

Consider the smallness parameter 
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In the general case of changing 𝑛𝑛, the smallness parameter is of the form 

𝛼𝛼 = �
4𝑙𝑙𝑙𝑙𝐼𝐼𝑛𝑛′𝑛𝑛𝑛𝑛𝐴𝐴𝑝𝑝𝑝𝑝′

𝜋𝜋2𝐿𝐿��𝜉𝜉𝑛𝑛𝑛𝑛2 − 𝜉𝜉𝑛𝑛′𝜆𝜆
2 � + 𝜋𝜋2�𝑝𝑝2 − 𝑝𝑝′2�(𝐿𝐿/𝑅𝑅)2�

�. 

Since 

𝐼𝐼𝑛𝑛′𝑛𝑛𝑛𝑛 <
𝐼𝐼𝑛𝑛′𝑛𝑛′𝑙𝑙 + 𝐼𝐼𝑛𝑛𝑛𝑛𝑛𝑛

2
, 

𝜉𝜉𝑛𝑛𝑛𝑛~𝜉𝜉𝑛𝑛|𝑙𝑙|~𝜋𝜋 �𝑛𝑛 +
|𝑙𝑙|
2
�, 

and 

�𝐴𝐴𝑝𝑝𝑝𝑝′� ≤ 𝐴𝐴21 =
4
3

, 

we have 

𝛼𝛼 ≲
2

3𝜋𝜋2
𝑛𝑛 + 𝑛𝑛′ + |𝑙𝑙|

�(𝑛𝑛 − 𝑛𝑛′)(𝑛𝑛 + 𝑛𝑛′ + |𝑙𝑙|) + �𝑝𝑝2 − 𝑝𝑝′2�(𝑅𝑅/𝐿𝐿)2�
|𝑏𝑏|
𝐿𝐿

. 

If 𝑛𝑛 = 𝑛𝑛′, we recover the previous result 

𝛼𝛼 ≲
2(2𝑛𝑛 + |𝑙𝑙|)

9𝜋𝜋2
|𝑏𝑏|𝐿𝐿
𝑅𝑅2

, 

which shows that state (𝑛𝑛𝑛𝑛𝑛𝑛) is well described by the first-order perturbation theory, provided 
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These conditions are satisfied automatically, as 3𝜋𝜋2𝐿𝐿 ≫ 2|𝑏𝑏| for all real nanocrystals with 
screw dislocations. 

For 𝑛𝑛′ > 𝑛𝑛 and 𝑝𝑝′ < 𝑝𝑝, as well as for 𝑛𝑛′ < 𝑛𝑛 и 𝑝𝑝′ > 𝑝𝑝, we have 
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The denominator of this expression may be small only in case of accidental degeneracy of 
electronic states, i.e. if the energies of states with different quantum numbers 𝑛𝑛, 𝑛𝑛′, 𝑝𝑝 and 𝑝𝑝′ 
coincide. In this paper, we assume that such an accidental degeneracy is absent. 

Interaction of electrons with circularly polarized light 

To study intraband transitions in our nanocrystal, we employ the 𝐀𝐀𝐀𝐀 representation of light–
matter interaction. Consider left-hand and right-hand circularly polarized plane waves of 
wave vector 𝑞𝑞 = √𝜀𝜀𝜔𝜔/𝑐𝑐 propagating along the 𝑧𝑧 axis. The interaction of electrons with such 
waves can be represented by operators 
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The matrix elements of implicitly defined operators 𝑄𝑄± upon transitions occurring without a 
change of the parity of quantum number 𝑝𝑝 are given by 

�𝜓𝜓𝑛𝑛′𝑙𝑙′𝑝𝑝′�𝑄𝑄±�𝜓𝜓𝑛𝑛𝑛𝑛𝑛𝑛� = �𝜓𝜓𝑛𝑛′𝑙𝑙′𝑝𝑝′
(0) �𝑒𝑒∓𝑖𝑖𝜑𝜑 �

𝜕𝜕
𝜕𝜕𝜕𝜕

∓
𝑖𝑖
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕�

�𝜓𝜓𝑛𝑛𝑛𝑛𝑛𝑛
(0) � 

whereas the matrix elements upon transitions with the parity change are: 



�𝜓𝜓𝑛𝑛′𝑙𝑙′𝑝𝑝′�𝑄𝑄±�𝜓𝜓𝑛𝑛𝑛𝑛𝑛𝑛�

= �𝜓𝜓𝑛𝑛′𝑙𝑙′𝑝𝑝′
(0) �𝑖𝑖𝑖𝑖𝑖𝑖𝑒𝑒∓𝑖𝑖𝜑𝜑 �

𝜕𝜕
𝜕𝜕𝜕𝜕

∓
𝑖𝑖
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕�

�𝜓𝜓𝑛𝑛𝑛𝑛𝑛𝑛
(0) �

+ �
𝑈𝑈𝑛𝑛′𝑙𝑙′𝑝𝑝′;𝑛𝑛1𝑙𝑙′𝑝𝑝1

𝜖𝜖𝑛𝑛′𝑙𝑙′𝑝𝑝′ − 𝜖𝜖𝑛𝑛1𝑙𝑙′𝑝𝑝1

′

𝑛𝑛1𝑝𝑝1

�𝜓𝜓𝑛𝑛1𝑙𝑙′𝑝𝑝1
(0) �𝑒𝑒∓𝑖𝑖𝜑𝜑 �

𝜕𝜕
𝜕𝜕𝜕𝜕

∓
𝑖𝑖
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕�

�𝜓𝜓𝑛𝑛𝑛𝑛𝑛𝑛
(0) �

+ �
𝑈𝑈𝑛𝑛1𝑙𝑙𝑝𝑝1;𝑛𝑛𝑛𝑛𝑛𝑛

𝜖𝜖𝑛𝑛𝑛𝑛𝑛𝑛 − 𝜖𝜖𝑛𝑛1𝑙𝑙𝑙𝑙1

′

𝑛𝑛1𝑝𝑝1

�𝜓𝜓𝑛𝑛′𝑙𝑙′𝑝𝑝′
(0) �𝑒𝑒∓𝑖𝑖𝜑𝜑 �

𝜕𝜕
𝜕𝜕𝜕𝜕

∓
𝑖𝑖
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕�

�𝜓𝜓𝑛𝑛1𝑙𝑙𝑙𝑙1
(0) �. 

It can be shown that 

�𝜓𝜓𝑛𝑛′𝑙𝑙′𝑝𝑝′
(0) �𝑧𝑧𝑒𝑒∓𝑖𝑖𝜑𝜑 �

𝜕𝜕
𝜕𝜕𝜕𝜕

∓
𝑖𝑖
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕�

�𝜓𝜓𝑛𝑛𝑛𝑛𝑛𝑛
(0) � =

4𝐿𝐿
𝜋𝜋2𝑅𝑅

𝐾𝐾𝑛𝑛′𝑛𝑛𝑛𝑛
∓ 𝛿𝛿𝑙𝑙′,𝑙𝑙∓1𝐵𝐵𝑝𝑝𝑝𝑝′ , 

�𝜓𝜓𝑛𝑛′𝑙𝑙′𝑝𝑝′
(0) �𝑒𝑒∓𝑖𝑖𝜑𝜑 �

𝜕𝜕
𝜕𝜕𝜕𝜕

∓
𝑖𝑖
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕�

�𝜓𝜓𝑛𝑛𝑛𝑛𝑛𝑛
(0) � =

2
𝑅𝑅
𝐾𝐾𝑛𝑛′𝑛𝑛𝑛𝑛
∓ 𝛿𝛿𝑙𝑙′,𝑙𝑙∓1𝛿𝛿𝑝𝑝𝑝𝑝′ , 

where 

𝐾𝐾𝑛𝑛′𝑛𝑛𝑛𝑛
∓ = 𝜉𝜉𝑛𝑛𝑛𝑛𝑃𝑃𝑛𝑛′𝑛𝑛𝑛𝑛

∓ ± 𝑙𝑙𝐷𝐷𝑛𝑛′𝑛𝑛𝑛𝑛
∓ , 

𝐵𝐵𝑝𝑝𝑝𝑝′ = � 𝑢𝑢𝑢𝑢𝑢𝑢
𝜋𝜋
2

−𝜋𝜋2

sin(𝑝𝑝′𝑢𝑢) cos(𝑝𝑝𝑝𝑝) = � 𝑢𝑢𝑢𝑢𝑢𝑢
𝜋𝜋
2

−𝜋𝜋2

cos(𝑝𝑝′𝑢𝑢) sin(𝑝𝑝𝑝𝑝) =
2𝐴𝐴𝑝𝑝𝑝𝑝′
𝑝𝑝2 − 𝑝𝑝′2

 

(here 𝑝𝑝′ and 𝑝𝑝 have different parity) 

𝐷𝐷𝑛𝑛′𝑛𝑛𝑛𝑛
± = �

𝐽𝐽𝜆𝜆(𝑙𝑙)�𝜉𝜉𝑛𝑛𝑛𝑛(𝑙𝑙)𝑢𝑢�
𝐽𝐽𝜆𝜆(𝑙𝑙)+1�𝜉𝜉𝑛𝑛𝑛𝑛(𝑙𝑙)�

1

0

𝐽𝐽𝜆𝜆(𝑙𝑙±1)�𝜉𝜉𝑛𝑛′𝜆𝜆(𝑙𝑙±1)𝑢𝑢�
𝐽𝐽𝜆𝜆(𝑙𝑙±1)+1�𝜉𝜉𝑛𝑛′𝜆𝜆(𝑙𝑙±1)�

𝑑𝑑𝑑𝑑, 

and 

𝑃𝑃𝑛𝑛′𝑛𝑛𝑛𝑛
± = �

𝐽𝐽λ(𝑙𝑙)−1�𝜉𝜉𝑛𝑛𝑛𝑛(𝑙𝑙)𝑢𝑢� − 𝐽𝐽𝜆𝜆(𝑙𝑙)+1�𝜉𝜉𝑛𝑛𝑛𝑛(𝑙𝑙)𝑢𝑢�
2𝐽𝐽λ(𝑙𝑙)+1�𝜉𝜉𝑛𝑛𝑛𝑛(𝑙𝑙)�

1

0

𝐽𝐽𝜆𝜆(𝑙𝑙±1)�𝜉𝜉𝑛𝑛′𝜆𝜆(𝑙𝑙±1)𝑢𝑢�
𝐽𝐽𝜆𝜆(𝑙𝑙±1)+1�𝜉𝜉𝑛𝑛′𝜆𝜆(𝑙𝑙±1)�

𝑢𝑢𝑢𝑢𝑢𝑢. 

We thus finally obtain 



�𝜓𝜓𝑛𝑛′𝑙𝑙′𝑝𝑝′�𝑄𝑄±�𝜓𝜓𝑛𝑛𝑛𝑛𝑛𝑛�

=
2
𝑅𝑅
𝐾𝐾𝑛𝑛′𝑛𝑛𝑛𝑛
∓ 𝛿𝛿𝑙𝑙′,𝑙𝑙∓1𝛿𝛿𝑝𝑝𝑝𝑝′ +

4𝑖𝑖𝑖𝑖𝑖𝑖
𝜋𝜋2𝑅𝑅

𝐾𝐾𝑛𝑛′𝑛𝑛𝑛𝑛
∓ 𝛿𝛿𝑙𝑙′,𝑙𝑙∓1𝐵𝐵𝑝𝑝𝑝𝑝′

+
2
𝑅𝑅
𝛿𝛿𝑙𝑙′,𝑙𝑙∓1��

𝑈𝑈𝑛𝑛′𝑙𝑙′𝑝𝑝′;𝑛𝑛1𝑙𝑙′𝑝𝑝
𝜖𝜖𝑛𝑛′𝑙𝑙′𝑝𝑝′ − 𝜖𝜖𝑛𝑛1𝑙𝑙′𝑝𝑝

𝐾𝐾𝑛𝑛1𝑛𝑛𝑛𝑛
∓ +

𝑈𝑈𝑛𝑛1𝑙𝑙𝑝𝑝′;𝑛𝑛𝑛𝑛𝑛𝑛
𝜖𝜖𝑛𝑛𝑛𝑛𝑛𝑛 − 𝜖𝜖𝑛𝑛1𝑙𝑙𝑝𝑝′

𝐾𝐾𝑛𝑛′𝑛𝑛1𝑙𝑙
∓ �

𝑛𝑛1

=
2
𝑅𝑅
𝐾𝐾𝑛𝑛′𝑛𝑛𝑛𝑛
∓ 𝛿𝛿𝑙𝑙′,𝑙𝑙∓1𝛿𝛿𝑝𝑝𝑝𝑝′ +

4𝑖𝑖𝑖𝑖𝑖𝑖
𝜋𝜋2𝑅𝑅

𝐾𝐾𝑛𝑛′𝑛𝑛𝑛𝑛
∓ 𝛿𝛿𝑙𝑙′,𝑙𝑙∓1𝐵𝐵𝑝𝑝𝑝𝑝′

+
8𝑖𝑖𝑖𝑖

𝐿𝐿𝜋𝜋2𝑅𝑅3
𝛿𝛿𝑙𝑙′,𝑙𝑙∓1𝐴𝐴𝑝𝑝𝑝𝑝′��

𝑙𝑙′𝐼𝐼𝑛𝑛′𝑛𝑛1𝑙𝑙′𝐾𝐾𝑛𝑛1𝑛𝑛𝑛𝑛
∓

𝜖𝜖𝑛𝑛′𝑙𝑙′𝑝𝑝′ − 𝜖𝜖𝑛𝑛1𝑙𝑙′𝑝𝑝
+
𝑙𝑙𝑙𝑙𝑛𝑛1𝑛𝑛𝑛𝑛𝐾𝐾𝑛𝑛′𝑛𝑛1𝑙𝑙

∓

𝜖𝜖𝑛𝑛𝑛𝑛𝑛𝑛 − 𝜖𝜖𝑛𝑛1𝑙𝑙𝑝𝑝′
�

𝑛𝑛1

=
2
𝑅𝑅
𝐾𝐾𝑛𝑛′𝑛𝑛𝑛𝑛
∓ 𝛿𝛿𝑙𝑙′,𝑙𝑙∓1𝛿𝛿𝑝𝑝𝑝𝑝′

+
8𝑖𝑖
𝜋𝜋2𝑅𝑅

𝐴𝐴𝑝𝑝𝑝𝑝′𝛿𝛿𝑙𝑙′,𝑙𝑙∓1 �
𝑞𝑞𝑞𝑞𝐾𝐾𝑛𝑛′𝑛𝑛𝑛𝑛

∓

𝑝𝑝2 − 𝑝𝑝′2
+

𝑏𝑏
𝐿𝐿𝑅𝑅2

��
𝑙𝑙′𝐼𝐼𝑛𝑛′𝑛𝑛1𝑙𝑙′𝐾𝐾𝑛𝑛1𝑛𝑛𝑛𝑛

∓

𝜖𝜖𝑛𝑛′𝑙𝑙′𝑝𝑝′ − 𝜖𝜖𝑛𝑛1𝑙𝑙′𝑝𝑝
+
𝑙𝑙𝑙𝑙𝑛𝑛1𝑛𝑛𝑛𝑛𝐾𝐾𝑛𝑛′𝑛𝑛1𝑙𝑙

∓

𝜖𝜖𝑛𝑛𝑛𝑛𝑛𝑛 − 𝜖𝜖𝑛𝑛1𝑙𝑙𝑝𝑝′
�

𝑛𝑛1

�. 

Circular dichroism 

Consider intraband absorption of light by electrons of fixed energy generated through 
interband transitions by a linearly polarized pump. The energy of electrons can correspond to 
a nondegenerate state of zero angular momentum or a pair of doubly degenerate states of 
nonzero momentum. The rest of electronic states are assumed to be unoccupied, and the 
probe is assumed to be weak to prevent depletion of the excited state(s). Using Fermi’s 
golden rule, it can then be shown that the difference of intraband transition rates due to left-
hand and right-hand polarized light is given by 

Δ𝑊𝑊 = 𝑊𝑊𝐿𝐿(𝜔𝜔) −𝑊𝑊𝑅𝑅(𝜔𝜔)

= 𝜋𝜋 �
𝐴𝐴0𝑒𝑒
2𝑚𝑚𝑚𝑚�

2

� ���𝜓𝜓𝑛𝑛′𝑙𝑙′𝑝𝑝′�𝑄𝑄−�𝜓𝜓𝑛𝑛𝑛𝑛𝑛𝑛��
2 − ��𝜓𝜓𝑛𝑛′𝑙𝑙′𝑝𝑝′�𝑄𝑄+�𝜓𝜓𝑛𝑛𝑛𝑛𝑛𝑛��

2

𝑛𝑛′𝑙𝑙′𝑝𝑝′

+ ��𝜓𝜓𝑛𝑛′𝑙𝑙′𝑝𝑝′�𝑄𝑄−�𝜓𝜓𝑛𝑛,−𝑙𝑙,𝑝𝑝��
2 − ��𝜓𝜓𝑛𝑛′𝑙𝑙′𝑝𝑝′�𝑄𝑄+�𝜓𝜓𝑛𝑛,−𝑙𝑙,𝑝𝑝��

2� 𝛿𝛿�𝜔𝜔 − 𝜔𝜔𝑛𝑛′𝑙𝑙′𝑝𝑝′;𝑛𝑛𝑛𝑛𝑛𝑛�. 

Here the summation extends over all the final states that are excited from a given initial state 
(𝑛𝑛𝑛𝑛𝑛𝑛) by the probe of frequency 𝜔𝜔. 

It is convenient to consider separately transitions occurring with and without a change in the 
parity of the quantum number 𝑝𝑝. Using the selection rules to evaluate the summation over the 
final quantum number 𝑙𝑙′, we obtain in the latter case 

Δ𝑊𝑊 = 𝜋𝜋 �
𝐴𝐴0𝑒𝑒
𝑚𝑚𝑚𝑚𝑚𝑚�

2

���𝐾𝐾𝑛𝑛′𝑛𝑛𝑛𝑛
+ �2 − �𝐾𝐾𝑛𝑛′𝑛𝑛𝑛𝑛

− �2 + �𝐾𝐾𝑛𝑛′𝑛𝑛,−𝑙𝑙
+ �2 − �𝐾𝐾𝑛𝑛′𝑛𝑛,−𝑙𝑙

− �2� 𝛿𝛿�𝜔𝜔 − 𝜔𝜔𝑛𝑛′𝑙𝑙′𝑝𝑝;𝑛𝑛𝑛𝑛𝑛𝑛� = 0
𝑛𝑛′

, 

where it has been taken into account that 𝐾𝐾𝑛𝑛′𝑛𝑛𝑛𝑛
± = 𝐾𝐾𝑛𝑛′𝑛𝑛,−𝑙𝑙

∓ . Hence, intraband transitions 
preserving the quantum number 𝑝𝑝 are optically inactive. 

If the parity of 𝑝𝑝 changes, there are three kinds of intraband transitions: 

(i) 𝑙𝑙 = 0 → 𝑙𝑙′ = ±1; 



(ii) ±𝑙𝑙 → ±𝑙𝑙 ± 1; 
(iii) ±𝑙𝑙 → ±𝑙𝑙 ∓ 1. 

For the transitions of the first kind, we obtain 

Δ𝑊𝑊 =
𝜋𝜋
2 �
𝐴𝐴0𝑒𝑒
𝑚𝑚𝑚𝑚 �

2

� ���𝜓𝜓𝑛𝑛′,1,𝑝𝑝′�𝑄𝑄−�𝜓𝜓𝑛𝑛,0,𝑝𝑝��
2 − ��𝜓𝜓𝑛𝑛′,−1,𝑝𝑝′�𝑄𝑄+�𝜓𝜓𝑛𝑛,0,𝑝𝑝��

2� 𝛿𝛿�𝜔𝜔 − 𝜔𝜔𝑛𝑛′,1,𝑝𝑝′;𝑛𝑛,0,𝑝𝑝�
𝑛𝑛′𝑝𝑝′

=
25

𝜋𝜋3 �
𝐴𝐴0𝑒𝑒
𝑚𝑚𝑚𝑚𝑅𝑅�

2

� 𝐴𝐴𝑝𝑝𝑝𝑝′
2 ��

𝑞𝑞𝑞𝑞𝐾𝐾𝑛𝑛′𝑛𝑛0
+

𝑝𝑝2 − 𝑝𝑝′2
+

𝑏𝑏
𝐿𝐿𝑅𝑅2

�
𝐼𝐼𝑛𝑛′𝑛𝑛11𝐾𝐾𝑛𝑛1𝑛𝑛0

+

𝜖𝜖𝑛𝑛′,1,𝑝𝑝′ − 𝜖𝜖𝑛𝑛1,1,𝑝𝑝𝑛𝑛1

�

2

𝑛𝑛′𝑝𝑝′

− �
𝑞𝑞𝑞𝑞𝐾𝐾𝑛𝑛′𝑛𝑛0

−

𝑝𝑝2 − 𝑝𝑝′2
−

𝑏𝑏
𝐿𝐿𝑅𝑅2

�
𝐼𝐼𝑛𝑛′𝑛𝑛1,−1𝐾𝐾𝑛𝑛1𝑛𝑛0

−

𝜖𝜖𝑛𝑛′,1,𝑝𝑝′ − 𝜖𝜖𝑛𝑛1,1,𝑝𝑝𝑛𝑛1

�

2

� 𝛿𝛿�𝜔𝜔 − 𝜔𝜔𝑛𝑛′,1,𝑝𝑝′;𝑛𝑛,0,𝑝𝑝�

= 𝐶𝐶0 �
𝐴𝐴𝑝𝑝𝑝𝑝′
2

𝑝𝑝2 − 𝑝𝑝′2
𝐼𝐼𝑛𝑛′𝑛𝑛1,1𝐾𝐾𝑛𝑛′𝑛𝑛0

+ 𝐾𝐾𝑛𝑛1𝑛𝑛0
+

𝜖𝜖𝑛𝑛′,1,𝑝𝑝′ − 𝜖𝜖𝑛𝑛1,1,𝑝𝑝
𝛿𝛿�𝜔𝜔 − 𝜔𝜔𝑛𝑛′,1,𝑝𝑝′;𝑛𝑛,0,𝑝𝑝�

𝑛𝑛′𝑝𝑝′𝑛𝑛1

, 

where 

𝐶𝐶𝑙𝑙 = �1 + 𝛿𝛿𝑙𝑙,0�
26

𝜋𝜋3 �
𝐴𝐴0𝑒𝑒
𝑚𝑚𝑚𝑚 �

2 𝑏𝑏𝑏𝑏
𝑅𝑅4

 

and the identities 𝐼𝐼𝑛𝑛1𝑛𝑛′,𝑙𝑙 = 𝐼𝐼𝑛𝑛1𝑛𝑛′,−𝑙𝑙 and 𝐾𝐾𝑛𝑛1𝑛𝑛0
− = 𝐾𝐾𝑛𝑛1𝑛𝑛0

+  have been used. 

For the transitions of the second kind, we get 

Δ𝑊𝑊 =
24

𝜋𝜋3 �
𝐴𝐴0𝑒𝑒
𝑚𝑚𝑚𝑚𝑚𝑚�

2

� 𝐴𝐴𝑝𝑝𝑝𝑝′
2 ��

𝑞𝑞𝑞𝑞𝐾𝐾𝑛𝑛′𝑛𝑛𝑛𝑛
+

𝑝𝑝2 − 𝑝𝑝′2
+

𝑏𝑏
𝐿𝐿𝑅𝑅2

��
(𝑙𝑙 + 1)𝐼𝐼𝑛𝑛′𝑛𝑛1,𝑙𝑙+1𝐾𝐾𝑛𝑛1𝑛𝑛𝑛𝑛

+

𝜖𝜖𝑛𝑛′,𝑙𝑙+1,𝑝𝑝′ − 𝜖𝜖𝑛𝑛1,𝑙𝑙+1,𝑝𝑝
+
𝑙𝑙𝑙𝑙𝑛𝑛1𝑛𝑛𝑛𝑛𝐾𝐾𝑛𝑛′𝑛𝑛1𝑙𝑙

+

𝜖𝜖𝑛𝑛𝑛𝑛𝑛𝑛 − 𝜖𝜖𝑛𝑛1𝑙𝑙𝑝𝑝′
�

𝑛𝑛1

�

2

𝑛𝑛′𝑝𝑝′

− �
𝑞𝑞𝑞𝑞𝐾𝐾𝑛𝑛′𝑛𝑛,−𝑙𝑙

−

𝑝𝑝2 − 𝑝𝑝′2
−

𝑏𝑏
𝐿𝐿𝑅𝑅2

��
(𝑙𝑙 + 1)𝐼𝐼𝑛𝑛′𝑛𝑛1,−𝑙𝑙−1𝐾𝐾𝑛𝑛1𝑛𝑛,−𝑙𝑙

−

𝜖𝜖𝑛𝑛′,𝑙𝑙+1,𝑝𝑝′ − 𝜖𝜖𝑛𝑛1,𝑙𝑙+1,𝑝𝑝
+
𝑙𝑙𝑙𝑙𝑛𝑛1𝑛𝑛,−𝑙𝑙𝐾𝐾𝑛𝑛′𝑛𝑛1,−𝑙𝑙

−

𝜖𝜖𝑛𝑛𝑛𝑛𝑛𝑛 − 𝜖𝜖𝑛𝑛1𝑙𝑙𝑝𝑝′
�

𝑛𝑛1

�

2

� 𝛿𝛿�𝜔𝜔

− 𝜔𝜔𝑛𝑛′,𝑙𝑙+1,𝑝𝑝′;𝑛𝑛,𝑙𝑙,𝑝𝑝�

=𝐶𝐶𝑙𝑙 �
𝐴𝐴𝑝𝑝𝑝𝑝′
2 𝐾𝐾𝑛𝑛′𝑛𝑛𝑛𝑛

+

𝑝𝑝2 − 𝑝𝑝′2
�

(𝑙𝑙 + 1)𝐼𝐼𝑛𝑛′𝑛𝑛1,𝑙𝑙+1𝐾𝐾𝑛𝑛1𝑛𝑛𝑛𝑛
+

𝜖𝜖𝑛𝑛′,𝑙𝑙+1,𝑝𝑝′ − 𝜖𝜖𝑛𝑛1,𝑙𝑙+1,𝑝𝑝
+
𝑙𝑙𝑙𝑙𝑛𝑛1𝑛𝑛𝑛𝑛𝐾𝐾𝑛𝑛′𝑛𝑛1𝑙𝑙

+

𝜖𝜖𝑛𝑛𝑛𝑛𝑛𝑛 − 𝜖𝜖𝑛𝑛1𝑙𝑙𝑝𝑝′
� 𝛿𝛿�𝜔𝜔

𝑛𝑛′𝑝𝑝′𝑛𝑛1

− 𝜔𝜔𝑛𝑛′,𝑙𝑙+1,𝑝𝑝′;𝑛𝑛,𝑙𝑙,𝑝𝑝�. 

And, finally, for the transitions of the third kind, we find 

Δ𝑊𝑊 = −𝐶𝐶𝑙𝑙 �
𝐴𝐴𝑝𝑝𝑝𝑝′
2 𝐾𝐾𝑛𝑛′𝑛𝑛𝑛𝑛

−

𝑝𝑝2 − 𝑝𝑝′2
�

(𝑙𝑙 − 1)𝐼𝐼𝑛𝑛′𝑛𝑛1,𝑙𝑙−1𝐾𝐾𝑛𝑛1𝑛𝑛𝑛𝑛
−

𝜖𝜖𝑛𝑛′,𝑙𝑙−1,𝑝𝑝′ − 𝜖𝜖𝑛𝑛1,𝑙𝑙−1,𝑝𝑝
+
𝑙𝑙𝑙𝑙𝑛𝑛1𝑛𝑛𝑛𝑛𝐾𝐾𝑛𝑛′𝑛𝑛1𝑙𝑙

−

𝜖𝜖𝑛𝑛𝑛𝑛𝑛𝑛 − 𝜖𝜖𝑛𝑛1𝑙𝑙𝑝𝑝′
� 𝛿𝛿�𝜔𝜔 − 𝜔𝜔𝑛𝑛′,𝑙𝑙−1,𝑝𝑝′;𝑛𝑛,𝑙𝑙,𝑝𝑝�

𝑛𝑛′𝑝𝑝′𝑛𝑛1

. 

It is seen that Δ𝑊𝑊 can be written in the general form as 



Δ𝑊𝑊 = ±𝐶𝐶𝑙𝑙 �
𝐴𝐴𝑝𝑝𝑝𝑝′
2 𝐾𝐾𝑛𝑛′𝑛𝑛𝑛𝑛

±

𝑝𝑝2 − 𝑝𝑝′2
𝐹𝐹𝑛𝑛′𝑛𝑛𝑛𝑛;𝑝𝑝𝑝𝑝′

± 𝛿𝛿�𝜔𝜔 − 𝜔𝜔𝑛𝑛′,𝑙𝑙±1,𝑝𝑝′;𝑛𝑛,𝑙𝑙,𝑝𝑝�
𝑛𝑛′𝑝𝑝′

, 

where 

𝐹𝐹𝑛𝑛′𝑛𝑛𝑛𝑛;𝑝𝑝𝑝𝑝′
± = ��

(𝑙𝑙 ± 1)𝐼𝐼𝑛𝑛′𝑛𝑛1,𝑙𝑙±1𝐾𝐾𝑛𝑛1𝑛𝑛𝑛𝑛
±

𝜖𝜖𝑛𝑛′,𝑙𝑙±1,𝑝𝑝′ − 𝜖𝜖𝑛𝑛1,𝑙𝑙±1,𝑝𝑝
+
𝑙𝑙𝑙𝑙𝑛𝑛1𝑛𝑛𝑛𝑛𝐾𝐾𝑛𝑛′𝑛𝑛1𝑙𝑙

±

𝜖𝜖𝑛𝑛𝑛𝑛𝑛𝑛 − 𝜖𝜖𝑛𝑛1𝑙𝑙𝑝𝑝′
�

𝑛𝑛1

, 

and where the upper sign corresponds to the transitions of the first and second kinds and the 
lower sign corresponds to transitions of the third kind. 

Averaging over the spatial orientations of nanocrystals 

To take into account the fact that nanocrystals are oriented randomly in real systems, we must 
average the obtained result over all possible nanocrystal orientations in space. To do this, we 
fix the orientation of a nanocrystal in space while assuming that 𝐪𝐪 = 𝑞𝑞𝐧𝐧 (|𝐧𝐧| = 1) and the 
vector potential of the probe is in the plane of orthogonal unit vectors 𝛈𝛈 and 𝛏𝛏. By employing 
our freedom in the choice of 𝛈𝛈 and 𝛏𝛏 associated with the circular polarization of light, we 
place 𝛈𝛈 in the 𝑥𝑥𝑥𝑥-plane and set the orientation of the reference frame {𝛈𝛈, 𝛏𝛏,𝐧𝐧} with respect to 
the frame (𝑥𝑥, 𝑦𝑦, 𝑧𝑧) by a pair of angles. If 𝜗𝜗 is the angle between 𝐧𝐧 and the 𝑧𝑧 axis and 𝛾𝛾 is the 
angle between the projection of vector 𝐧𝐧 to the 𝑥𝑥𝑥𝑥-plane and the 𝑥𝑥 axis (see Fig. 1), then 

𝛈𝛈 = (sin 𝛾𝛾 ,−cos 𝛾𝛾 , 0), 

𝛏𝛏 = (cos 𝛾𝛾 cos𝜗𝜗 , sin 𝛾𝛾 cos𝜗𝜗 ,−sin𝜗𝜗), 

𝐧𝐧 = (cos 𝛾𝛾 sin𝜗𝜗 , sin 𝛾𝛾 sin𝜗𝜗 , cos𝜗𝜗). 

 
Figure 1: Relative orientation of nanocrystal coordinates (𝑥𝑥,𝑦𝑦, 𝑧𝑧) and orthogonal reper  {𝛈𝛈, 𝛏𝛏,𝐧𝐧} determining 
the propagation direction (𝐧𝐧) and polarization of probe. 

The interaction of electrons with left-hand and right-hand polarized light is described by the 
Hamiltonians 

𝐻𝐻𝐿𝐿 =
𝐴𝐴0𝑒𝑒
2𝑚𝑚𝑚𝑚

𝑒𝑒𝑖𝑖𝑖𝑖𝐧𝐧𝐧𝐧(𝑖𝑖𝛈𝛈 − 𝛏𝛏)𝐩𝐩, 

𝐻𝐻𝑅𝑅 =
𝐴𝐴0𝑒𝑒
2𝑚𝑚𝑚𝑚

𝑒𝑒𝑖𝑖𝑖𝑖𝐧𝐧𝐧𝐧(𝑖𝑖𝛈𝛈 + 𝛏𝛏)𝐩𝐩. 



Taking into account that 

𝐧𝐧𝐧𝐧 =
1
2
𝑟𝑟𝑒𝑒𝑖𝑖𝜑𝜑𝑒𝑒−𝑖𝑖𝑖𝑖 sin𝜗𝜗 +

1
2
𝑟𝑟𝑒𝑒−𝑖𝑖𝜑𝜑𝑒𝑒𝑖𝑖𝑖𝑖 sin𝜗𝜗 + 𝑧𝑧 cos𝜗𝜗, 

(𝑖𝑖𝛈𝛈 − 𝛏𝛏)𝐩𝐩 = −𝑖𝑖ℏ �𝑒𝑒𝑖𝑖𝑖𝑖
1 − cos𝜗𝜗

2
𝑆𝑆+ − 𝑒𝑒−𝑖𝑖𝑖𝑖

1 + cos𝜗𝜗
2

𝑆𝑆− + sin𝜗𝜗 𝜕𝜕𝑧𝑧�, 

and 

(𝑖𝑖𝛈𝛈 + 𝛏𝛏)𝐩𝐩 = −𝑖𝑖ℏ �𝑒𝑒𝑖𝑖𝑖𝑖
1 + cos𝜗𝜗

2
𝑆𝑆+ − 𝑒𝑒𝑖𝑖𝑖𝑖

1 − cos𝜗𝜗
2

𝑆𝑆− − sin𝜗𝜗 𝜕𝜕𝑧𝑧�, 

where 

𝑆𝑆± = 𝑒𝑒∓𝑖𝑖𝜑𝜑 �
𝜕𝜕
𝜕𝜕𝜕𝜕

∓
𝑖𝑖
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕�

, 

and expanding the exponential 𝑒𝑒𝑖𝑖𝑖𝑖𝐧𝐧𝐧𝐧 in Taylor’s series, we obtain 

𝐻𝐻𝐿𝐿 ≈ −𝑖𝑖
𝐴𝐴0𝑒𝑒ℏ
2𝑚𝑚𝑚𝑚

�1 + 𝑖𝑖𝑖𝑖 �
1
2
𝑟𝑟𝑒𝑒𝑖𝑖𝜑𝜑𝑒𝑒−𝑖𝑖𝑖𝑖 sin𝜗𝜗 +

1
2
𝑟𝑟𝑒𝑒−𝑖𝑖𝜑𝜑𝑒𝑒𝑖𝑖𝑖𝑖 sin𝜗𝜗 + 𝑧𝑧 cos𝜗𝜗�� �𝑒𝑒𝑖𝑖𝑖𝑖

1 − cos𝜗𝜗
2

𝑆𝑆+

− 𝑒𝑒−𝑖𝑖𝑖𝑖
1 + cos𝜗𝜗

2
𝑆𝑆− + sin𝜗𝜗 𝜕𝜕𝑧𝑧�, 

𝐻𝐻𝑅𝑅 ≈ −𝑖𝑖
𝐴𝐴0𝑒𝑒ℏ
2𝑚𝑚𝑚𝑚

�1 + 𝑖𝑖𝑖𝑖 �
1
2
𝑟𝑟𝑒𝑒𝑖𝑖𝜑𝜑𝑒𝑒−𝑖𝑖𝑖𝑖 sin𝜗𝜗 +

1
2
𝑟𝑟𝑒𝑒−𝑖𝑖𝜑𝜑𝑒𝑒𝑖𝑖𝑖𝑖 sin𝜗𝜗 + 𝑧𝑧 cos𝜗𝜗�� �𝑒𝑒𝑖𝑖𝑖𝑖

1 + cos𝜗𝜗
2

𝑆𝑆+

− 𝑒𝑒−𝑖𝑖𝑖𝑖
1 − cos𝜗𝜗

2
𝑆𝑆− − sin𝜗𝜗 𝜕𝜕𝑧𝑧�. 

By performing calculations similar to those described in Sections Interaction of electrons 
with circularly polarized light and Circular dichroism, one can show that not all terms in 
these Hamiltonians contribute to circular dichroism. In particular, the terms containing just 
operators 𝜕𝜕𝑧𝑧, 𝑟𝑟𝑒𝑒𝑖𝑖𝜑𝜑𝜕𝜕𝑧𝑧, 𝑟𝑟𝑒𝑒−𝑖𝑖𝜑𝜑𝜕𝜕𝑧𝑧, and 𝑧𝑧𝑧𝑧𝑧𝑧 are irrelevant because they are symmetrically (up to a 
phase) contribute to Hamiltonians 𝐻𝐻𝐿𝐿 and 𝐻𝐻𝑅𝑅 whereas the selection rules for these operators 
are different. The terms with operators 𝑟𝑟𝑒𝑒−𝑖𝑖𝜑𝜑𝑆𝑆+ , 𝑟𝑟𝑒𝑒𝑖𝑖𝜑𝜑𝑆𝑆+ , 𝑟𝑟𝑒𝑒−𝑖𝑖𝜑𝜑𝑆𝑆− , and 𝑟𝑟𝑒𝑒𝑖𝑖𝜑𝜑𝑆𝑆−  do not 
contribute to circular dichroism either, as they cancel in pairs due to the degeneracy of 
electronic states in angular momentum projections. 

By discarding the vanishing terms, we get 

𝐻𝐻𝐿𝐿 ∝ (1 + 𝑖𝑖𝑖𝑖𝑧𝑧 cos𝜗𝜗) �𝑒𝑒𝑖𝑖𝑖𝑖
1 − cos𝜗𝜗

2
𝑆𝑆+ − 𝑒𝑒−𝑖𝑖𝑖𝑖

1 + cos𝜗𝜗
2

𝑆𝑆−�, 

𝐻𝐻𝑅𝑅 ∝ (1 + 𝑖𝑖𝑖𝑖𝑧𝑧 cos𝜗𝜗) �𝑒𝑒𝑖𝑖𝑖𝑖
1 + cos𝜗𝜗

2
𝑆𝑆+ − 𝑒𝑒−𝑖𝑖𝑖𝑖

1 − cos𝜗𝜗
2

𝑆𝑆−�. 

Since circular dichroism depends on the modules of the matrix elements of operators 𝐻𝐻𝐿𝐿 and 
𝐻𝐻𝑅𝑅, and the selection rules for operators 𝑆𝑆+ and 𝑆𝑆− are different, the phase factors 𝑒𝑒𝑖𝑖𝑖𝑖  and 
𝑒𝑒−𝑖𝑖𝑖𝑖 can be omitted. Circular dichroism can then be calculated similar to how it was done 
before to obtain 



Δ𝑊𝑊 ∝ cos 𝜗𝜗 � ��
1 + cos𝜗𝜗

2 �
2

��𝜓𝜓𝑛𝑛′𝑙𝑙′𝑝𝑝′�𝑄𝑄−�𝜓𝜓𝑛𝑛𝑛𝑛𝑛𝑛��
2 − �

1 − cos𝜗𝜗
2 �

2

��𝜓𝜓𝑛𝑛′𝑙𝑙′𝑝𝑝′�𝑄𝑄−�𝜓𝜓𝑛𝑛𝑛𝑛𝑛𝑛��
2

𝑛𝑛′𝑙𝑙′𝑝𝑝′

− �
1 + cos𝜗𝜗

2 �
2

��𝜓𝜓𝑛𝑛′𝑙𝑙′𝑝𝑝′�𝑄𝑄+�𝜓𝜓𝑛𝑛𝑛𝑛𝑛𝑛��
2 + �

1 − cos𝜗𝜗
2 �

2

��𝜓𝜓𝑛𝑛′𝑙𝑙′𝑝𝑝′�𝑄𝑄+�𝜓𝜓𝑛𝑛𝑛𝑛𝑛𝑛��
2

+ �
1 + cos𝜗𝜗

2 �
2

��𝜓𝜓𝑛𝑛′𝑙𝑙′𝑝𝑝′�𝑄𝑄−�𝜓𝜓𝑛𝑛,−𝑙𝑙,𝑝𝑝��
2 − �

1 − cos𝜗𝜗
2 �

2

��𝜓𝜓𝑛𝑛′𝑙𝑙′𝑝𝑝′�𝑄𝑄−�𝜓𝜓𝑛𝑛,−𝑙𝑙,𝑝𝑝��
2

− �
1 + cos𝜗𝜗

2 �
2

��𝜓𝜓𝑛𝑛′𝑙𝑙′𝑝𝑝′�𝑄𝑄+�𝜓𝜓𝑛𝑛,−𝑙𝑙,𝑝𝑝��
2

+ �
1 − cos𝜗𝜗

2 �
2

��𝜓𝜓𝑛𝑛′𝑙𝑙′𝑝𝑝′�𝑄𝑄+�𝜓𝜓𝑛𝑛,−𝑙𝑙,𝑝𝑝��
2
�

∝ ��
1 + cos𝜗𝜗

2 �
2

− �
1 − cos𝜗𝜗

2 �
2

� cos𝜗𝜗 = cos2 𝜗𝜗. 

Then averaging over all possible orientations of the nanocrystal results in the factor 

1
𝜋𝜋
� cos2 𝜗𝜗 𝑑𝑑𝑑𝑑
𝜋𝜋

0
=

1
2

. 

Long nanocrystals 

For those nanocrystals whose lengths are comparable to the probe’s wavelength, the complete 
exponent 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 must be used in the electron–photon Hamiltonian. In this case, we find 

�𝜓𝜓𝑛𝑛′𝑙𝑙′𝑝𝑝′
(0) �𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖∓𝑖𝑖𝜑𝜑 �

𝜕𝜕
𝜕𝜕𝜕𝜕

∓
𝑖𝑖
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕�

�𝜓𝜓𝑛𝑛𝑛𝑛𝑛𝑛
(0) � =

4
𝜋𝜋𝜋𝜋

𝐾𝐾𝑛𝑛′𝑛𝑛𝑛𝑛
∓ 𝛿𝛿𝑙𝑙′,𝑙𝑙∓1𝐺𝐺𝑝𝑝𝑝𝑝′ , 

where 

𝐺𝐺𝑝𝑝𝑝𝑝′ = � 𝑑𝑑𝑑𝑑
𝜋𝜋
2

−𝜋𝜋2

𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖sin(𝑝𝑝′𝑢𝑢) sin(𝑝𝑝𝑝𝑝) = � 𝑑𝑑𝑑𝑑
𝜋𝜋
2

−𝜋𝜋2

𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖cos(𝑝𝑝′𝑢𝑢) cos(𝑝𝑝𝑝𝑝)

= � 𝑑𝑑𝑑𝑑
𝜋𝜋
2

−𝜋𝜋2

𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖sin(𝑝𝑝′𝑢𝑢) cos(𝑝𝑝𝑝𝑝)

= −
4𝑝𝑝𝑝𝑝′𝜎𝜎

[(𝑝𝑝 − 𝑝𝑝′)2 − 𝜎𝜎2][(𝑝𝑝 + 𝑝𝑝′)2 − 𝜎𝜎2] �
(−1)𝑝𝑝 + (−1)𝑝𝑝′

2
cos�

𝑝𝑝 + 𝑝𝑝′

2
𝜋𝜋� sin �

𝜋𝜋𝜋𝜋
2
�

+ 𝑖𝑖 sin�
𝑝𝑝 + 𝑝𝑝′

2
𝜋𝜋� cos �

𝜋𝜋𝜋𝜋
2
�� 

and 𝜎𝜎 = 𝑞𝑞𝑞𝑞/𝜋𝜋. 

It is easy to show that for 𝜎𝜎 ≪ 1 

𝐺𝐺𝑝𝑝𝑝𝑝′ ≈
𝜋𝜋
2
𝛿𝛿𝑝𝑝𝑝𝑝′ + 𝑖𝑖𝑖𝑖𝐵𝐵𝑝𝑝𝑝𝑝′ . 

Thus, in the general case of long nanocrystals, we have 



�𝜓𝜓𝑛𝑛′𝑙𝑙′𝑝𝑝′�𝑄𝑄±�𝜓𝜓𝑛𝑛𝑛𝑛𝑛𝑛�

=
4
𝜋𝜋𝜋𝜋

𝐾𝐾𝑛𝑛′𝑛𝑛𝑛𝑛
∓ 𝛿𝛿𝑙𝑙′,𝑙𝑙∓1𝐺𝐺𝑝𝑝𝑝𝑝′

+
4
𝜋𝜋𝜋𝜋

𝛿𝛿𝑙𝑙′,𝑙𝑙∓1 � �
𝑈𝑈𝑛𝑛′𝑙𝑙′𝑝𝑝′;𝑛𝑛1𝑙𝑙′𝑝𝑝1

𝜖𝜖𝑛𝑛′𝑙𝑙′𝑝𝑝′ − 𝜖𝜖𝑛𝑛1𝑙𝑙′𝑝𝑝1
𝐺𝐺𝑝𝑝1𝑝𝑝𝐾𝐾𝑛𝑛1𝑛𝑛𝑛𝑛

∓ +
𝑈𝑈𝑛𝑛1𝑙𝑙𝑝𝑝1;𝑛𝑛𝑛𝑛𝑛𝑛

𝜖𝜖𝑛𝑛𝑛𝑛𝑛𝑛 − 𝜖𝜖𝑛𝑛1𝑙𝑙𝑝𝑝1
𝐺𝐺𝑝𝑝′𝑝𝑝1𝐾𝐾𝑛𝑛′𝑛𝑛1𝑙𝑙

∓ �
𝑛𝑛1𝑝𝑝1

=
4
𝜋𝜋𝜋𝜋

𝐾𝐾𝑛𝑛′𝑛𝑛𝑛𝑛
∓ 𝛿𝛿𝑙𝑙′,𝑙𝑙∓1𝐺𝐺𝑝𝑝𝑝𝑝′

+
16𝑖𝑖𝑖𝑖
𝐿𝐿(𝜋𝜋𝜋𝜋)3

𝛿𝛿𝑙𝑙′,𝑙𝑙∓1 � �
𝑙𝑙′𝐼𝐼𝑛𝑛′𝑛𝑛1𝑙𝑙′𝐴𝐴𝑝𝑝1𝑝𝑝′𝐾𝐾𝑛𝑛1𝑛𝑛𝑛𝑛

∓ 𝐺𝐺𝑝𝑝1𝑝𝑝
𝜖𝜖𝑛𝑛′𝑙𝑙′𝑝𝑝′ − 𝜖𝜖𝑛𝑛1𝑙𝑙′𝑝𝑝1

+
𝑙𝑙𝑙𝑙𝑛𝑛1𝑛𝑛𝑛𝑛𝐴𝐴𝑝𝑝𝑝𝑝1𝐾𝐾𝑛𝑛′𝑛𝑛1𝑙𝑙

∓ 𝐺𝐺𝑝𝑝′𝑝𝑝1
𝜖𝜖𝑛𝑛𝑛𝑛𝑛𝑛 − 𝜖𝜖𝑛𝑛1𝑙𝑙𝑝𝑝1

�
𝑛𝑛1𝑝𝑝1

=
4
𝜋𝜋𝜋𝜋

𝛿𝛿𝑙𝑙′,𝑙𝑙∓1 �𝐾𝐾𝑛𝑛′𝑛𝑛𝑛𝑛
∓ 𝐺𝐺𝑝𝑝𝑝𝑝′

+
4𝑖𝑖𝑖𝑖

𝐿𝐿(𝜋𝜋𝜋𝜋)2
� �

𝑙𝑙′𝐼𝐼𝑛𝑛′𝑛𝑛1𝑙𝑙′𝐴𝐴𝑝𝑝1𝑝𝑝′𝐾𝐾𝑛𝑛1𝑛𝑛𝑛𝑛
∓ 𝐺𝐺𝑝𝑝1𝑝𝑝

𝜖𝜖𝑛𝑛′𝑙𝑙′𝑝𝑝′ − 𝜖𝜖𝑛𝑛1𝑙𝑙′𝑝𝑝1
+
𝑙𝑙𝑙𝑙𝑛𝑛1𝑛𝑛𝑛𝑛𝐴𝐴𝑝𝑝𝑝𝑝1𝐾𝐾𝑛𝑛′𝑛𝑛1𝑙𝑙

∓ 𝐺𝐺𝑝𝑝′𝑝𝑝1
𝜖𝜖𝑛𝑛𝑛𝑛𝑛𝑛 − 𝜖𝜖𝑛𝑛1𝑙𝑙𝑝𝑝1

�
𝑛𝑛1𝑝𝑝1

�. 

As before, Δ𝑊𝑊 can be written as 

Δ𝑊𝑊 = ±�1 + 𝛿𝛿𝑙𝑙,0�
26

𝜋𝜋3 �
𝐴𝐴0𝑒𝑒
𝑚𝑚𝑚𝑚 �

2 𝑏𝑏
𝐿𝐿𝐿𝐿4

� 𝐾𝐾𝑛𝑛′𝑛𝑛𝑛𝑛
± Im �𝐺𝐺𝑝𝑝𝑝𝑝′𝑀𝑀𝑛𝑛′𝑛𝑛𝑛𝑛;𝑝𝑝𝑝𝑝′

±∗ � 𝛿𝛿�𝜔𝜔 − 𝜔𝜔𝑛𝑛′,𝑙𝑙±1,𝑝𝑝′;𝑛𝑛,𝑙𝑙,𝑝𝑝�
𝑛𝑛′𝑝𝑝′

, 

where 

𝑀𝑀𝑛𝑛′𝑛𝑛𝑛𝑛;𝑝𝑝𝑝𝑝′
± = � �

(𝑙𝑙 ± 1)𝐼𝐼𝑛𝑛′𝑛𝑛1,𝑙𝑙±1𝐴𝐴𝑝𝑝1𝑝𝑝′𝐾𝐾𝑛𝑛1𝑛𝑛𝑛𝑛
± 𝐺𝐺𝑝𝑝1𝑝𝑝

𝜖𝜖𝑛𝑛′,𝑙𝑙±1,𝑝𝑝′ − 𝜖𝜖𝑛𝑛1,𝑙𝑙±1,𝑝𝑝1
+
𝑙𝑙𝑙𝑙𝑛𝑛1𝑛𝑛𝑛𝑛𝐴𝐴𝑝𝑝𝑝𝑝1𝐾𝐾𝑛𝑛′𝑛𝑛1𝑙𝑙

± 𝐺𝐺𝑝𝑝′𝑝𝑝1
𝜖𝜖𝑛𝑛𝑛𝑛𝑛𝑛 − 𝜖𝜖𝑛𝑛1𝑙𝑙𝑝𝑝1

�
𝑛𝑛1𝑝𝑝1

. 


