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Crystal Information

The primitive cell of Bi-139 has the following lattice vectors (given in Å)

~a1 = (3.256,−3.256, 0.00),

~a2 = (3.256, 3.256, 0.00),

~a3 = (3.256, 0.000, 3.63),

and two atoms with fractional coordinates

~d0 = (0.000000, 0.000000, 0.000000),

~d1 = (0.418813, 0.418813, 0.162374).

The conventional lattices (eight atoms each) of Bi-II and Bi-139 can be connected by a

simple relation:

~vi = A~v
′

i,

where ~vi is a basis vector of Bi-139, ~v
′

i is a Bi-II basis vector, and A is a matrix. Explicitly:
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Then it is possible to obtain the Bi-139 phase by applying strain to de Bi-II phase. In

both phases the atoms are in similar positions

A. Phonon band structure of Bi-139

The phonon band structure of Bi-139 is shown in Fig. 1. There are no phonon branches

with imaginary frequencies, thus demonstrating lattice thermal stability. We notice a clear
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mode softening at Z. Similar results were also obtained without spin-orbit, demonstrating

that it is not this interaction that stabilizes this structure.

FIG. 1: Phonon band-structure of Bi-139.

B. Shear Strain: Preserving Γ−M Mirror Planes

See Fig. 2. Both Dirac cones survive even after a large strain. This is not really surprising,

since its mirror plane is preserved by this strain. Note that the Dirac cone at Γ is not

destroyed, it is just burried into the valence band. The Dirac cone at X should acquire

mass, but it is already hybridized with the conduction band.

C. Lateral Strain: Preserving Γ−X Mirror Planes

See Fig.3. Both Dirac cones survive even after a large strain. Note that the Dirac cone

at M is not protected, naively speaking it should acquire mass and open a gap.
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FIG. 2: Surface band structure of shear strain: the Γ−M mirror plane is preserved. The δ parameter

is indicated in each left upper corner.Note that with δ = 0.1 the Dirac cone at Γ is buried in the

valence bands.
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FIG. 3: Surface band structure of lateral strain: the Γ − X mirror plane is preserved. The δ

parameter is indicated in each left upper corner. The Dirac cone at M is not protected by a mirror

plane
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D. Lateral plus Shear Strain: No Mirror Plane

See Fig.4. Both Dirac cones survive even after a large strain. Note that no Dirac cone is

topologically protected, naively speaking they should acquire mass and open a gap.

E. Calculation of the Topological Invariants

Z2 Invariants

The Z2 invariants of the insulating Bi phase were calculated by tracking the

centers of the maximally localized Wannier functions (MLWF) [1], giving (0; 000)

as a result. The Z2 invariant were calculated for all six time-reversal in-

variant planes in the reciprocal primitive cell, which can be defined as S
j
l =

{

~k : ~k = j~bl + α~bm + β~bn; j = 0, 1
2
; l 6= m 6= n = 1, 2, 3;α, β ∈

[

−1

2
; 1

2

]

}

. ~bl, l = 1, 2, 3, are

the reciprocal lattice vectors. Under time-reversal, the planes are mapped either on them-

selves (e.g. S0
1) or onto an equivalent plane differing just by a reciprocal lattice vector (e.g.

S
1

2

1 ). This property is crucial for defining the Z2 invariant. In Fig.5 two of the time-reversal

invariant planes are highlighted.

The centers of the MLWF are the phases of the eigenvalues of the position operator

projected onto the occupied bands, which were calculated within the TB model. When the

Z2 invariant should be calculated for example for the S0
1 plane, then the MLWF centers

are calculated for each β ∈
[

−1

2
; 0
]

as a generalized non-Abelian Berry phase by choosing

paths parallel to ~b2: ~k = α~b2 + β~b3, α ∈
[

−1

2
; 1

2

]

. These paths are closed contours because

of the periodicity in the reciprocal space. The resulting phases Θ ∈ [−π; π] are then plotted

against β, visualizing the evolution of the MLWF centers between two time-reversal invariant

momenta (TRIM). The Z2 invariant is in this approach given by the number of crossings

of the Θ values with a horizontal reference line placed at an arbitrary Θ, modulo 2. By

this procedure, the total number of partner switches between the two TRIMs are counted.

At the TRIMs the MLWF centers have to be at least doubly degenerate by time-reversal

symmetry. An example for two of the planes is shown in Fig.6.
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FIG. 4: Surface band structure of strain type III: no mirror plane is preserved. The δ parameter is

indicated in each left upper corner. None of the Dirac cones is protected by mirror symmetry.
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FIG. 5: Primitive cell in the reciprocal space possessing a parallelepiped form. Green highlighted

are two of the time-reversal invariant planes S0
1 and S

1

2

1

.

Mirror Chern Number

The mirror Chern number can be calculated only for those planes in the BZ which are

invariant under a mirror operation. In this work, only the planes which are mapped on

themselves under the mirror operation were considered. They will be denoted by M . The

states with wave vectors ~k in these planes are eigenstates of the mirror operator with the

eigenvalues ±i and can be divided into two subgroups labeled by their mirror eigenvalue [2].

For both of the subspaces, the Berry curvature ~Ω±i of the occupied states can be calculated

as

~Ω±i
n

(

~k
)
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〈

n
(
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|∇~k
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m
(
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|∇~k
H

(
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)

|n
(
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)〉

(
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(

~k
)
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(

~k
))2

,

considering only states with the same mirror eigenvalue in the sum. The eigenvectors
∣

∣

∣
n
(

~k
)〉

and the eigenvalues En

(

~k
)

of the TB Hamilton matrix H
(

~k
)

are calculated numerically

and the gradient of the TB Hamilton matrix can be expressed analytically in the TB model.

The Chern numbers are given as the integrals of the Berry curvature of the occupied states
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FIG. 6: Calculated evolution of the MLWF centers for two example planes. Left: S0
1 plane, the

blue reference line is crossed two times, ν = 2 mod 2 = 0. Right: S

1

2

1 plane, no crossings of the

reference line, ν = 0 mod 2 = 0.

.
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over the mirror planes in the BZ [3]:

c±i =
1

2π

∫

M

d2k
∑

n∈occ.,±i

~Ω±i

n · ~n

with the normal vector ~n of the mirror plane. Having calculated the Chern numbers of the

subspaces, then the mirror Chern number can be computed as their difference [2]:

nM =
1

2
(c+i − c−i) .

In the insulating Bi phase, there are two non-equivalent mirror planes Γ − X − R − Z

and Γ−M − A− Z, both possessing the mirror Chern number nM = −2.
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