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Supplementary Information 

Appendix A1 

First we consider the relationship between the area fraction 𝜙𝑠 and filling factor 𝜂𝑠. By the 

definition of these quantities for rod-like objects 
1
; 
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where 𝐿2 is the area of the (two-dimensional) domain; 𝑁 is the total number of nanowires; 𝑙𝑖 

and 𝑑𝑖 are the length and diameter of the ith nanowire respectively. The approximation in the 

latter expression assumes that the diameter of a population of wires is nominally constant; the 

study by 
2
 suggests that 𝑑 and 𝑙 can at least be treated as statistically independent (hence 

〈𝑑𝑙〉 ≈ 〈𝑑〉〈𝑙〉 where we will denote 〈𝑑〉 by 𝑑 for ease). 
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Inspection of equations (A1) and (A2) above yields 𝜙𝑠 = 𝑑〈𝑙〉𝜂𝑠/〈𝑙2〉 = 𝑑〈𝑙〉𝑛𝑠, where 

𝑛𝑠 = 𝑁/𝐿2 is the number density of wires. The use of the filling factor 𝜂𝑠 is convenient as it 

has a universal value for the continuum percolation threshold of isotropically distributed rods; 

𝜂𝑠,𝑐 = 5.6372 … 
1
. Hence we see that 𝑛𝑠,𝑐 ≈ 5.64/〈𝑙2〉, directly confirming the proposition of 

2
 and consistent with the experimental data in that study. 

There is another measure of nanowire density when considering a 2D domain referred to as 

the area coverage, 𝐴𝐶  by 
3
. This is described by 

1
 as the “total fraction of the plane covered 

by objects” (which is distinct from the total area of objects per unit area of the plane due to 

the occurrence of overlaps), and is related to 𝜙𝑠 by; 

𝐴𝐶 = 1 − 𝑒−𝜙𝑠 . (A3) 

Next we take the Beer-Lambert law − log10 𝑇 = 𝐴 = 𝜀𝑐𝑥 as a model for the film 

transmission; where 𝑇 ∈ [0,1] is the film transmittance, 𝜀 [m2 ⋅ mol−1] is the molar 

extinction coefficient, 𝑐 [mol ⋅ m−3] is the molar concentration, 𝑥 [m] is the path length. By 

elimination of Avogadro’s constant from 𝜀 and 𝑐, this can also be interpreted in a per-particle 

manner, with an extinction cross-section per particle 𝜎 and a particle number density 𝑛𝑣. 

Typically, nanowire extinction cross-sections are given per unit length (which we will term 

𝜎𝑒𝑥𝑡 = 𝜎𝑖/𝑙𝑖), so we must consider the total nanowire length per unit volume of the film. 

Taking the film area 𝐿2 and path length equal to the film thickness 𝑡; 

𝜎𝑛𝑣𝑥 = 𝜎𝑒𝑥𝑡 ∙
𝑡
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Hence we have that; 

𝑇 = 10−𝑄𝑒𝑥𝑡𝜙𝑠  (A5) 

where 𝑄𝑒𝑥𝑡 = 𝜎𝑒𝑥𝑡/𝑑 is the dimensionless extinction efficiency of the nanowires. 

As an aside, considering the expansion of equation (A5) to first order in 𝜙𝑠 we find that 

𝑇 ≈ 1 − ln(10) 𝑄𝑒𝑥𝑡𝜙𝑠. From equation (A3) it is evident that for small values of 𝜙𝑠, 𝐴𝐶 ≈

𝜙𝑠, and so we can suggest that 𝑇 ≈ 1 − ln(10) 𝑄𝑒𝑥𝑡𝐴𝐶. This is directly comparable to the 



empirical expression 𝑇/% = 100 − 𝑎1𝐴𝐶 given by Bergin et al. 
3
, and we can suggest that 

the fitting constant 𝑎1 = 100 ln(10) 𝑄𝑒𝑥𝑡. FDTD calculations at 550 nm wavelength for 

nanowires of 42 nm diameter on a semi-infinite glass substrate yield 𝑄𝑒𝑥𝑡 = 0.37 ± 0.04, 

and hence 𝑎1 = 85 ± 9 which compares very favorably to the measured value of 𝑎1 = 87 

given by 
3
, as illustrated in figure A1. 

 

Figure A1: Modified version of Figure 4(A) from 
3
, showing the relationship between film 

transmittance and area coverage for multiple nanowire samples of different lengths but 

approximately constant diameters (see 
3
 for full details of the materials and methods used). 

The black line shows the inset relationship plotted with 𝑎1 = 87 (from 
3
) and the grey shaded 

area shows the bounds of an approximation based on the present theory which yields 

𝑎1 = 100 ln(10) 𝑄𝑒𝑥𝑡 = 85 ± 9 (based on FDTD calculations of 𝑄𝑒𝑥𝑡). The shaded region 

encapsulates approximately 60% of the data. 

We can link the area fraction 𝜙𝑠 directly to the sheet resistance 𝑅𝑆 of a nanowire film by 

considering the two-dimensional percolative scaling relation 𝜎𝐷𝐶 = 𝜎𝐷𝐶,0(𝜂𝑠 − 𝜂𝑠,𝑐)
𝑚

, where 
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𝜎𝐷𝐶 is the film electrical conductivity (𝜎𝐷𝐶,0 is the conductivity at a filling factor of 𝜂𝑠 =

𝜂𝑠,𝑐 + 1); 𝑚 is the percolative scaling exponent, with suggested universal value of 𝑚 = 1.30 

for two-dimensional systems. Since we have defined a square domain 𝜎𝐷𝐶 = 1/𝑅𝑆 (with 

𝜎𝐷𝐶,0 = 1/𝑀′ a material constant, using the notation of 
2
). Utilising equations (A1) and (A2) 

we can invert the scaling relation to find; 

ϕs =
d〈l〉

〈l2〉
 [(

M′

RS
)

1

m
+ ηs,c] (A6) 

Direct substitution of equation (A6) into (A5) gives a new T-R expression, which 

appropriately describes the impact of nanowire length statistics; 

T = 10
−Qext

d〈l〉

〈l2〉
 [(

M′
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)

1
m

+ηs,c]

 (A7) 

In order to utilize equation (A7) as a fitting function for transmittance-sheet resistance data 

only 𝑑 (and an associated calculation of 𝑄𝑒𝑥𝑡) need to be known; the terms 𝑀′, 𝑚 and 

〈𝑙2〉/〈𝑙〉 may be used as fitting parameters (as demonstrated in the main text). 

Considering the limit of equation (A7) as 𝑅𝑆 → ∞, we find that a limiting transmittance is 

reached; this represents the finite optical extinction of material not contributing to conduction 

at the percolation threshold, and is a feature which distinguishes this model from the model 

due to 
4
 where 𝑇 → 1 as 𝑅𝑆 → ∞. As we take the limit 𝑅𝑆 → ∞ we are left with a set of 

constants, which we can collect into a ‘critical transmittance’ term; 

Tc = 10
−Qext

d〈l〉

〈l2〉
 𝜂𝑠,𝑐 (A8) 

In the opposing limit, as 𝑅𝑆 becomes small such that (𝑀′ 𝑅𝑆⁄ )1 𝑚⁄ ≫ 𝜂𝑠,𝑐, we can show 

through comparison of Taylor expansions that this model is functionally equivalent to the 

established model of 
4
 (to first order); 
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Also, from 
4
; 
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By equating the coefficients of terms in (𝑍0 𝑅𝑆⁄ )1 𝑚⁄ , we can suggest a figure of merit Π′; 

Π′ =
2(

Z0
M′)

1
m〈l2〉

ln(10)Qextd〈l〉
  (A11) 

which is described by parameters of the percolation scaling, parameters of the nanowire 

length distribution and their optical interactions (as well as the physical constant 𝑍0, the 

impedance of free space). In the case that 𝑚 = 1 + 𝑛, Π′ = Π. 
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