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S1. Unitarity constraints
Consider a quantum system (particle) which interacts with a quantum reservoir. The evolution of the joint grand system (particle
plus reservoir) can be presented in the form,

|ψi〉|n〉 →∑ jm U jm,in |ψ j〉|m〉, (1)

where |ψi〉 and |n〉 are some orthonormal complete sets of states in the particle and reservoir Hilbert space respectively. The
transition amplitudes U jm,in comprise a unitary matrix Û : Û†Û = ÛÛ† = 1̂.

We assume no energy exchange between the quantum system and the reservoir. Let us consider a fixed energy subspace E
of the particle Hilbert space spanned by a basis |ψi,E〉, here index i denotes all remaining degrees of freedom of the particle.
Then one can represent the grand evolution operator Û in the form,

Û = ∑E |ψ j,E〉〈ψi,E |s ji,E F̂ji,E , (2)

Then the unitarity constraints can be rewritten in the form,

∑i s∗i j′,Esi j,E 〈m′|F̂†
i j′,E F̂i j,E |m〉= δ j j′δmm′ , (3)

∑i s ji,Es∗j′i,E 〈m|F̂ji,E F̂†
j′i,E |m

′〉= δ j j′δmm′ . (4)

S2. Proof of H-theorem
Here we derive Eq. (3) of the main text and sketch the proof of the H-theorem. We consider a quantum system which interacts
with a quantum reservoir. The evolution operator Û is unitary, ÛÛ† = 1, and using Eq. (2) from the main text we write the
unitarity constraints in the form,

∑i s ji,Es∗j′i,E 〈m|F̂ji,E F̂†
j′i,E |m

′〉= δ j j′δmm′ . (5)

Let the reservoir initially be in a state described by the density matrix π̂ = ∑nn′ πnn′ |n〉〈n′|. Then

[Φ(ρ̂)] j j′ = ∑ii′ ρii′ tr{〈ψ j|Û |ψi〉 π̂ 〈ψi′ |Û†|ψ j′〉} (6)

where ρ̂ = ∑ii′ ρii′ |ψi〉〈ψi′ |.
The system states at different energies are transformed independently. Let us consider a system density matrix at a fixed

energy subspace of the particle Hilbert space, ρ̂E = ∑i j ρi j,E |ψi,E〉〈ψ j,E |. Then making use of the factorization representation of
the evolution operator, see Eq. (6), one can rewrite the quantum channel in the form,

[Φ(ρ̂E)] j j′ = ∑ii′ ρii′,E s ji,Es∗j′i′,E 〈F̂
†
j′i′,E F̂ji,E〉, (7)

where the averaging of the reservoir operators F̂ji,E is done with respect to the density matrix π̂: 〈. . .〉= tr{π̂ . . .}. Now let us
consider transformation of ρii′,E = δii′ = 1̂E . Then using Eq. (7) we find:

[Φ(1̂E)] j j′ = ∑i s ji,Es∗j′i,E 〈F̂
†
j′i,E F̂ji,E〉. (8)

Averaging Eq. (5) with respect to the density matrix of the system, moving the left hand side of the averaged equation to the
right, and adding the result to the rhs of Eq. (8), one arrives at Eq. (3) of the text:

[Φ(1̂E)] j j′ = δ j j′ +∑i s ji,Es∗j′i,E 〈[F̂
†
j′i,E , F̂ji,E ]〉. (9)

Now we outline the proof of the H-theorem using Eq. (1) of the main text. To that end we have to calculate Φ(1̂) =
Φ(∏E⊗1̂E). Let [Φ(1̂E)] j j′ = δ j j′ on some subset E = {E}. Then using Eq. (8) in the rhs of Eq. (1) of the main text, we obtain

−kB ∑
j j′,E
〈ψ j,E |Φ(ρ̂)|ψ j′,E〉〈ψ j′,E | logΦ(1̂)|ψ j,E〉. (10)

Accordingly, in Eq. (10) the terms for which E ∈ E , become

〈ψ j,E |Φ(ρ̂)|ψ j,E〉〈ψ j,E | log1|ψ j,E〉= 0.

Now if 〈ψi,E | ρ̂ |ψi,E〉 6= 0 only for E ∈ E (therefore, for energies E /∈ E , all matrix elements 〈ψi,E | ρ̂ |ψ j,E〉 = 0), the entire
expression (10) is zero, Eq. (1) in the main text yields ∆S > 0, and the theorem is proved.
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S3. Example of a non-unital channel
Let us inspect a charged particle moving in a three-lead conductor and interacting with the spin via induced magnetic field, see
Fig. 1 in the main text, and, according to the framework of our general consideration, initially disentangled from the spin. In
the absence of the external magnetic field the energy exchange is absent and the particle is energy-isolated. The joint scattering
states of the particle and spin have the form

|ψ (in)
α 〉|σ0〉 →∑β

sβα |ψ
(out)
β
〉ÛβÛ†

α |σ0〉, (11)

where |ψ (in/out)
α 〉 is the particle’s incoming/outgoing state in the lead α , sβα are the components of the scattering matrix of the

three lead set up, |σ0〉 is the initial state of the spin and Ûα (Û†
α ) is the unitary spin-1/2 rotation of the spin due to outgoing

(incoming) electron in the lead α . Then the operators F̂ in Eq. (2) of the main text are defined as F̂βα = ÛβÛ†
α .

We choose spin-1/2 rotations as Û1 = 1̂, Û2 = iσ̂x and Û3 = iσ̂y, where σ̂x and σ̂y are the Pauli matrices. In this case[
Ûα ,Ûβ

]
6= 0. Accordingly, 〈[F̂†

β ′α , F̂βα ]〉 6= 0, and the resulting quantum channel is non-unital. Then,

Φ(1̂) = 1̂−
{
|1〉〈2|2i(s11s∗21 + s12s∗22)〈σ̂x〉+H.c.

}
−
{
|1〉〈3|2i(s11s∗31 + s13s∗33)〈σ̂y〉+H.c.

}
+
{
|2〉〈3|2i(s22s∗32 + s23s∗33)〈σ̂z〉+H.c.

}
. (12)

To simplify this equation, we assume time-reversal symmetry of the electron scattering, si j = s ji, and exploiting the following
representation1 of the elastic scattering matrix,

sii =
1
2

s∗jksi jsik

( 1
Tjk
− 1

Ti j
− 1

Tik

)
, i 6= j 6= k, (13)

where Ti j = |si j|2 are transmission probabilities, we obtain Eq. (5) of the main text.

S4. One-dimensional scattering
From the unitarity of the elastic scattering matrix it follows |sRR|2 + |sLR|2 = 1, |sRL|2 + |sLL|2 = 1, s∗LLsLR + s∗RLsRR = 0, and
sRLs∗LL + s∗LRsRR = 0. The unitarity of the joint particle-reservoir gives us

s∗LLsLR 〈n′′|n〉+ s∗RLsRR 〈n|n′〉= 0. (14)

Hence 〈n′′|n〉= 〈n|n′〉 and

s∗LLsRL〈n′′|n〉+ s∗LRsRR〈n|n′〉= 0. (15)

Let us consider the transformation of the identity operator 1̂ = |R〉〈R|+ |L〉〈L| if reservoir initially rests in a state |n〉〈n|,

1̂→|R〉〈R|(|sRL|2 + |sRR|2)+ |L〉〈L|(|sLL|2 + |sLR|2)+[
|R〉〈L|(s∗LLsRL〈n′′|n〉+ s∗LRsRR〈n|n′〉)+H.c.

]
. (16)

One can see that the off-diagonal terms |R〉〈L| of the transformed identity operator vanish due to unitarity constraint, see
Eq. (15), while the diagonal elements sum to the identity operator and hence Φ(1̂) = 1̂. The same arguments are valid if initially
reservoir rests in an arbitrary mixed state non-entangled with the particle.

The same arguments can be given in a more general form, exploiting the Theorem of the main text. Making use of the
scattering states [Eqs. (6)–(7) of the main text] one can construct the joint evolution operator at a given energy of the incoming
particle,

Û = sLR|L〉〈L|⊗ 1̂+ sRL|R〉〈R|⊗ 1̂

+ sRR|R〉〈L|⊗ F̂RR + sLL|L〉〈R|⊗ F̂LL,

which transforms the incoming particle states into outgoing states. Here, first two terms corresponds to the forward scattering
of the particle which does not change the reservoir state. The last two terms accounts for the backscattering events which do
change the reservoir state. The joint unitarity constraint Û†Û = 1̂ gives,(

|sLR|21̂+ |sRR|2F̂†
RRF̂RR

)
|L〉〈L|+(

|sRL|21̂+ |sLL|2F̂†
LLF̂RR

)
|R〉〈R|+[(

s∗LLsLRF̂†
LL + s∗RLsRRF̂RR

)
|R〉〈L|+H.c.

]
= 1̂. (17)
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The unitarity of the elastic scattering amplitudes s∗RLsRR + s∗LLsLR = 0 vanish the off-diagonal terms |L〉〈R| and |R〉〈L| on the
Eq. (17) if

F̂RR = F̂†
LL, (18)

while the normalization condition |sLR|2 + |sRR|2 = 1 and |sRL|2 + |sLL|2 = 1 gives,

F̂†
RRF̂RR = 1̂, F̂†

LLF̂LL = 1̂ (19)

and hence F̂RR and F̂LL = F̂†
RR are unitary operators. It follows then that [F̂β ′α , F̂βα ] = 0 for α , β , β ′ ∈ {L,R} and the scattering

process [Eqs. (6)–(7) of the main text] describes an unital quantum channel.
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