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ABSTRACT

Here we report the details of the examples.

Details of example |

State of the system
Here we obtain the exact state of the total system up to the second order in the interaction coupling A. After calculatmg the

interaction-picture Hamiltonian Ijli(rl)tt) (1) = Ug( )HI(III)UO( 7) and the corresponding evolution operator U (7) = Te™ I as iy s 5,

one can read the state of the combined system from

P (1) = Up(v)U, (1)ps ()T (1)U (7) )
P (@) =" (0) + 4% { 010" (Mo LIAF In (v, 0. 7) P, B) +

+0.pg( G+Z|fk\ In (a0, o, 7) (7i(ex, B) +1)

fZ|fk\ ( wo,wk,wk,r>p§°><r>ac++é*<wo,wk7wk7r>o,mpé“)(r))ﬁ(wk,ﬁ)}+0<A3>, @)
k
and similarly for bath B,
Py (2) =pj +iA (Tr[ps(O)cm 7Y fin* (o0, @, 7) [pf &) + Tr[ps(0)5-_]e ™7 Y fim (e, o, 7) [pf ,a'k"])
k k

+4? (TT[PS(O)chﬂ ) {fl:fk’ n* (@, ok, )N (W, W, 7) akpg aj,
7

- fk’fl:g*(a)(h W/ 5 W, T) eir(wkiwk/) a};/akpg - f]j’fké(a)(h @y, Wy, T) eii(wkiwk/)rpgazak’}

+Trlps (0)0:.0-] 1 { /i (@0, 0, 7)n" (@0, @0, 7) 2] pf ap
kk'

— fi k& (@0, 0, 0, T) T qual pB — p pEEX (@, 0, o, T) /)T pB akak/})+0(7t )N E))



where

T
n(a)o,a)k,'c):/o dsel(@—o0)s 4

T . )
éwbmwwmw)zﬂ<hw“mﬁwmn%u»wﬁ07 ®)

(o, B) shows the Planck distribution or the mean quanta number in a mode with frequency @ [equation (54) of the main text],
and p_éo) (7)= US(’L')pS(O)UST(’L') is the unperturbed state of S, in which Us(7) = e~ /™s (with Hy = ax0;/2) is the free-system
evolution.

In the continuum-o limit, Y, — [;” d®, we can find the dynamical equation of ps(l) (7). We differentiate the continuum
version of equation (2) in which we take T — oo in the integrals of the RHS (long-time limit). In the long-time, weak-coupling
limit we have T — oo and A — 0 such that A>T = const. This differentiation yields the Lindblad-type equation (51) of the main
text.

Calculating thermodynamic properties
Using the following notation for the states of the system and the bath:

A
ps" (1) = ps" (2) + 4% (1) + O(AY), ©
Py (@) = pf + A0y (2) + 2707 () + O(27), ™
the effective Hamiltonians of S and B can be computed up to O(1?) as
HE™ (1) = Hg + A Tip [p,g“ (1) Hiﬂ — AasTr [pS(O) (t)@p(7) Hi(nﬂ : ®)
1" (2) = Ha+ Tos [p" (1) HY | = 2Tt [p” (7) 0.9} () LY. ®
We obtain

7 T . .
Trp {Pg)(f) Hy' | =22 Y | fil? (iplo CL/O dse’w"fe'(“)o_w’{)s+h~c~> ;
’ %

Trs {Péo) (O HD ] =20 Y (fproe ™ ay +h.c.) = AH (1),

nt
- k

— cos|(wp — ax)7]
(00 — ax)

)7 1
e [pf”(5) @ 93 (5) | = 821wl L AP = AH (2),

where “h.c.” denotes Hermitian conjugate. The energy of the bath then becomes
Uy (e) = Tr [ o) (2) 1 (1)
= IUg)) +A? (—aBTr [pg Héz)(*c)} +Tr {plgl) ('c)Hl(;)(r)} +Tr [pl(;z)(’c) HBD +0(A%), (10)
which gives
AU (1) =dQp(t) + dW(7)
)2 (Tr [dp}f) (1) HB] FTr [dp};) (v)HY) (r)] +Tr [ng (c)dH.) (r)} —ayTr [pl’j dH? (r)} ) +O(A3).

1D
After some straightforward algebra we can see that
Tr [dpy” (v) Hy| =8 [(7(0x. B) + 1) poo — 7(@x B)pn1] ¥ fl>— % sinf(@y — )], (12)
T (@0 — ax)

Tr oy () dr (1) =8|P10\2;|fk|2ﬁsin[(w0 — w)7]dr, (13)

Tr {dpél)(f) Hzgl)(f)} =— 8|P10|2Zk: |fk‘2ﬁ sin[( @y — @) 7] d7, (14)

Tr |pf dH” (1)] =8lp1o2 ¥ /e sinl(an — @) ] dr. (15)

k
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Hence

dU (7) =842 Y| il sin[( @y — )] [mlozu —ap) + (%Likw@ [(a(x.B)+ 1) poo — (@, B)pnt ] | dT+0(2%). (16)
k
For the entropy we have
dSM () = —Tr [dpg’”(r) logpg} ~Tr [dpg“(r) (1ogpg“(r) - logpgﬂ : (17)

where the first term has already been computed as

~r [dpf (x >1ogp3} 22B7Tr [dpf (2) Hy| +0(2°)

: Slzﬁ {(ﬁ(wk,[i) + l)poo —ﬁ(a)lﬁﬁ)pl]} Z|fk|2( Sin[((x)o — a)k)r] drt+ 0(2,3). (18)
k

Wk

— o)
In order to evaluate the second term of equation (17) we only need to take care of the contribution of order A. We use the
following integral form for the logarithm of an operator':

logA = / [

to obtain

(A ] (19)

logpl({l)( T) — long —/de {(xl—&-pB) (x1+pl(;l)(r))7l}
—A/ (el +p8) ' oV () (T +pE) '+ 027, (20)
where we have used the identity!
(A+B) '=A"'—A"'BAT +AT'BAT ' BAT — 0(B?) 21)
to write
(xt+pg(0) " = (1 +05) "+ (14 05) " (0f — () (w1 +pf) ! +0R2)

and equation (7).
To ease notation, we introduce O = a' (h) — a(h¢), with

a(he) = ip1o ) fie' ™ n (oo, o, 7) ag,
P

where we have followed the shorthand introduced in equation (77) of the main text to define the vector i = {h(7)}, with
— _ip* — iy T q * H (1)
hi(t) = —ipfy fie n*(my, &, 7). Thus we can rewrite pp ' (T) as

pfgl) (1) =[0x, pg s (22)

whence
Tr [dpg“(r) (1ogp§“(r) - logpg)} =22 /0 dxTr [[dor,pg] (sl +p5) " [0, p5] (x1+p§)’1} +0(A3). (23)

Considering the spectral decomposition pg =Y, rn|n)(n|, one can see

Fn —Fm 2
Tr [[dof, Pl (x1+p§)_1[or,pg](x1+p,’§)‘1] = fr§1<n|d01-|m><m|01-\n> (xfm)(xlrm) (24)
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which yields

| axTe (00, pf1 (1 pf) (02, pE) (1 +pF) 1] = X (1 = ra)log ™ {n|dO<|m) m| O<|)

=Tr {pg ({Of,long} dO; + {dOT,logpg} OT)}
:2BZkae [l (T) dhg (7))
k

:8ﬁ|P10\2Zk: |fk|2% sin[(wp — ay ) 7] dT.

)

Thus, noting equation (17), we obtain

o)(0) = 8A2 L 1P X T [ (a(an, B) 1) n(ox, B)pn ~ o+ 0(A°). e3)

Now combining equations (16) and (25), the pseudo-temperature Tlgl) (1) reads as

A
g _ 405 (5)

g st (z)
1 Xelfe 2% [(ﬁ(wkﬁ)Jr 1)poo —7(@x, B)pi1 — |prof* +|piol*[os (@x — @) + o] /oy 06
B Ll fi ot ot [(ﬁ(wkaﬁ)+ 1)poo —7i(@x, B)p11 — |p1of?
If we go to the continuum- limit, take the T — oo limit, and use the identity
tim S0 _ 509, 27)
T TX
we obtain
1 (n(@o, B) + 1) poo — (@, B)pi1
lim T( )( T)=—
i B {(W%ﬁ)*‘l)POO—ﬁ(%,ﬁ)Pn —|P10|2]
1 lp10/?
=<1+ : 28
B [ 7i(y, B)(Poo — P11) + Poo — |P10|2} (28)

Let us now study system S. Since we are interested in thermalization we consider the solution to the Lindblad equation
equation (51) of the main text, which is given by

(e % 1+Z(0)e’7~“+t.anh(ﬁ(i)2/2) (e’%— 1) (xf(z)—iy(O))e’%/Q’i“’Oi | .
(x(0) + iy(0)) e~ Fe/2 it 1 —z(0)e~7* — tanh(Bay /2) (e Vf_1)
where 7 = ycoth(Bay/2) and (x(0),y(0),z(0)) are the initial components of the Bloch vector. We can explicitly compute
dS(S (7) using the eigenvalues ofpS( )(7), (1)2) /2)(1+/*(7 7)+22(1)), as

() L (1422 (0) 402 () +22(1) e !
45500 210g<1—\/x2(r)+y2(r)+z2(r))d(\/ SRR )>

_ L (1 VRE PO T (2(c )+y2< ))fyz( )ﬁZZ(T)dT 0

27\ 1= /22 (1) +y% (1) +22(7) V(1) +52(7) +22(7) '

The energy of this system is

U (e) = Tr [pH (1) H (1)

= 2T [ (0] +2(1 - a) (Tr [ (1) | T [0 ()] + e [ (7)o ] Tr o8 (0" ()] )

(e +242 (1 - a5) (2(0) +y2<o>>e@|fk|21 _<w[o( e =

+0(A%), (31)
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where we used equation (56) of the main text for pém (1) and pl(;M (7) = pg + lpl(gl) (7) + O(A?). Recalling equation (55) of
the main text, the expression above can be differentiated as follows:

U (1) = = Dye 7 (coth(Baw/2)2(0) + 1) de + W< O+ ) T E |l sinl(on - au)e]de

oreetmen _ R ye 7 coth(Ban/2)z(0) + 1) dr. (32)

As a result, the inverse pseudo-temperature becomes

1 __71 <1+\/x 7) (t Jrzz(r)') %coth(ﬁa)o/z)(xz(O)erz(O))+z(r)(coth(ﬁwg/2)z(0)+1>
TSW(T 1—/x%(1) (1) +22(7) Va2 (T T)+22(t )'(0)0/2)<coth([3a)0/2)z(0)—|—1) 7
(33)
which yields
| o[ (R0 +52(0) coth(Ban 2)
Tlgl; TS(M(T) - [1 2(z(0)+tanh(Ba)0/2)) ] ' (34)

Thus, similarly to the case of lim;_,o Ték) (1), in this case too the pseudo-temperature TS(M (7) behaves as expected if there is
no initial coherence (pjo = 0, or equivalently, x(0) = y(0) = 0).

Details of exampile Il

If we expand pl(f) (1) =: pg + lpl(;)(f) + lzpl(;z)(r) +0(A?), we obtain

Py (©) =(0)s| X (sx(mai ~si(e)au).pf | (35)
s (0 =(1/2){ X (6x(0)a] ~gi ()au) gv (¥)af, = (D). P | = X sn(7)a] — gi(®)ae)of - (gw (9, i (Fhae).
kK g
(36)

Since we need to compute the entropy Sg’l) (1) = —Tr[pl(f) (1)log plgk) (7)], we shall need to calculate log pgt) (7) up to O(A3).

In order to do so, we use the following identity':
log(Ag +AA; +2A%A;) =logAg +/1/ dx (Ao +xI) ' Ay (Ag +-xI) !
0
7/12/ e (Ao 1) 41 (Ao +x1) A1 (Ao +31) ™! = (g +20)~ Aa (Ao + 1)1 | +0(27)
0
=:Lo+ AL + AL+ 0(A%). (37)

Replacing the terms of pl(;l) (7) in equation (37) yields

Ly= logpg, (38)

Li(t) = B(o)o Y ax (ge(t)a) +gi(T)ar)- (39)
k

857 (1) == Tr| (pf + 204 (1) + 2207 (%)) (Lo + ALi(7) + A2La(T) ) | + O(2Y)

=~ Telpf o] — A (Trlpf L1 (2)] + Tripg (v)Lo] ) — 22 (Trlpf Lo ()] + Trlph (v)L1 (4)] + Teloy” ()Lo])
+0(A%). (40)
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From this relation we obtain

a8 (v) = — & (Trlpf dLi (v)] + Tridpy” (¢) Lo] ) — 22 (Tr(pf dLa(v)] + Trldpy (%) L (7)) + Trlpy (7) dLy (v)

+Tr[dpl§2)(r)Lo]) +o(Ad). @41)

This expression has some irrelevant (i.e., vanishing) terms. This can be seen through the identity d$(7) = —Tr[dp log p], from
whence

d$$M (1) = — ATr[dpl) (1) L] — A (Tr[dp§1> (t) L1 (7)) + Tr[dp P (2) Lo]) +O(A%). (42)

One can see from the identity Tr[[A, B] f(B)] = 0 (for any A, B, and function f) that here

35), (38
TefapY (1) Lo] = 0. (43)

Thus equation (42) reduces to

a8 (v) = ~22(Trldpy (7) Ly ()] + Trfdp 7 (¢) Lo] ) + O(A3),
=4BA%(1—(0,)})dA(7). (44)
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