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1 Mean Field Analysis of Equilibrium Sink

When the coupling constant U and sink-potential depth V are large compared to the hopping coefficient J , we
can estimate how many bosons are allowed in a sink potential by ignoring the kinetic energy. For a system with
N particles, the on-site energy of all particles localized in the sink is approximated by E(N) ≈ U

2N(N − 1)−
V N . We construct another state where Nout � N particles are outside the sink, and its energy is approximated
by E(N − Nout). The condition that the bosons are more stable to stay in the sink in this approximation is
E(N)− E(N −Nout) < 0, which leads to(

V

U

)
c

>
2N −Nout − 1

2
. (1)

2 Sink in continuum model in and out of equilibrium

For the continuum model, the ground state and its dynamics may be studied by the Schrödinger equation for
noninteracting atoms or the mean-field Gross-Pitaevskii equation (GPE) [1, 2] for weakly interacting bosons, as
previously implemented in modeling coherent transport [3, 4]. We will analyze a simplified model where a sink
corresponds to a narrow square well inside a finite box, where a dilute quantum Bose gas in the weak-interaction
regime can be described by a mean-field approach [5]. At zero temperature, the condensate is described by
an effective condensate wave function Φ(r, t). The evolution of the condensate wave function in an external
potential V (r, t) is described by the GPE:[

− ~2

2m

d2

dx2
+ Vext(x, t) + UlNb|Φ|2

]
Φ = i~

∂

∂t
Φ, (2)

where m is the mass of the bosonic atom and Nb is the number of bosons. Here we solve the GPE with
algorithms involving real- and imaginary-time propagation based on a split-step Crank-Nicolson method [6, 7],
and follow Ref. [8] to normalize the wavefunction with

∫
dx|Φ(x)|2 =1. The coupling constant Ul=4π~2as/m

is determined by the two-body s-wave scattering length as. The external potential Vext(x) corresponds to a
narrow well and is set to simulate the equilibrium or dynamical sink. A narrow, deep trap inside an overall
harmonic trap has been realized in Ref. [9], and here we idealize the situation by considering square-well
potentials.

The setups and their equilibrium results are shown in Fig. 1a-1e, where the system is confined in a one-
dimensional box with length Ll, which is taken as the unit of length, and the particle number Nb = 50. We
consider a square well potential of depth Vl and width wl � Ll at the center or at one edge. The reason we
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Figure 1: Illustration of the continuum model where a square-well sink is located at (a) the center and (b) the
right edge of a box potential. (c) The initial density distributions with different interactions. (d) and (e): Fraction
of bosons inside the sink in equilibrium as the sink depth varies. The results are from the GPE with wl/Ll=0.01
and Nb = 25 bosons for a sink located at (d) the center and (e) the right edge and different interaction strength
g. (f) and (g): Fraction of bosons inside the sink as a function of time after a sink potential suddenly appears.
The potential depth is Vl/ER = 9 and the sink is located at (f) the center and (g) the right edge. In (f), the data
from g=0.1, 0.5, 1.0, and 2.0 are all oscillating around 2.5%. The time unit here is t0 = ~/ER.

explore different locations of the sink is because the initial condensate wavefunction may not be uniform and
the dynamics may be different. Moreover, the initial density varies with the interaction as illustrated in Fig. 1c.
When presenting the results, however, we will focus on features that are not sensitive to the location of the sink.

We choose a narrow width wl = 0.01Ll of the sink as shown in Fig. 1. For a non-interacting Bose gas at
zero temperature, the number of bound states inside a square well is determined by the width and depth [10].
For weakly interacting Bose gases with coupling constant Ul = gERΩ in equilibrium, less particles can be
accommodated in the sink with larger g due to the interaction energy, but the number of particles in the sink can
be increased by increasing the depth of the sink potential. Here Ω = L3

l and ER =π2~2/(2mL2
l ) is the recoil

energy.

In the adiabatic limit [11, 12] when the change of the sink potential is infinitely slow, the state remains in the
ground state and the number of particles in the sink will eventually agrees with the equilibrium case. However,
the time required to approximate the adiabatic limit scales as L2

l and hinders the scalability of the device. A
similar constraint also applies to the lattice case. In the following we will focus on setups with a sudden switch-
on of a sink or source. To simulate a dynamically emerged sink, the potential is uniform with Vl(x, t < 0) = 0
initially, then a quench to a deep sink potential leads to transport of atoms.

The suddenly emerged sink, however, does not work as expected when compared to its equilibrium coun-
terpart. Fig. 1f shows the percentage of particles flowing into a dynamically emerged sink potential at the
center, and Fig. 1g shows the case for a sink at the right edge of the system. Interestingly, in neither cases the
maximal fraction of particles in the sink reaches 6%. This low effectiveness of a dynamically emerged sink is
a consequence of energy conservation. The ground-state energy of the initial configuration without a sink is
higher than that of the final configuration with a sink because without a sink the particles spread over the whole
system while with a sink most particles tend to localize inside the sink to take advantage of the low potential
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energy. In an isolated system such as cold atoms, there is no external dissipation to relax the system from the
ground state of the initial Hamiltonian to the ground state of the final Hamiltonian after a sudden change of the
potential. Similar phenomena where mismatches of energy spectra prohibit transport have been discussed in
mass transport [13] and energy transport [14], and later on we will present similar results in the lattice case.

For the dynamically emerged sink at the center, there are less particles flow into the sink when the interaction
increases, as shown in Fig. 1f. On the other hand, more particles can flow into the sink as the interaction strength
increases if it is located at the edge. This subtle difference can be understood from the density distribution of
the initial ground state. As the interaction becomes stronger, the density distribution of the initial ground state
without a sink becomes more flat at the center and has relatively more particles towards the edge. Thus, the
density at the sink potential at the edge (center) increases (decreases), as illustrated in Fig. 1c.

The ineffectiveness of a dynamically emerged sink may also be understood from the wave nature of quantum
systems. It is known that when an electromagnetic wave impinges on an aperture whose diameter is much
smaller than the wavelength, the transmission is severely suppressed [15]. For the atomic analogue of a sink,
the particles may be viewed as matter wave whose wavelength is about the size of the whole system. The matter
wave also has very low transmission into a narrow sink potential as shown in our simulations.

Since the GPE is designed for weakly interacting systems, next we will model the same dynamical process
of a lattice model allowing us to analyze dynamics in the strongly interacting regime. The sink potential in the
lattice model corresponds to a sudden decrease of the onsite potential on a selected site. In this approximation,
there is only one bound state on the sink site for a noninteracting lattice system, so this is similar to a delta-
function potential [10] in the continuum case, Vext = −Vlδ(x). The delta potential only has one bound state
regardless of its potential depth Vl. The physics, as one will see, is qualitatively the same as a square sink
potential well in the continuum case.

2.1 Adiabatic Limit

The general solution of the time dependent Schrödinger equation at time t can be expressed as |ψ(t)〉 =∑
n cn(t)ψn(t)eiθn(t), where θn(t)= i

~
∫ t
0
En(t′)dt′. By solving the Schrödinger equation,

ċm(t)=−cm〈ψm|ψ̇m〉 −
∑
n 6=m

cn
〈ψm|∂H∂t |ψn〉
En − Em

ei(θn−θm).

According to the adiabatic theorem [10], the system remains in the ground state if ∂H∂t is extremely small when
compared to the energy level spacing divided by the natural time unit of the system which is ~/ER (~/J) for
the continuum (lattice) model. In the continuum model, the recoil energy is ER = π2~2

2mL2
l

and determines the
energy difference between the lowest-energy levels. The time required to reach the adiabatic limit is limited by
the energy difference, so it is proportional to the square of the system size.

In Fig. 2, we show the dynamics of a small non-interacting lattice system with different ramping times. For
the case with a dynamic sink potential at the center and the case with one at one edge, the sink can accommodate
more particles as the ramping time becomes longer. Moreover, the results show that a dynamic sink with a
longer ramping time collects more particles if the sink is at the center (∼ 50% in 2d) than at one edge (∼ 5%
in 2b) under the same condition. We caution that this is again related to the initial density distribution of
noninteracting bosons which is higher at the center and lower at the edge. In atomtronic applications it is more
realistic to consider fast switching of the elements rather than the adiabatic limit, so our main focus is on a
sudden emergent (quenched) sink or source potential.
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Figure 2: Non-interacting bosons in a lattice of L= 41 sites with N = 40 particles. A sink potential appears
with ramping time scale tr. (a) and (c) show the number of bosons in the sink potential versus time with sink
potential depth V = 3J . (b) and (d) show the corresponding long-time average versus different ramping times
of the sink. The sink is located at the right edge for (a) and (b), and at the center for (c) and (d). As tr increases,
the system approaches the adiabatic limit with more particles in the sink.

3 Born-Markov approximations and conserved quantities

In general, the theoretical framework of open quantum systems consists of a small system (labeled by ”s”),
which may be the finite lattice considered here, and a large environment (labeled by ”e”) interacting with the
system. The contribution from the environment is treated as extra terms in the equation of motion of the system.
Such a composite system can be achieved by submerging a lattice system into a background of bosons, and the
coupling between them can introduce dissipation or coherent cooling [16]. In such a way the system can bypass
the conservation of energy. Recent advances in local heating [17] and single-site cooling [18, 19] further allow
local manipulations to vary the energy of the system.

In order to describe dynamics of open quantum systems, it is more convenient to use the total density-matrix
operator ρtotal of the system and the environment. Tracing over the environment degrees of freedom gives
the reduced density matrix of the system. One usually assumes that initially the system and environment are
independent, so ρtotal =ρs⊗ρe may be used as the initial condition. In general, the entire open quantum system
cannot be solved explicitly due to the large degrees of freedom from the environment. A manageable description
can be obtained with i) the Born approximation assuming that the frequency scale associated with the coupling
between the system and environment is small comparing to the dynamical frequency scales of the system and
environment, ii) the Markov approximation which requires that the coupling is time-independent over a short
time scale and the environment can rapidly return to equilibrium without being altered by the coupling, and iii)
the secular approximation which discards rapidly oscillating terms in the Markovian master equation.

The Lindblad master equation of an operator Ô in the Heisenberg picture [20] can be written as

dÔ

dt
=
i

~
[H, Ô] + γ

∑
j

[
L†jÔLj −

1

2
{Ô, L†jLj}

]
. (3)

The observable Ô corresponds to a conserved quantity if it commutes with the Hamiltonian and Lindblad opera-
tors. One can see that by setting Ô to be the total particle number operator, it commutes with the Hamiltonian as
well as the particle-number Lindblad operators and the local Lindblad operator we constructed, so the particle
number is conserved in those cases.
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