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ABSTRACT

In this supplementary information, we will provide more details on the effective theory and coherence dynamics. Further

results on the coherence dynamics of the models without considering the incoherent environment will be also included.

Renormalization of system-bath interaction by polaron

With the form of generating function S

S =
N

∑
m=1

∑
q,s

fqsγma†
mam

(

b
†
−q,s −bqs

)

(S0)

we can obtain the following commutators

[S,H] = ∑
i< j

∑
q,s

fqsJi j (γi − γ j)(a
†
i a j −a

†
jai)
(

b
†
−q,s −bqs

)

−
N

∑
m=1

∑
q,s

fqsh̄ωqsγma†
mam

(

b
†
−q,s +bqs

)

−2
N

∑
m,n=1

∑
q,s

f 2
qsh̄ωqsγmγna†

mama†
nan

[S, [S,H]] = ∑
i< j

Ji j(γi − γ j)
2
(

a
†
i a j +a

†
jai

)(

∑
q,s

(b†
−q,s −bqs)

)2

+2
N

∑
m,n=1

∑
q,s

f 2
qsh̄ωqsγmγna†

mama†
nan

[S, [S, [S,H]]] = ∑
i< j

Ji j(γi − γ j)
3
(

a
†
i a j −a

†
jai

)(

∑
q,s

(b†
−q,s −bqs)

)3

...
...

[S, [S, · · · [S,H]] · · · ] = ∑
i< j

Ji j(γi − γ j)
M
(

a
†
i a j +(−1)Ma

†
jai

)(

∑
q,s

(b†
−q,s −bqs)

)M

(S1)



Hence from the Baker-Campbell-Hausdorff formula one has the new Hamiltonian

H̃ = eSHe−S = H +[S,H]+
1

2!
[S, [S,H]]+

1

3!
[S, [S, [S,H]]]+ · · ·

=
N

∑
i=1

(

εi − γ2
i ∑

q,s

f 2
qsh̄ωqs

)

a
†
i ai +2 ∑

i< j
∑
q,s

f 2
qsh̄ωqsγiγ ja

†
i a

†
jaia j +∑

q,s

h̄ωqsb
†
qsbqs

+∑
i< j

Ji j

[

∏
q,s

e(γi−γ j) fqs(b
†
−q,s−bqs)a

†
i a j +∏

q,s

e−(γi−γ j) fqs(b
†
−q,s−bqs)a

†
jai

]

(S2)

As the quasi-resonance between excitons and discrete vibrational modes gives rise to the strong coupling, these modes

should be separated from other phonon modes which are off-resonance to the excitons. These modes being off-resonance to

excitons can then be reasonably treated as environment. Mathematically this is realized by separating the product of phonons

in Eq.(S2) and we further do the expansions up to the 1st order of coupling strength between the system and the remaining

phonon modes

∏
q,s

e(γi−γ j) fqs(b
†
−q,s−bqs) = ∏

n

e(γi−γ j)λn(d
†
n−dn)∏

q,s

′
e(γi−γ j) fqs(b

†
−q,s−bqs)

e±(γi−γ j) fqs(b
†
−q,s−bqs) ' 1± (γi − γ j) fqs(b

†
−q,s −bqs)

(S3)

which gives

∏
q,s

e(γi−γ j) fqs(b
†
−q,s−bqs) ' ∏

n

e(γi−γ j)λn(d
†
n−dn)

[

1+(γi − γ j)∑
q,s

fqs(b
†
−q,s −bqs)

]

(S3.5)

Substituting Eq.S3.5 into Eq.(S2) and using the identity

eA+B = eAeBe−[A,B]/2 when [A, [A,B]] = [B, [A,B]] = 0 (S3.6)

gives rise to the effective Hamiltonian in Eq.(2) in main text.

Coherence Dynamics

The total Hilbert space of system in our model is H = H
(1)

ele ⊗H
(2)

ele ⊗Hvib, where the basis is ordered as

|1〉= |0,m〉, |2〉= |0,m+1〉, |3〉= |A,m〉, |4〉= |A,m+1〉, |5〉= |B,m〉, |6〉= |B,m+1〉 (S4)

which leads to the matrix form of Hamiltonian for exciton+vibron

HS =



























mh̄ω 0 0 0 0 0

0 (m+1)h̄ω 0 0 0 0

0 0 εA +mh̄ω λ h̄ω
√

m+1
2

J 0

0 0 λ h̄ω
√

m+1
2

εA +(m+1)h̄ω 0 J

0 0 J 0 εB +mh̄ω −λ h̄ω
√

m+1
2

0 0 0 J −λ h̄ω
√

m+1
2

εB +(m+1)h̄ω



























(S5)

thus the orthogonal matrix U is of block form according to the form of HS above. In the new basis where HS is diagonalized,

the excitonic coherence is of the form

〈5|ρ |3〉 =
D

∑
i=3

D

∑
j=3

Ui5UT
3 j〈i|ρ | j〉=

D

∑
n=3

UT
3nUn5ρnn

+
(

U35UT
35ρ35 +U55UT

33ρ53 +U45UT
36ρ46 +U65UT

34ρ64

)

, electronic

+
(

U35UT
34ρ34 +U45UT

33ρ43 +U55UT
36ρ56 +U65UT

35ρ65

)

, vibrational

+
(

U35UT
36ρ36 +U65UT

33ρ63 +U45UT
35ρ45 +U55UT

34ρ54

)

, mixed (1)
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and others components can be expressed by the similar manner, i.e., 〈5|ρ |4〉, 〈2|ρ |1〉... In such basis, the dipole operator of

the system is

2

∑
n=1

∑
m=2,4

σ−
n,n+m +σ+

n,n+m =
2

∑
i=1

D

∑
j=3

(

UT
j,i+2 +UT

j,i+4

)

|i〉〈 j|+h.c. =
2

∑
i=1

D

∑
j=3

∑
ω̄i j=±ωi j

Ai j(ω̄i j) (S7)

where |µ〉= ∑D
λ=3 UT

µλ |λ 〉 and the underline denotes the basis diagonalizing HS. h̄ωi j = E j −Ei

Ai j(ω̄i j > 0) = (UT
j,i+2 +UT

j,i+4)|i〉〈 j|, A
†
i j(ω̄i j > 0) = (Ui+2, j +Ui+4, j)| j〉〈i|

Ai j(ω̄i j < 0) = (Ui+2, j +Ui+4, j)| j〉〈1|, A
†
i j(ω̄i j < 0) = (UT

j,i+2 +UT
j,i+4)|i〉〈 j|

(S8)

which leads to the following form of the interaction between system and radiations in the interaction picture

H̃
(1)
int (t) =

2

∑
i=1

D

∑
j=3

∑
ω̄i j=±ωi j

Ai j(ω̄i j)e
−iω̄i jt ⊗B(t)

B(t) = ∑
k,p

gkp

(

akpe−iωkpt +a−k,peiωkpt
)

(S9)

and the correlation function of radiation environment

〈B(t)B(t − s)〉= ∑
k,p

g2
kp

[

(nT1
kp +1)e−iωkps +n

T1
kpeiωkps

]

(S10)

Physically the strong interactions between excitons and discrete vibrational modes owing to the frequency-match, leads to

the comparable time scales between the vibrational modes and excitons, which subsequently require us to include the dynamics

of these vibrational modes together with the excitons. Thereby the remaining modes consisting of low-energy fluctuations can

be reasonably treated as environment, which is in weak coupling to the excitons due to the frequency-mismatch. Hence based

on perturbation theory, the whole solution of density operator can be written as ρSR = ρS(t)⊗ρR(0)+ρc(t) with the traceless

term in higher order of system-bath interaction. Because the time scale associated with the environmental correlations is much

smaller than the time scale of the system over which the state varies appreciably, the QME for the reduced density matrix of

the systems is of the Redfield form

dρ

dt
=

i

h̄
[ρ ,HS]+D(ρ)

=
i

h̄
[ρ ,HS]+

1

h̄2
TrBe−iH0t/h̄

∫ t

0
ds
[

H̃int(t − s)ρ̃(t)ρR(0)H̃int(t)− H̃int(t)H̃int(t − s)ρ̃(t)ρR(0)
]

eiH0t/h̄ +h.c.

(S11)

and the dissipation contributed by the radiations reads

D
T1(ρ) =

1

h̄2
TrBe−iH0t/h̄

∫ t

0
ds
[

H̃
(1)
int (t − s)ρ̃(t)ρR(0)H̃

(1)
int (t)− H̃

(1)
int (t)H̃

(1)
int (t − s)ρ̃(t)ρR(0)

]

eiH0t/h̄ +h.c.

=
1

h̄2

2

∑
i, j=1

D

∑
ν ,µ=3

∑
ω̄iν

∑
ω̄ jµ

ΓT1(ω̄iν)
[

Aiν(ω̄iν)ρ(t)A
†
jµ(ω̄ jµ)−A

†
jµ(ω̄ jµ)Aiν(ω̄iν)ρ(t)

]

+h.c.

(S12)

with the damping rate given by

ΓT1(ω̄iν) =











π ∑
k,p

g2
kpn

T1
kpδ (ωiν +ωkp) = γ h̄2n

T1
ωiν

, when ω̄iν < 0

π ∑
k,p

g2
kp(n

T1
kp +1)δ (ωiν −ωkp) = γ h̄2(nT1

ωiν
+1), when ω̄iν > 0

(S13)
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Under rotating wave approximation (RWA) the dissipation term can be written as

D
T1(ρ) =

1

h̄2

2

∑
i, j=1

D

∑
ν ,µ=3

∑
ω̄iν ω̄ jµ>0

ΓT1(ω̄iν)
[

Aiν(ω̄iν)ρ(t)A
†
jµ(ω̄ jµ)−A

†
jµ(ω̄ jµ)Aiν(ω̄iν)ρ(t)

]

+h.c.

=
1

h̄2

2

∑
i, j=1

D

∑
ν ,µ=3

ΓT1(ω̄iν > 0)(UT
ν ,i+2 +UT

ν ,i+4)(U j+2,µ +U j+4,µ)
(

|i〉〈ν|ρ |µ〉〈 j|− |µ〉〈 j|i〉〈ν|ρ
)

+
1

h̄2

2

∑
i, j=1

D

∑
ν ,µ=3

ΓT1(ω̄iν < 0)(Ui+2,ν +Ui+4,ν)(U
T
µ, j+2 +UT

µ, j+4)
(

|ν〉〈i|ρ | j〉〈µ|− | j〉〈µ|ν〉〈i|ρ
)

+h.c.+
1

h̄2

2

∑
i, j=1

D

∑
ν ,µ=3

D

∑
p,q=3

ΓT1(ω̄iν < 0)(Ui+2,ν +Ui+4,ν)(U
T
µ, j+2 +UT

µ, j+4)U
T
ν pUqµ

× (|p〉〈i|ρ | j〉〈q|− | j〉〈q|p〉〈i|ρ)+h.c.

= γ
2

∑
i, j=1

D

∑
ν ,p=3

∑
f=2,4

(UT
ν ,i+2 +UT

ν ,i+4)(U j+2,µ +U j+4,µ)Upν

[

(

n
T1
ωiν

+1
)(

σ−
ipρσ+

j+ f , j −σ+
j+ f , jσ

−
ipρ
)

+n
T1
ωiν

(

σ+
piρσ−

j, j+ f −σ−
j, j+ f σ+

piρ
)

]

+h.c.

(S14)

For the coupling of system to low-frequency fluctuations of proteins, the dipole moment of system takes the form of

D

∑
n=3

γ̄nσnn =
D

∑
i=3

D

∑
j=3

D

∑
k=3

γ̄iUikU
T
ji |k〉〈 j| (S15)

which gives the interaction between system and low-fluctuation environment in the interaction picture

H̃
(2)
int (t) =

D

∑
i=3

D

∑
j=3

D

∑
k=3

γ̄iUikU
T
ji |k〉〈 j|e−iωk jt ⊗C(t)

C(t) = ∑
q,s

fqs

(

bqse
−iνqst +b

†
−q,se

iνqst
)

(S16)

with the correlation function

〈C(t)C(t − s)〉= ∑
q,σ

f 2
qσ

[(

n
T2
qσ +1

)

e−iνqσ s +n
T2
qσ eiνqσ s

]

(S17)

Through the similar procedures as what has been carried out for radiations, we obtain the dissipation term contributed by the

low-frequency fluctuations

D
T2(ρ) =

1

h̄2
TrBe−iH0t/h̄

∫ t

0
ds
[

H̃
(2)
int (t − s)ρ̃(t)ρR(0)H̃

(2)
int (t)− H̃

(2)
int (t)H̃

(2)
int (t − s)ρ̃(t)ρR(0)

]

eiH0t/h̄ +h.c.

=
D

∑
a,b=3

D

∑
i,c=3

D

∑
µ,ν=3

γ̄iγ̄cΓ
T2
νµUiνUT

µiU
T
νaUbµ (σabρσcc −σccσabρ)+h.c.

(S18)

where

Γ
T2
νµ =

∫ ∞

0

dω

π
S(ω)

[

n
T2
ω δ (ω +ωνµ)+

(

n
T2
ω +1

)

δ (ω −ωνµ)
]

=















S(−ωνµ)n
T2
−ωνµ

, (ν > µ)
2ER
π h̄

kBT2
h̄ωd

, (ν = µ)

S(ωνµ)
(

n
T2
ωνµ +1

)

, (ν < µ)

(S19)
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With the dissipations contributed by the two environments, shown in Eq.(S14) and (S18), one can reach the operator master

equation for the system

dρ

dt
=

i

h̄
[ρ ,HS]+ γ

2

∑
i, j=1

6

∑
ν ,p=3

∑
f=2,4

(

UT
ν ,i+2 +UT

ν ,i+4

)

Upν

[

(

n
T1
ωiν

+1
)

×
(

σ−
ipρσ+

j+ f , j −σ+
j+ f , jσ

−
ipρ
)

+n
T1
ωiν

(

σ+
piρσ−

j, j+ f −σ−
j, j+ f σ+

piρ
)

]

+
6

∑
a,b=3

6

∑
i,c=3

6

∑
µ,ν=3

γ̄iγ̄cΓT2(ωνµ)UiνUT
µiU

T
νaUbµ × (σabρσcc −σccσabρ)+h.c.

(S20)

where U is the orthogonal matrix diagonalizing the Hamilton matrix in Eq.(S5) and h̄ωnm ≡Em−En. nT
ω = [exp(h̄ω/kBT )−1]−1

is the Bose occupation of frequency ω at temperature T . For the protein environment, we use the Debye spectral den-

sity: S(ω) = (2ER/π h̄)(ωωd/(ω
2 +ω2

d )), where ER is so-called reorganization energy and Γ
T2
νµ = S(|ωνµ |)n

T2

|ωνµ |
for ν > µ ,

S(|ωνµ |)(n
T2

|ωνµ |
+1) for ν < µ , or (2ER/π h̄)(kBT2/h̄ωd) for ν = µ .

Control Models

To quantify the contribution of these vibronational coherences, it is essential for us to propagate a comparison between our

model introduced above and the models in adiabatic regime (no exciton-vibron coupling), including the cases with and without

the incoherent radiation environment. The models for control are denoted as Model 1, Model 2 and Model 3 where Model 1

was included in main text.

1. Model 1: in adiabatic regime, including the incoherent radiations. Initially ρ(0) = |0〉〈0|. The contribution of ground-

state vibronic coherence vanishes and the scaled probability on pigment B is defined as P̄0
B(t) = P0

B/(P
0
A +P0

B) with

P0
i = 〈i|ρ |i〉; i = A,B. The only coherence is of the electronic type: C0

ele = 〈A|ρ |B〉.

2. Model 2: in non-adiabatic regime but without including the incoherent radiations. Initially ρ(0) = |A,0〉〈A,0| according

to the femtosecond experiments. The QME for this case is obtained by directly getting rid of the radiation terms (with

the index T1) in Eq.(8) in the main text and we ignore the details to avoid redundancy.

3. Model 3: in adiabatic regime and without including the incoherent radiations. Initially ρ(0) = |A〉〈A|, according to the

femtosecond experiments.

our model and Model 1 lead to the nonequilibrium steady state with time-irreversibility while in Model 2,3 the time-reversal

symmetry is protected at steady state. Such difference will affect the role of excitonic coherence on excitation energy transfer,

as will be elucidated as follows.

For Model 1 it is straightforward to obtain the QME, by removing the exciton-vibron coupling

dρ

dt
=

i

h̄
[ρ ,H

(1)
S ]+ γ

3

∑
ν ,µ=2

3

∑
p,q=2

(UT
ν2 +UT

ν3)Upν

[

(nT1
ω1ν

+1)
(

σ−
1pρσ+

q1 −ρσ+
q1σ−

1pρ
)

+n
T1
ω1ν

(

σ+
p1ρσ−

1q −σ−
1qσ+

p1ρ
)

]

+
3

∑
a,b=2

3

∑
i,c=2

3

∑
µ,ν=2

γ̄iγ̄cΓ
T2
νµUiνUT

µiU
T
νaUbµ (σabρσcc −σccσabρ)+h.c.

(S21)

where the Hamiltonian H
(1)
S is of the 3×3 matrix

H
(1)
S =





0 0 0

0 ε1 J

0 J ε2



 (S22)

In Model 2 where incoherent environment is removed, the QME for this case in non-adiabatic regime is obtained by

directly getting rid of the radiation terms in Eq.(8) in the main text

dρ

dt
=

i

h̄
[ρ ,H

(2)
S ]+

4

∑
a,b=1

4

∑
i,c=1

4

∑
µ,ν=1

γ̄iγ̄cΓ
T2
νµUiνUT

µiU
T
νaUbµ (σabρσcc −σccσabρ)+h.c. (S23)
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where H
(2)
S in Eq.(S23) takes the lower block of the Hamilton matrix HS in Eq.(S5), which is 4×4 matrix.

In Model 3, H
(3)
S is lower block of H

(1)
S in Eq.(S22) and the subsequent QME reads

ρ̇AA =
i∆

h̄
(ρAB −ρBA) ; ρ̇BB =−

i∆

h̄
(ρAB −ρBA)

ρ̇AB =

[

i∆

h̄
+(γ̄1 − γ̄2)R21

]

ρAA −

[

i∆

h̄
+(γ̄1 − γ̄2)R12

]

ρBB +

[

i

h̄
(εB − εA)+(γ̄1 − γ̄2)(R22 −R11)

]

ρAB

ρ̇BA =

[

∆

ih̄
+(γ̄1 − γ̄2)R21

]

ρAA −

[

∆

ih̄
+(γ̄1 − γ̄2)R12

]

ρBB +

[

εB − εA

ih̄
+(γ̄1 − γ̄2)(R22 −R11)

]

ρBA

and

Rab =
2

∑
i,µ ,ν=1

γ̄iΓ
T2
νµUiνUT

µiU
T
νaUbµ , a,b = 1,2

(S24)

and the equations governing the time evolution of electronic coherence are obtained by eliminating the population terms

ρ̈AB = (−P+ iQ)(ρAB −ρBA)− (R+ iS)ρ̇AB

ρ̈BA = (P+ iQ)(ρAB −ρBA)− (R− iS)ρ̇BA

and

P =−
2∆2

h̄2
, Q =

i∆

h̄
(γ̄1 − γ̄2)(R12 +R21), R = (γ̄1 − γ̄2)(R11 −R22), S =

i(εA − εB)

h̄

(S25)

and then r̈ =−Rṙ+Sṡ−2Qs, s̈ =−Rṡ−Sṙ−2Ps where ρAB = r+ is. The eigensolution is r = u0eΓt , s = v0eΓt , which leads

to











(Γ2 +ΓR)u0 − (ΓS−2Q)v0 = 0

ΓSu0 +(Γ2 +ΓR+2P)v0 = 0

=⇒ Γ0 = 0 and (Γn +R)(Γ2
n +ΓnR+2P)+S(ΓnS−2Q) = 0 (S26)

Hence the solution is

(

r(t)

s(t)

)

=

(

u0

0

)

+
3

∑
n=1

(

1

Γ2
n+ΓnR

ΓnS−2Q

)

uneΓnt , with

(

r(0)

s(0)

)

= 0,

(

ṙ(0)

ṡ(0)

)

=

(

(γ̄1 − γ̄2)R21

∆
h̄

)

(S27)

with Γ2 = Γ∗
1, Γ3 ∈ R and u2 = u∗1, u3 ∈ R due to the reality of r and s. The initial condition is given by ρ(0) = |A〉〈A|

according to the femtosecond experiments and it gives rise to the following matrix equation















1 1 1 1

0
Γ2

1+Γ1R

Γ1S−2Q

Γ2
2+Γ2R

Γ2S−2Q

Γ2
3+Γ3R

Γ3S−2Q

0 Γ1 Γ2 Γ3

0
Γ3

1+Γ2
1R

Γ1S−2Q

Γ3
2+Γ2

2R

Γ2S−2Q

Γ3
3+Γ2

3R
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to determine un’s.

Survival of coherence by including two vibrational modes

In the main text, we provide the figures for the coherence dynamics while including one vibrational mode. Here we will

provide the figures (Fig.1) illustrating the effect of multi-vibrational modes. By taking into account two vibrational modes,

the electronic coherence becomes much longer-lived. This shows that the surviving time of coherence by including two

vibrational modes is around 10 times longer than that by including one mode.
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Figure 1. (Color online) Time evolution of electronic coherence for the cases including two vibrational modes. (b) and (c)

are the zooming-in of coherence dynamics in different subintervals of time. The parameters are the same as in Fig.1 in main

text.

Coherence dynamics for the cases without including incoherent environment

In the main text, we investigated the role of vibrational and ground-state coherences on the long-lived oscillation of excitonic

coherence and quantified the effectiveness of the models previously used. Here we include the figures (Fig.2) for the coherence

dynamics of the cases without considering the incoherent environment, in both non-adiabatic and adiabatic regimes. As we

can see, the models only including the low-frequency fluctuations as bath are effective for describing the transient dynamics

of coherences, in a qualitative manner.
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Figure 2. (Color online) Time evolution of coherence for the cases without including the incoherent environment. (a) and

(b) are for the electronic and vibrational coherences in localized basis, respectively; (c,d,e) are the excitonic coherence in

delocalized basis; In (a,b) the purple line corresponds to only electronic coherence in adiabatic regime while the blue line is

for the non-adiabatic regime; In (b) blue and orange lines are for excited-state vibrational wave packets 〈A,0|ρ |A,1〉 and

〈B,0|ρ |B,1〉, respectively; In (c,d,e) the blue and purple lines are for the non-adiabatic and adiabatic regimes, respectively.

The parameters are the same as in Fig.1 in main text.

In fact, our model proposed in Sec.II on the other hand, provides a test of the validity of Model 2 popularly used in

previous references where the incoherent radiations are not considered and only the low-frequency fluctuations of protein are

included as bath. Particularly, the descriptions of the role of vibrational coherence on the long-lived electronic wave packet

are in a similar way as that in our model above, by comparing Fig.2(a) with 2(a), 2(b) with 2(b) correspondingly. Moreover

from the comparison of Fig.2(c), 2(d) and 2(e) in correspondence with Fig.2(d), 2(e) and 2(f), it is known that the dephasing

of excitonic coherence (delocalized) and the pathways of coherent energy transfer are predicted in agreement with our model.

The role of ground-state coherence, however, cannot be captured by Model 2, which results in the failure of predicting the

enhancement of excitation enery transfer reflected by population dynamics.
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The quantitative difference on the behaviors of coherence dynamics between Model 2 and our model is because of (i)

different initial conditions (in our case ρ(0) = |0,0〉〈0,0| while in Model 2 ρ(0) = |A,0〉〈A,0|) and (ii) different regimes of

steady state in long time limit. For (ii), our model will drive the system to the steady state with time-irreversibility while

Model 2 will alternatively drive the system to the steady state protecting the time-reversile. The time-irreversibility at steady

state, as pointed out in Ref.[32] in the main text, does affect the dephasing behavior in a quantitative rather than qualitative

way.
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