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Supplemental Materials 

Supplementary Note 1. The equation of motion for the state of polarization 

Starting from the spin-based Hamiltonian equation dψe/dz = Hs·ψe, the equation of motion for the state of polarizat ion 
(SOP) [1] can be derived. The Stokes parameters [2] Sj (j = 0,1,2,3) which quantify the SOP can be decomposed with the 
inclusion of the Pauli matrices, as Sj = ψe

†·σj·ψe. The derivatives of Sj then become 
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By applying dψe/dz = Hs·ψe and dψe
†/dz = ψe

†·Hs
† to Eq. (S1), the ‘SOP change’ operator can be introduced as Sd,j = Hs

†·σj + 
σj·Hs, from the relation of 
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where the expectation value of the operator Sd,j directly represents the change of each Stokes parameter dSj /dz.  

The Pauli notation of the Hamiltonian Hs = a0σ0 + a1σ1 + a2σ2+ a3σ3 derives the intuit ive expression of the SOP change 
operator as  
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where p  = 1,2,3, and (p,q,r) is the cyclic order of (1,2,3). The expectation values of Eq. (S3) define the change of Sj in terms  of 
the Stokes parameters as 
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Equation (S4) can be expressed in the form similar to the governing equation of electrodynamics [3] as 
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where S = [S1,S2,S3]T is the Stokes vector, and E = 2·Re[a1,a2,a3]T and B = 2·Im[a1,a2,a3]T each represents the ‘pseudo-’ electric 
and magnetic field which drives the Lorentz-like force to the SOP. The condition of a0 = 0 then transforms Eq. (S5) into the 
simplified form of  
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The expressions of the pseudo-fields E and B are shown as E = 2·Im[ε1, ε2, ε3]T and B = −2·Re[ε1, ε2, ε3]T for PT-symmetric 
potentials and as Eq. (4) of the main manuscript for linearly-dichro ic chiral materials. By assigning the normalized Stokes 
parameter [1] as Sn = S/S0, Eq. (S6) can also be expressed as dSn/dz = E + Sn × B – (Sn·E)Sn (Eq. (2) in the main manuscript). 

Supplementary Note 2. Magnetically-induced transition of EP for the achiral eigenstate 

We introduce the previously neglected term of ε3σ3, which can be obtained by imposing an external static magnetic field 
upon plasmas [3] along the z-axis. The condition of EP (|B | = |E|) can be maintained by controlling the relative magnitude of 
the birefringence (ε2σ2) and the external magnetic field (ε3σ3). Counterintuitively [4,5], we can achieve the ‘achiral’ eigenstate 
at the EP, which can also be controlled by the strength of the external magnetic field for ε3σ3 (Fig. S1a-c). Th is active control of 
the EP eigenstate lifts the restriction on the phenomena near the EP, which have focused only on the chiral state [5-10]. 

 
Figure S1. Magnetically-induced transition of EP on the Poincaré sphere. The accelerat ions at the EP (|B| = |E|) for different 
directions of magnetic pseudo-fields: (a) B  = (e2 + e3)/21/2, (b) B = e3, and (c) B  = −e3. Red circles denote the EP on the 
Poincaré sphere, for the SOP of zero Lorentz pseudo-force. The e3 component of the magnetic pseudo-field  orig inates from the 
external static magnetic field along the z-axis.  
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Supplementary Note 3. Derivation of the spin-based Hamiltonian for linearly-dichroic chiral materials 

For the z-axis propagating planewave through the chiral material of μ = μ0 and εx ≠ εy, Maxwell’s equations become 
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Considering the spatially-vary ing material along the z-axis, each field has the form of Ex,y(z) = ψe(x,y)(z)·exp(−ikz) and Hx,y(z) = 
ψh(x,y)(z)·exp(−ikz) for the constant k , and Eq. (S7) is then expressed with the field amplitudes ψe,h(z) as   
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The 4-coupled derivative equations of Eq. (S8) can be transformed to the 2-coupled equations only including the electrical 
components of ψe(x,y). By applying the slowly-varying approximation (|ψ''| << |kψ'|), Eq. (S8) becomes 
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We can now separate the derivative terms for x and y polarizations as 
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which leads to the governing Hamiltonian equation for the Cartesian basis as d[ψex,ψey]T/dz = Hc·[ψex,ψey]T where 













⋅++⋅−⋅⋅−−⋅+⋅−
⋅+−⋅+⋅⋅++⋅−⋅

×
−⋅

=

')]([')]([
')]([')]([

      

)(2
1

22
0

222
0

22

2
0

2222
0

22

222c

χχωχεµωχωχεµωωχ
χωχεµωωχχχωχεµω

χω

yx

yx

kikikk
ikkkik

k
H

. (S11) 



4 
 

When we apply the spin basis representation using the rotation matrix M as [ψe+,ψe–]T = M·[ψex,ψey]T where 
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Eq. (S10) is converted to dψe/dz = d(M[ψex,ψey]T)/dz = (MHcM-1)·(M[ψex,ψey]T) = Hs·ψe for the ψe = [ψe+,ψe–]T, where the spin-
based Hamiltonian Hs becomes Hs = a0σ0 + a1σ1 + a2σ2+ a3σ3 for the Pauli matrices σ0,1,2,3 and their coefficients, 
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Although Eq. (S13) provides the rigorous exp lanation for the light-matter interaction in nonmagnetic and electrically 
anisotropic chiral materials, we consider the simplified case to clarify the physical orig in: the preserved sum of εx and εy along 
the z-axis (εx = εo + Δε(z), εy = εo − Δε(z), and χ = χo + Δχ(z) where εo and χo are real). We can then set k2 = ω2·(μ0εo + χo

2), and 
Eq. (S13) becomes 
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The condition of the constant optical chirality (Δχ = 0) derives more explicit form of the coefficients 
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and the Hamiltonian Hs becomes Hs = a1σ1 + a2σ2+ a3σ3 as shown in the main manuscript. 
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