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1. Supplementary Figures1

2

Figure S1. The diffusivities of Li-ion in the V2O5 of cathode material according to the Li-ion concentration3

and the phase.4
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Figure S2. Comparison between the numerical simulation (solid line) and the experimental (dashed2

line) performances. Specific capacity and voltage potential of the simple spherical (black line) and hollow3

spherical cathode (red line) at 0.2C. Both cathodes have 2 μm diameters, and the thickness of the hollow 4

spherical cathode is 120 nm.5
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Figure S3. Time-dependent image of Li-ion concentration and ε phase fraction in the simple spherical2

cathode and in the cathode with 10, 20, 30, and 40% porosity under 2.5C.3
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Figure S4. Time-dependent image of Li-ion concentration and ε phase fraction in the simple spherical2

cathode and in the cathode with 10, 20, 30, and 40% porosity under 5C.3
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Figure S5. Time-dependent image of Li-ion concentration and ε phase fraction in the simple spherical2

cathode and in the cathode with 10, 20, 30, and 40% porosity under 10C.3
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Figure S6. Time-dependent image of Li-ion concentration and ε phase fraction in the simple spherical2

cathode and in the cathode with 10, 20, 30, and 40% porosity under 20C.3
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Figure S7. Time-dependent image of Li-ion concentration and ε phase fraction in the simple sphere-shaped2

cathode and in the cathode with 10, 20, 30, 40% porosity under 40C.3
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Figure S8. Time-dependent image of Li-ion concentration and ε phase fraction in the simple sphere-shaped2

cathode and in the cathode with 10, 20, 30, 40% porosity under 80C.3



2. Computational Details1

2.1 Model2

The governing equation with the flux and the source of Li-ion is as follows:3
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where source term, S is given by ( / )ni F∇⋅ n . In the source term, the value of /ni F is set according to the7

C-rate condition as an input data. The current density, in is assume to be constant during the8

charging/discharging process with the galvanostatic condition1. For example, during the discharging9

process, the total amount of Li-ion per time inserted through the surface boundary of cathode can be10

described by ( / )( )nV
i F dV∇ ⋅ −∫ n . On the other hand, if the C-rate is set, the increased amount of Li-ion11

per time in the cathode can be easily obtained as cmax × (C-rate/3600 s) × V, based on the definition of C-12

rate2. V and cmax are the cathode volume and the concentration when the cathode is fully charged,13

respectively. Because the total amount of Li-ion per time inserted through the surface boundary should be14

equal to the increased amount of Li-ion per time in the cathode, it gives ( / )( )nV
i F dV∇ ⋅ −∫ n = cmax × (C-15

rate/3600 s) × V. Thus, /ni F is obtained by cmax × (C-rate/3600 s) × V / ( )
V

dV∇ ⋅ −∫ n . According to the16

C-rate condition, different value of /ni F is set at the surface boundary as an input data.17

18

2.2 Numerical implementation19

In the three-dimensional simulation, it is particularly important that the approach ensure efficiency and20

stability for the time integration in three-dimensional simulations. In addition, a numerical approach that21

ensures a high spatial resolution is required to resolve the high-order derivatives in the governing equation.22

To achieve both high space resolution and fast computation, we propose an efficient semi-implicit23

Fourier spectral method. Numerically, the linear term is implicitly treated and the nonlinear term is24

explicitly treated in the semi-implicit method in order to allow for larger time steps without losing numerical25

stability3. Additionally, the Extrapolated Gear (SBDF) scheme is also combined to achieve stability for the26

time integration. This Extrapolated Gear (SBDF) scheme can provide the strongest high-modal decay27

among the second-order multistep methods4. The required damping for the very high frequencies in the28

diffusion equation is satisfied without a harsh time-step constraint. The periodic boundary condition is29

assigned along the x, y, and z directions in the Fourier space, and thus, the effect of the surrounding30



boundary is ignored. Applying the scheme to the governing equation, we obtain the following discretized1

form:2

3
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The equations (2) and (3) are effectively calculated with the Fourier transform:7
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where the caret and subscript K stand for the Fourier transform. Vector K denotes the wave vector in Fourier12

space, and k2=k1
2+k2

2+k3
2. The subscript r denotes the inverse Fourier transform. The new concentration13

1nc + is obtained from 1ˆnc + by the inverse Fourier transform. The procedure is repeated until a prescribed14

time.15

16

2.3 Validation of model17

We have validated the feasibility of our model for the investigation of the cathode specific capacity. We18

found that the specific capacity determined using our model is significantly accurate in comparison with19

the experimentally determined cathode specific capacity5. The simulations performed with the simple20

spherical cathode and the hollow spherical cathode as same with the structures of experiment. The cathode21

materials used was vanadium pentoxide (V2O5). The diameters of both cathodes were set to be 2 μm, and 22

the thickness of hollow spherical cathode was 120 nm because the cathode diameters were in the range23

from 1.5 μm to 2 μm and the thickness of the hollow spherical cathode was in the range from 100 nm to 24

200 nm in the experiment.25

In the simulation, the specific capacity was obtained with the average Li-ion concentration in the26

cathode, based on the theoretical specific capacity of Li2V2O5
6. For example, when the average Li-ion27

concentration in the cathode is 2.0, the specific capacity of the cathode corresponds to 294.78 mAh/g.28

Further, the voltage potential ϕ is obtained using the Butler-Volmer equation and the current density at the29



surface isurf is obtained as ( ) ( )surf 0 surf 0 OCP/ ln / / 4 / 2RT F i i i i Uφ  = + + +
 

α 7. R, T, α, F, and i0 are the gas1

constant, temperature, charge-transfer coefficient, Faraday constant, and exchange current density,2

respectively, and these are set to be 8.314 J/mol⋅K, 300 K, 0.5 8, 9.65 × 104 J/V⋅mol, 1.6 × 10-3 mA/cm23

9. The open circuit voltage, UOCP is fitted from the experimental data10.4

Figure S2 shows the simulation results for the specific capacity and the voltage potential. As shown5

in the inset (i.e., blue box) of Figure S2, the simulation results are significantly coincident with the6

experimentally determined specific capacity at the cut-off potential. For instance, at the 2.2 V cut-off7

potential, the numerical specific capacity of the simple spherical cathode (i.e., black solid line) was 226.48

mAh/g, while the experimental specific capacity was 217.7 mAh/g (i.e., black dashed line). They showed9

only 4.0% difference (i.e., 8.7 mAh/g). Even if the cut-off potential was changed to be 2.1 V or 2.0 V, they10

still showed only 1.6% and 3.0% difference, respectively. In case of the hollow spherical cathode, at the11

2.2 V cut-off potential, the numerical specific capacity was 263.2 mAh/g (i.e., red solid line), while the12

experimental specific capacity was 264.7 mAh/g (i.e., red dashed line). At 2.1 and 2.0 V cut-off potential,13

only 0.7% and 1.9% difference is observed. Because the hollow spherical structure has a reduced diffusion14

pathway, both numerical and experimental specific capacity values become almost comparable to the15

theoretical specific capacity (i.e., 294.78 mAh/g)6. Thus, from the simulation results, we confirmed that the16

specific capacity determined using our model is highly consistent with the experimental observations17

because they showed an error within only 5%.18
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