Appendix 1  Demographic Characteristics of Participants by Group
	Characteristic
	Experimental Group (n=36)
	Control Group (n=36)

	Major

	Mathematics and Applied Mathematics
	36 (100%)
	0

	Statistics
	0
	36 (100%)

	Grade Level

	First-year
	36 (100%)
	36 (100%)

	Gender

	Male
	21 (58.3%)
	17 (47.2%)

	Female
	15 (41.7%)
	19 (52.8%)

	Age Distribution

	18 years
	12 (33.3%)
	9 (25.0%)

	19 years
	18 (50.0%)
	17 (47.2%)

	20 years
	6 (16.7%)
	10 (27.8%)


Appendix 2  Teaching and student activities in DT-PjBL course 
	Course content
	Phases
	Activity content
	Perspective-taking training point
	Specific issues

	Supremum and infimum principle
	1
	Scenario Setting: The teacher establishes the problem context by introducing a simulated auction scenario. Students participate in a virtual auction where multiple items with varying value ranges are auctioned. Each bidder's strategy is constrained by budget limits and auction rules. The teacher poses the question: "How to select the optimal bidding strategy under limited budgets?"
	From “passive learner” to “active bidder” perspective shift: Students step into the shoes of auction participants facing real constraints (budget, competition). They must consider not only mathematical optimality but also psychological factors like risk tolerance and competitor behavior. This role-playing forces them to move from abstract formula application to strategic decision-making, training the ability to view mathematical problems from a stakeholder's perspective.
	As a participant in the auction activity, you need to decide whether to participate under specific budget constraints. With varying bidding prices for each item, you must select one item and formulate a bidding strategy based on the supremum principle to ensure your bid maximizes item acquisition probability without exceeding the budget. Your task is to calculate the optimal bidding price range using mathematical methods and ultimately determine your bidding strategy.

	
	
	Task Allocation: Students form groups, each selecting one auction item. Through team discussion, they must clarify: What item do you intend to auction? What are the auction constraints?
	
	

	
	2
	Solution Ideation: Building on the defined problem, students brainstorm solutions. Guided by the teacher, they explore mathematical approaches to design bidding strategies ensuring optimal bids within specific budgets. Potential methods identified through brainstorming include: Determining bid ceilings (maximum) and floors (minimum), Calculating optimal price intervals.
	From “problem statement” to “solution space exploration” perspective shift: Brainstorming encourages students to generate multiple possible strategies before committing to one. This trains the ability to hold multiple hypotheses simultaneously—a key aspect of flexible thinking. The transition from qualitative ideas to quantitative models further shifts perspective from intuitive guessing to rigorous mathematical representation.
	

	
	
	Prototype Design: Students develop bidding strategies using mathematical models and software simulations to demonstrate their approach.
	
	

	
	3
	Prototype Testing: Groups apply their strategies in simulated auctions, observing actual outcomes and collecting feedback.
	From “theorist” to “experimenter” perspective shift: Testing strategies in a simulated environment introduces an empirical perspective: students see that mathematical models have real consequences and may fail under certain conditions. Receiving feedback from peers and the teacher also trains the ability to see their work through others' eyes, identifying blind spots.
	

	
	
	Iterative Revision: Based on auction results, students reflect and refine their bidding strategies.
	
	

	
	
	Feedback Mechanism: The teacher observes students, collects feedback, and guides them to identify deficiencies in mathematical models.
	
	

	
	4
	Project Presentation: Groups present their auction strategies, sharing mathematical models and explaining how mathematical knowledge informs budget constraints and bidding tactics.
	From “doer” to “communicator” perspective shift: Preparing a presentation forces students to anticipate audience questions and explain their reasoning clearly. This requires stepping outside their own understanding and adopting the listener's perspective. Reflection questions further encourage metacognitive awareness of how their thinking evolved.
	

	
	
	Feedback & Reflection: The teacher and peers provide feedback on strategy practicality. Guided discussions focus on model optimization and deepening conceptual understanding of mathematical principles.
	
	

	Concept of sequence limits
	1
	Scenario Setting: You need to role-play as an ancient land surveyor facing this problem: Using a regular hexagon to estimate circular farmland area resulted in peasants complaining of underestimation; switching to a regular dodecagon reduced error but drastically increased computation while still lacking precision, leaving peasants dissatisfied.
	From “student” to “historical practitioner” perspective shift: Students embody a surveyor facing real-world constraints (limited tools, user dissatisfaction). This historical role-play connects abstract limit concepts to practical measurement challenges. The hands-on cutting activity grounds the idea of “infinite approximation” in tactile experience, shifting perspective from purely symbolic manipulation to embodied cognition. The empathy question (“how would you feel?”) explicitly trains emotional perspective-taking, linking mathematical precision to human needs.
	As an ancient land surveyor tasked with measuring circular land area to meet villagers' (students') precision demands: What must you achieve to satisfy their requirements?

	
	
	Task Allocation: Student groups cut paper circles (representing real fields/objects), then cut regular hexagons and dodecagons. They attempt to cover the circle with these polygons and observe: Gaps persistently exist between polygonal edges and the circle, regardless of using 6 or 12 sides.
	
	

	
	
	Empathy Building: "Facing these gaps as a surveyor, how would you feel?"
	
	

	
	
	Problem Definition: How to minimize gaps between polygonal and circular areas to satisfy everyone? If we infinitely increase polygon sides, does its area infinitely approach the circle's true area? How is this "infinite approach" mathematically described?
	
	

	
	2
	Solution Ideation: How to increase side count reasonably? (e.g., fixed increments vs. exponential growth) Discuss trade-offs: computation load vs. convergence speed.
	From “static” to “dynamic” perspective shift: Tracking area changes as sides increase shifts focus from fixed shapes to processes of change. This dynamic perspective is central to understanding limits. Using software for visualization adds a “what-if” dimension, allowing students to manipulate parameters and observe effects—training experimental thinking.
	

	
	
	Prototype Focus: Start with a regular triangle. Gradually increase sides, calculate areas at each step, and record key data.
	
	

	
	
	Visualization: On graph paper: X-axis: Number of sides; Y-axis: Area. Plot points and observe trend. Use software to demonstrate shape convergence toward circularity and area changes, replacing manual calculations.
	
	

	
	3
	Testing & Feedback (User Validation): Assume known true circle area. Calculate discrepancies for different polygons. Groups complete feedback forms addressing: At what side count does error fall below 1%? Below 0.1%? Is this acceptable? For 0.0001% error, how many sides are needed?
	From “producer” to “evaluator” perspective shift: Students must now assess their own work against user-defined criteria (error tolerance). This requires stepping back and seeing their polygons from the villagers' viewpoint, connecting mathematical accuracy to practical acceptability.
	

	
	4
	Presentation & Defense: Groups present reports. Defense focuses on: Polygons infinitely approach circles but always have corners—do they ultimately become equal? Can this infinite process be physically completed? How does mathematics resolve this?
	From “empirical” to “theoretical” perspective shift: Defense questions push students to grapple with the philosophical distinction between physical processes and mathematical abstractions, training higher-order conceptual thinking. Reflection prompts metacognitive awareness of how their understanding of “limit” has transformed.
	

	
	
	Deep Reflection: Most challenging step? How was it overcome? Teamwork effectiveness? Is a limit a fixed number or dynamic process? Key breakthrough in understanding limits? Personal thinking transformation?
	
	

	Concept of function limits
	1
	Scenario Introduction: Introduce health-related life scenarios to evoke resonance, posing the question: How to determine whether daily medication causes adverse side effects? How can mathematical methods answer this?
	From “student” to “medical professional” perspective shift: Students take on life-and-death responsibility as physicians. This high-stakes role creates powerful intrinsic motivation and forces consideration of consequences beyond mere calculation. The empathy question (“If you or your family…”) personalizes the problem, shifting perspective from abstract numbers to human impact.
	As a physician developing a long-term medication plan for a patient with chronic disease: The patient takes one anti-inflammatory tablet daily, each containing 220mg of active ingredient. Every 12 hours, 60% of the drug residue in the body is metabolized. You must ensure residual drug levels never exceed the safety threshold to prevent kidney damage from drug accumulation. Bodily harm may occur when residue surpasses 386 mg. How will you employ mathematical methods to: Analyze drug residue dynamics in the human body. Assist patients and clinicians in assessing long-term medication safety?

	
	
	Empathy Building: The teacher probes further: "If you or your family required long-term medication, how would we ensure drug accumulation stays below harmful levels?"
	
	

	
	
	Task Allocation: Student groups must collaboratively develop a mathematical model for drug residue levels using recurrence relations, determining whether residue stabilizes at safe values.
	
	

	
	2
	Mathematical Modeling: Groups collaborate to derive residue sequences through recurrence relations, tracking post-dose residual levels and their cumulative progression.
	From “verbal description” to “mathematical representation” perspective shift: Translating a real-world problem into recurrence relations requires seeing the situation through multiple lenses—clinical, biological, mathematical. Simulation tools add a dynamic visual perspective, helping students “see” the limit behavior.
	

	
	
	Tool Selection: Students can choose spreadsheets, programming tools, or simulation software for data analysis and modeling.
	
	

	
	3
	Presentation & Feedback: Groups present simulations and receive peer/instructor feedback. Iterative refinements enhance model alignment with real-world requirements and validate effectiveness.
	From “fixed” to “flexible” perspective shift: Considering variations in metabolic rate trains students to think about generalizability and boundary conditions. Feedback from peers and the teacher also trains external perspective—seeing model limitations through others' eyes.
	

	
	
	Problem & Revision: Guided inquiry addresses: "Does metabolic rate influence steady-state residue? Can the model adapt to different drug metabolism scenarios?" Students optimize models accordingly.
	
	

	
	4
	Final Presentation: Groups showcase findings via posters and presentations, featuring: Drug residue mathematical models, Sequence limit derivations, Simulation graphs, Conclusions on safety-limit compliance through mathematical analysis.
	From “specific case” to “general principle” perspective shift: Extending to other contexts (pollutants) trains transfer thinking—seeing the general in the specific. Reflective discussion also encourages metacognitive awareness of how mathematical modeling can address diverse real-world problems.
	

	
	
	Reflective Discussion: Critical questions: "Would this model hold if metabolic mechanisms changed? Can similar methods analyze other cumulative effects (e.g., environmental pollutant accumulation)?" This extends mathematical concepts to broader real-world contexts.

	
	

	Infinitesimals and infinite quantities
	1
	Scenario Introduction: The teacher initiates student interest through intuitive daily examples, prompting reflection: Can a cake be divided into infinitely many equal pieces? If so, what is the size of each piece? The teacher then introduces historical explorations of infinitesimal and infinite concepts by mathematicians and scientists.
	From “daily experiencer” to “mathematical inquirer” perspective shift: Starting with a familiar cake-cutting question, students are led to question their intuition—can you really get infinitely many pieces? Introducing Zeno's paradox places them in the historical lineage of mathematicians grappling with infinity. Role-playing as mathematicians shifts perspective from passive learner to active discoverer.
	As a mathematician seeking to comprehend limit phenomena spanning microscopic and macroscopic scales in nature, you observe that during object division, each fragment appears to become infinitesimally small as the number of divisions increases indefinitely. You must employ mathematical tools to rigorously characterize such abstract concepts and elucidate their concrete manifestations in the physical world. How will you construct mathematical models to analyze and interpret these infinite phenomena, thereby facilitating deeper comprehension of nature's fundamental laws?

	
	
	Task Allocation: Student groups select a daily phenomenon or scientific problem related to the mathematical concepts underlying these questions for in-depth exploration in subsequent phases.
	
	

	
	
	Role-playing: Students assume the roles of mathematicians confronting such problems and devise rational explanations.
	
	

	
	2
	Group Discussion: Groups discuss the mathematical principles behind the problems, attempting to describe these concepts in both everyday and mathematical language.
	From “intuitive” to “formal” perspective shift: Describing concepts in everyday language first, then moving to formal definitions, trains the ability to shift between informal intuition and rigorous mathematics. Creating dynamic visualizations adds a “what-if” perspective, allowing exploration of how quantities behave under parameter changes.
	

	
	
	Definition Construction: Students progressively formulate mathematical definitions of infinitesimal and divergent quantities by contrasting finite and infinite magnitudes.
	
	

	
	
	Problem Posing: Students examine how infinitesimal and divergent quantities are applied and understood in problem-solving contexts.
	
	

	
	
	Mathematical Modeling: Groups select specific sequences or functions to demonstrate properties of infinitesimal and divergent quantities through mathematical derivation and graphical representation.
	
	

	
	
	Prototype Design: Using mathematical software or programming tools, students implement dynamic visualizations of sequences/functions, observing behavioral trends under varying parameter.
	
	

	
	3
	Model Testing: Groups collect data from designed experiments or simulations to analyze the behavior of infinitesimal and divergent quantities under specified conditions.
	From “theoretical” to “empirical” perspective shift: Testing models through simulation introduces an empirical stance, treating mathematical ideas as hypotheses to be verified. Peer feedback further trains external perspective.
	

	
	
	Feedback & Iteration: Peer groups evaluate presentations and propose refinements. The teacher provides targeted guidance to optimize experimental designs or models based on student outputs.
	
	

	
	4
	Outcome Exhibition: Groups comprehensively demonstrate conceptual understanding and applications via posters/videos. Representatives detail definitions, derivations, experimental processes, and results analysis.
	From “mathematics-only” to “interdisciplinary” perspective shift: Discussing applications in physics, engineering, etc., trains students to see infinite concepts as lenses for understanding diverse phenomena. Reflection prompts metacognitive awareness of how their conceptual grasp evolved.
	

	
	
	Deep Reflection: Students reflect on evolving conceptual comprehension, identifying impactful examples/explanations. They discuss applications across mathematics, physics, engineering, and economics.
	
	

	Continuity of functions
	1
	Scenario Introduction: Minute input changes trigger drastic output mutations. Can a butterfly's wings incite a catastrophic storm? Watch video: Butterfly Effect Science Animation.
	From “casual observer” to “responsible modeler” perspective shift: The butterfly effect video creates awe and curiosity. Guiding questions then force students to imagine being responsible for decisions based on models—a shift from passive viewer to accountable user. The stakeholder question (“how would you justify this?”) trains perspective-taking of those affected by model failures.
	As a researcher relying on mathematical models for critical decisions, you observe a phenomenon: Near a specific point, negligible input variations (undetectable by instruments) cause outputs to shift drastically—from safe to hazardous, profitable to unprofitable, effective to invalid... When colleagues dismiss such errors as insignificant, would you accept this? When outcomes collapse due to minuscule errors, how would you justify this to stakeholders?

	
	
	Guiding Questions: How would you react upon discovering that a 0.1 degrees celsius initial data error alters predictions from sunny to stormy? Which industries might collapse due to massive output errors caused by tiny input variations?
	
	

	
	
	Problem Definition: Guide students to translate real-world pain points into mathematical problems: We require a tool to determine whether outputs change dramatically under infinitesimal input variations.
	
	

	
	2
	Divergent Ideation: How to explain continuity to elementary students? What elements determine continuity? How to quantify minute changes using error metrics? Design an experiment verifying function continuity at a point.
	From “abstract definition” to “multiple representations” perspective shift: Explaining to elementary students forces simplification and analogy—shifting from formal epsilon-delta to intuitive language. Using software and physical tools (spring scales) provides visual and tactile perspectives on continuity, enriching understanding.
	

	
	
	Tool Selection: Students can observe water-flow continuity directly or use software to create draggable function graphs and monitor how function values respond to changes in the independent variable.
	
	

	
	
	Model Design: Demonstrate function continuity via spring scales and software simulations.
	
	

	
	3
	Prototype Testing: Measure continuity across different functions.
	From “mathematician” to “engineer” perspective shift: Role-playing as a bridge engineer connects continuity to structural safety, shifting from pure math to applied context. Creating schematics for discontinuity types trains analytical classification.

	

	
	
	User Feedback & Iteration: As a bridge engineer, explain: Why do continuous functions prevent abrupt force mutations on bridge surfaces?
	
	

	
	
	Model Iteration: Categorize discontinuities (removable, jump, oscillatory, infinite) to create discontinuity identification schematics.
	
	

	
	4
	Group Presentation Options: Mathematical analysis of the butterfly effect; Continuity diagnostic software demo.
	From “applied” back to “formal” perspective shift: After exploring real-world implications, students are challenged to articulate the formal epsilon-delta definition—a shift back to mathematical rigor, now enriched by practical understanding. This cycles between perspectives deepens comprehension.

	

	
	
	Deep Feedback: How does the tool distinguish removable from jump discontinuities? What are their practical implications? Teacher's challenge: Define function continuity rigorously in mathematical language.
	
	

	Intermediate value theorem
	1
	Scenario Introduction: Guide students to recall common phenomena: Can a four-legged chair always stabilize on uneven ground? Present visual scenarios depicting varied leg-ground contacts. Pose questions: Have you encountered wobbly chairs on uneven surfaces? How to determine if a chair can stabilize?
	From “everyday user” to “problem investigator” perspective shift: Students begin with a universal annoyance—wobbly chairs. Empathy-building (“discussing frustrations”) connects emotional experience to mathematical inquiry. The shift from complaining to investigating “whether stability is possible” trains students to see everyday phenomena as mathematically analysable problems, adopting the perspective of a researcher seeking rigorous answers.
	Suppose your household chair maintains contact with at least three legs on uneven ground during rotation. Using mathematical methods, determine whether all four legs simultaneously contact ground at any rotation point to achieve stability.

	
	
	Empathy Building: Students imagine sitting on uneven ground, discussing frustrations when chairs wobble. Through this experience, they recognize the need for mathematical methods to assess chair stability.
	
	

	
	
	Problem Definition: Student groups analyze leg-ground contact during chair rotation via mathematical modeling, applying relevant knowledge to determine stabilization feasibility.
	
	

	
	2
	Solution Ideation: Groups construct functions describing positional changes of chair legs, exploring mathematical proofs for the existence of at least one position where all legs contact ground simultaneously.
	From “physical intuition” to “mathematical representation” perspective shift: Transforming a physical chair rotation into mathematical functions requires abstracting from concrete experience. Using visualization tools shifts perspective from mental imagery to external, manipulable representations, enabling systematic exploration of hypotheses.
	

	
	
	Tool Selection: Students employ programming or graphing tools to visualize leg-ground contact during rotation, observe individual leg height variations, and identify zero points.
	
	

	
	
	Hypothesis & Verification: Students hypothesize different ground-height variations to examine their impact on leg contact, testing model applicability.
	
	

	
	3
	Model Testing & Feedback: Groups present simulation models and derivations—including function curves and zero-point identification. Peers and instructors provide feedback on model validity and refinements.
	From “model builder” to “critical evaluator” perspective shift: Presenting to peers and receiving feedback forces students to see their models through others’ eyes, identifying implicit assumptions and potential flaws. Iterative revision trains adaptability—shifting from defending initial ideas to improving them based on external input.
	

	
	
	Problem revision: Students adjust models (e.g., modifying ground-shape functions) to observe stability impacts, refining the model iteratively.
	
	

	
	4
	Outcome Exhibition: Groups design posters showcasing: Leg-ground contact dynamics during rotation, application process of the zero-point theorem, model derivations and simulation results, oral presentations explain stability proofs via the zero-point theorem.
	From “specific problem-solver” to “abstract thinker” perspective shift: Applying the zero-point theorem to diverse contexts (equilibrium in nature, industrial design) shifts focus from a single application to a general mathematical principle. Reflection encourages metacognitive awareness of how a concrete problem led to a powerful abstract tool.

	

	
	
	Reflective Discussion: Students explore the zero-point theorem's applications in other contexts (e.g., equilibrium points in natural phenomena or industrial stability design).
	
	

	Definition of derivative
	1
	Scenario Introduction: Watch slow-motion footage of an athlete diving. The teacher prompts reflection: Why does excessive splash occur upon water entry?
	From “spectator” to “research assistant” perspective shift: Watching a dive as a spectator is passive; role-playing as a team researcher creates professional responsibility. The problem—measuring the unmeasurable—generates authentic need for mathematical innovation. Students shift from appreciating athletic performance to analytically understanding its physical determinants, adopting the perspective of a scientist who must provide actionable insights to coaches.
	As a research assistant for the national diving team, you must calculate instantaneous water-entry velocities for divers from varying heights. Using mathematical principles, devise a viable scheme to accurately determine these velocities.

	
	
	Empathy Building: Students role-play as research assistants for the national diving team. The coach emphasizes that splash magnitude depends on instantaneous velocity at water entry—unmeasurable from video alone.
	
	

	
	
	Problem Definition: How to precisely capture the immeasurable instantaneous velocity at water entry from a continuous dive? The teacher reveals the goal: We need to invent a "mathematical microscope" compressing average velocity into infinitesimal time intervals.
	
	

	
	2
	Brainstorming Solutions: Student groups discuss solution approaches.
	From “qualitative observation” to “quantitative modeling” perspective shift: Brainstorming multiple methods (video analysis, simulation, limit calculations) requires shifting from seeing the dive as a continuous motion to breaking it into measurable intervals. Choosing appropriate tools trains practical judgment about precision and feasibility, adopting the perspective of an experimentalist who must work within real constraints.
	

	
	
	Tool Selection:

Students may:

- use video-analysis software to measure position changes across the last five frames before water entry and estimate velocity, while noting that the frame rate may be insufficiently precise;

- use dynamic-simulation tools;

- use geometry software to drag time points toward the entry moment and visually observe changes in velocity; or

- use limit calculations by selecting minimal pre-entry intervals (e.g., 0.01 s and 0.001 s) and computing average velocity as height difference divided by time difference.
	
	

	
	3
	Model Testing: Groups finalize experimental procedures. The teacher deliberately challenges: Does instantaneous velocity physically exist? How is distance traversed instantaneously explained? Peers and instructors provide feedback on model validity and improvements.
	From “pragmatic measurer” to “philosophical inquirer” perspective shift: The teacher's challenge (“Does instantaneous velocity exist?”) forces students to confront deep conceptual issues underlying calculus. This shifts perspective from practical calculation to foundational reflection, deepening understanding of derivatives as limits rather than simple ratios.
	

	
	
	Problem & Revision: Students refine models based on feedback.
	
	

	
	4
	Outcome Exhibition: Each group completes a report or virtual software to demonstrate how the athlete's instantaneous velocity at water entry is calculated, presenting derivations of the mathematical model and simulation results.
	From “derivative as procedure” to “derivative as concept” perspective shift: Presenting models requires articulating the connection between average and instantaneous rates. Exploring other applications (e.g., speedometers, marginals in economics) shifts perspective from a single context to a universal mathematical idea, fostering transfer.
	

	
	
	Reflective Discussion: Guide students to explore applications of the idea of approximating instantaneous values with averages in other contexts.
	
	

	Definition of differentiation
	1
	Scenario Introduction: The teacher demonstrates a physical phenomenon where winter temperature changes cause the pendulum length of a mechanical clock to shorten, guiding students to understand how minute variations impact daily life. Students experience how differentiation in physics solves practical problems, such as temperature effects on timekeeping accuracy.
	From “clock user” to “clock restorer” perspective shift: Most people take clock accuracy for granted. Role-playing as a restoration expert forces students to consider how tiny environmental changes affect mechanical systems. This professional perspective highlights the practical importance of differential calculus—quantifying sensitivity to minute perturbations.
	As an antique clock restoration expert repairing a mechanical pendulum clock, you observe that ambient temperature fluctuations cause minute pendulum length variations, compromising timekeeping accuracy. Employ mathematical modeling and differentiation to analyze the pendulum length's effect on oscillation period.

	
	
	Problem Definition: Utilize function differentiation to analyze the pendulum length's effect on oscillation period and calculate error. Students must master computation methods for minute changes and understand their application in physical models.
	
	

	
	2
	Model Design: Students collaborate to devise mathematical models applying differentiation to quantify pendulum length's impact on period.
	From “qualitative cause-effect” to “quantitative sensitivity analysis” perspective shift: Moving from “temperature changes length” to “how much does the period change?” requires adopting the perspective of an engineer who needs precise error bounds. Hypothesis testing and model refinement train iterative thinking—shifting from initial guess to validated model.
	

	
	
	Hypothesis & Verification: By testing varying pendulum length adjustments, students simulate period changes under different conditions. Through repeated verification and deduction, they refine models and validate accuracy, deepening conceptual understanding.
	
	

	
	3
	Group Presentation & Feedback: Groups present models, including period variation curves and differentiation processes. Peers and instructors critique model rationality and suggest improvements.
	From “solo thinker” to “collaborative critic” perspective shift: Receiving critiques trains the ability to see one's model from external perspectives, identifying overlooked factors or assumptions. Revising based on feedback shifts from defending initial design to embracing improvement—a key aspect of design thinking.
	

	
	
	Problem & Revision: Students refine models based on feedback—enhancing differentiation precision or incorporating additional factors—to improve real-world applicability.
	
	

	
	4
	Outcome Exhibition: Each group showcases their research findings through posters and presentations, including the mathematical model of the clock's period, results of differentiation calculations, and simulation conclusions. Groups orally present their analysis results, explaining how pendulum length variations affect timekeeping and the practical implications of these effects in real life.
	From “specific application” to “general principle” perspective shift: Extending to shock absorbers and other oscillatory systems trains transfer—seeing differentiation as a universal tool for sensitivity analysis. Reflection on practical implications (timekeeping accuracy matters in daily life) reinforces the value of mathematical thinking.
	

	
	
	Reflective Discussion: Students explore differentiation's applications in other physical contexts (e.g., micro-perturbations in oscillatory systems, automotive shock absorber design), broadening understanding of differential calculus.
	
	

	Concavity, convexity, and inflection points of functions
	1
	Scenario Introduction: The teacher introduces inflection points in economics (e.g., Lewis turning point, housing price inflection) and explains their significance. The question is posed: Are economic inflection points identical to mathematical inflection points? If not, what distinguishes them? Students are guided to examine the concept's interdisciplinary implications.
	From “news consumer” to “financial analyst” perspective shift: Students initially encounter “inflection point” as media jargon. Role-playing as an analyst who must make consequential decisions forces them to distinguish metaphorical usage from precise mathematical definition. This professional perspective trains critical evaluation of language and concepts—shifting from passive acceptance to analytical scrutiny.
	As an analyst at a major investment firm tracking stock price trends, you observe frequent "inflection points" in market data. Using mathematical modeling, determine whether these represent true mathematical inflection points or mere extrema in market trends. Your analysis will inform critical buy/sell decisions for investors.

	
	
	Empathy Building: Students share experiences encountering "inflection point" in economic news (e.g., Does a stock market inflection imply trend reversal?). Discussions highlight how mathematical inflection points enhance understanding of economic forecasting.
	
	

	
	
	Problem Definition: Student groups must mathematically distinguish economic from mathematical inflection points and analyze their respective applications through case studies.
	
	

	
	2
	Model Construction: Groups select real economic data (e.g., stock prices, housing indices) and fit function curves, analyzing concavity/convexity and identifying inflection points.
	From “verbal concept” to “mathematical criterion” perspective shift: Applying second derivative tests to real data shifts understanding from vague “change in trend” to rigorous mathematical conditions. This trains the ability to translate qualitative descriptions into quantitative definitions.
	

	
	
	Mathematical Analysis: Students compute second derivatives, determine intervals of concavity, and locate inflection points, comparing them with perceived “turning points” in economic discourse.
	
	

	
	
	Hypothesis Testing: Groups test whether identified inflection points align with major economic events, refining models accordingly.
	
	

	
	3
	Group Presentation & Feedback: Each group presents models and conclusions—covering geometric interpretations, economic applications, and mathematical analyses. Peers and instructors discuss and propose refinements.
	From “mathematician” to “interdisciplinary communicator” perspective shift: Presenting to both math peers and instructors (who may question economic assumptions) requires bridging disciplinary languages. Feedback trains the ability to see one's analysis from both mathematical and domain-specific perspectives.
	

	
	
	Refinement & Optimization: Students adjust models based on feedback, deepening their understanding to ensure accurate representation of both economic and mathematical inflection points.
	
	

	
	4
	Outcome Exhibition: Groups use charts and reports to showcase final results, emphasizing connections/distinctions between economic and mathematical inflection points across applications.
	From “single discipline” to “interdisciplinary lens” perspective shift: Applying the concept to pandemics, climate data, or other fields trains transfer—seeing inflection points as a universal pattern across complex systems. Reflection on real-world implications (investment decisions, policy responses) reinforces the power of mathematical thinking.

	

	
	
	Extended Application: Students discuss how function inflection points illuminate real-world phenomena (e.g., economic crisis/pandemic transmission inflection points), extending this understanding to other disciplines.
	
	

	Definition of definite integral
	1
	Context Introduction: The teacher presents examples of irregular shapes and their area calculation applications, such as calculating the area of lakes on maps.
	From “student” to “designer” perspective shift: Taking on the role of a campus monument designer gives students a creative stake in the problem. The need to “calculate maximum area for best visual effect” combines mathematical precision with aesthetic judgment—a shift from pure calculation to design thinking. Empathy emerges through understanding that the engraving must be legible and visually pleasing, not just mathematically maximal.
	Each group will propose their own requirements, which will be completed by the other groups. For example, if you are a designer tasked with engraving text on the surface of a monument in the campus, calculate the maximum area that the text can occupy on this monument.

	
	
	Empathy Building: As designers, students are tasked with engraving text on the surface of a monument in the campus.
	
	

	
	
	Practicality of the problem: The goal is to find a reasonable area maximization plan.
	
	

	
	
	Problem Definition: Students need to use the definition of definite integrals to calculate the maximum area for engraving text on the stone surface, in order to achieve the best visual effect.
	
	

	
	2
	Investigation and solution design: Students are divided into groups to select an example of an irregular shape, design an investigation plan, and collect relevant data.
	From “idealized geometry” to “real-world measurement” perspective shift: Moving from textbook area formulas to measuring irregular real surfaces requires adopting the perspective of an applied mathematician who must approximate, choose tools, and validate assumptions. Tool selection trains practical judgment about precision and feasibility.
	

	
	
	Tool Selection: Students can take manual measurements, analyze images with software, or use computational tools for curve modeling and area calculation.
	
	

	
	
	Hypothesis and verification: Students make abstract assumptions about the stone surface, treating it as a combination of certain function curves, and verify the validity of these assumptions in order to use integration to calculate the area.
	
	

	
	3
	Model testing and feedback: Each group presents their curve models and area calculation process. Other group members and the teacher engage in discussions and provide suggestions for optimizing the models.
	From “solo designer” to “peer-reviewed practitioner” perspective shift: Receiving suggestions from other groups (who have different shape requirements) trains openness to alternative approaches. Iterative improvement shifts perspective from “my solution is correct” to “my solution can be improved.”
	

	
	
	Improvement and optimization: Based on the feedback, students adjust their calculation methods and models to improve the accuracy of the calculations.
	
	

	
	4
	Results presentation and reflection: Each group presents their results, including the curve models, integration calculation process, and the final plan for the engraving area.
	From “area calculator” to “integration thinker” perspective shift: Extending to rivers and complex objects trains transfer—seeing integration as a universal method for quantifying accumulation. Reflection on the design process (how assumptions affected results) encourages metacognitive awareness of modeling choices.
	

	
	
	Extended application: Guide students to reflect on other application scenarios of definite integrals (such as calculating river cross-sectional areas, surface areas of complex objects, etc.), expanding their understanding of definite integrals to a broader range of real-world applications.
	
	

	Note: 1, 2, 3, and 4 correspond to the four core phases of the DT-PjBL framework respectively.


 Appendix 3  Thematic analysis findings
	Original Statement
	Code
	Sub-theme
	Theme

	The learning process was vivid  and interesting; I felt math was no longer mere theoretical.
	Learning enjoyment
	Positive emotional experience
	Learning experience and perceptions

	I enjoyed working on the project because it allowed me to explore math creatively.
	
	
	

	Collaborating with my peers made the class more engaging and enjoyable.
	
	
	

	The interactive discussions made me more interested in the course material.
	
	
	

	I felt motivated when I could apply what I learned in class to real-life problems.
	
	
	

	The teacher hardly lectured, letting us explore independently. I was confused initially, but  later found I could truly learn math. 
	Format innovation
	
	

	Submitting our derivative problems as a short video explanation felt different and engaging.
	
	
	

	We were encouraged to create visual representations for sequences, which was fun.
	
	
	

	Instead of a written report, we could explain the Riemann sum concept with a slide presentation.
	
	
	

	I liked that some exercises allowed collaborative editing of solutions, which was a new format for me.
	
	
	

	We tried presenting proofs in a step-by-step annotated video, which felt innovative.
	
	
	

	Creating a flowchart to solve optimization problems made the steps clearer and more engaging.
	
	
	

	Previously math classes were passive, now I build models hands-on—it feels like play.
	Engagement pleasure
	
	

	I enjoyed discussing the mean value theorem with classmates and seeing multiple approaches.
	
	
	

	I enjoyed trying different methods to solve continuity problems.
	
	
	

	Peer discussions on integral concepts made me see new perspectives.
	
	
	

	Exploring derivatives through hands-on examples made learning interesting.
	
	
	

	Working together on limit proofs kept me engaged and motivated.
	
	
	

	Explaining the mean value theorem to a peer enhanced my enjoyment of learning.
	
	
	

	Hands-on activities deepened my understanding of math concepts. 
	Practice orientation
	Practice-based deepened understanding
	

	Creating prototypes repeatedly helped me refine my understanding step by step.
	
	
	

	Solving integral problems step by step made abstract concepts feel tangible.
	
	
	

	Doing experiments allowed me to see the practical side of theoretical concepts.
	
	
	

	Working with Riemann sums to compute areas helped me connect theory with computation.
	
	
	

	Doing and experiencing first hand, exploring unknowns like a mathematician. 
	Inquiry-based learning
	
	

	Deriving derivatives of various functions myself helped me understand their behavior.
	
	
	

	It was interesting to see how the derivative of a function changes when we tweak the input values.
	
	
	

	Analyzing the convergence of sequences by myself deepened my comprehension.
	
	
	

	Exploring the connections between limits and continuity on my own enhanced learning.
	
	
	

	Our team leader assigned tasks fairly—I modeled due to poor public speaking, avoiding forced presentations. We could choose tasks.
	Individualized learning
	Autonomy enhancement
	

	Choosing which exercises to tackle first allowed me to work at my own pace and focus on challenging parts.
	
	
	

	I appreciated being able to focus on the topics I found challenging.
	
	
	

	Selecting specific sequences to analyze helped me focus on my learning goals.
	
	
	

	Our group nearly argued during the integral application project, but reached consensus through discussion. 
	Learning autonomy
	
	

	Having control over my part of the project motivated me to work harder.
	
	
	

	Deciding how to solve a problem within the group helped me feel responsible.
	
	
	

	Being trusted to manage my tasks independently increased my confidence.
	
	
	

	During debate on variable motion,  we referenced our high school  physics textbooks.
	Active learning
	
	

	Solving limits with guidance encouraged me to take initiative.
	
	
	

	Working on derivative proofs actively improved my engagement.
	
	
	

	Activities were well-designed, post-discussion steps were clear. We progressively grasped each concept’s origin through practice.
	Operation feasibility
	Activity feasibility
	Perceived ease of use

	The project steps were clear, making it easy to follow along.
	
	
	

	Instructions were well-organized, so I knew exactly what to do next.
	
	
	

	Clear guidelines allowed me to focus on problem-solving rather than confusion.
	
	
	

	The structured workflow helped me stay on track during the project.
	
	
	

	After three task failures, I wanted to smash the computer, but our group succeeded eventually.
	Activity process revision
	
	

	Revising the plan after mistakes improved my understanding.
	
	
	

	Reflecting on failed attempts guided me to better solutions.
	
	
	

	The teacher’s “ε-N game” was unforgettable: teammates hid N, I guessed ε. 
	Context immersion
	Context authenticity
	

	While working on an integral related to physics motion, I felt completely absorbed in the problem.
	
	
	

	Using real-life examples for sequences and series helped me fully engage with the math concepts.
	
	
	

	Winter clock slowdown revealed the core condition of calculus.
	Real-world relevance
	
	

	Applying calculus to economic examples, like cost functions, showed me how theory translates into practice.
	
	
	

	“I was surprised to see how derivatives could be used to calculate velocity in a physics problem.
	
	
	

	Applying integrals to find areas under curves made me realize how useful calculus is in real-life applications.
	
	
	

	Using the mean value theorem to estimate changes reminded me of how these ideas apply to real measurements.
	
	
	

	Relating function continuity to practical engineering problems helped me understand its importance.
	
	
	

	To complete the project, we ran across campus, drawing crowds.
	Application orientation
	
	

	I liked that the course focused on applying integrals to real-world problems, which made learning feel meaningful.
	
	
	

	I think this course is great for showing how theoretical math connects to practical situations.
	
	
	

	During the derivative project, we requested a time extension due to tight deadlines.
	Challenge adaptability
	Challenge matching
	

	When I encountered a function with a tricky discontinuity, I adapted my approach by sketching the graph first.
	
	
	

	“I had to change my method halfway through evaluating a series because my initial plan didn’t work.
	
	
	

	Setting our own deadline? We submitted exactly on time. 
	Time management
	
	

	Keeping track of the time I spent on each limit problem helped me stay on schedule.
	
	
	

	I sometimes had to adjust my pace when tackling long series problems to finish on time.
	
	
	

	I tried to estimate how long each calculus assignment would take before starting.
	
	
	

	Keeping a checklist of functions to differentiate helped me manage my time efficiently.
	
	
	

	I set aside specific periods to review continuity and differentiability concepts every week.
	
	
	

	Completing  Project work felt like gaming—each step forward was leveling up.
	Completing challenging problems
	
	

	Difficult challenges encouraged me to explore multiple strategies.
	
	
	

	Working on tough tasks strengthened my confidence in my problem-solving abilities.
	
	
	

	I felt challenged when applying the intermediate value theorem to find roots of functions.
	
	
	

	This activity concretized abstract math concepts (e.g., discovering definite integrals’ applications).
	Abstract-to-
concrete transformation
	Mathematical understanding
	Perceived usefulness

	When we calculated areas under curves from a real-life scenario, I could connect the formulas to something concrete.
	
	
	

	I liked that we could take abstract integral formulas and use them to compute real-world quantities.
	
	
	

	Hands-on practice showed how integrals solve real problems—abstract concepts became tangible...I admit math is useful. 
	Mathematical knowledge application
	
	

	I realized math is everywhere, and being able to reason mathematically makes life decisions easier.
	
	
	

	Even when I don’t realize it, math helps me think critically and approach problems step by step.
	
	
	

	Knowing math gives me confidence when I face real-world problems that require logical thinking.
	
	
	

	Math is important because it allows me to analyze situations and come up with solutions efficiently.
	
	
	

	I think math is very useful; it’s not just abstract, it actually connects to real life in so many ways.
	
	
	

	I feel math improves my reasoning skills overall.
	
	
	

	Our team argued fiercely about ε for sequence limits—fists pounded tables—but cheered upon finding a counterexample.
	Team synergy
	Team efficiency improvement
	

	Working in a group on Riemann sums made the process faster and more enjoyable.
	
	
	

	We brainstormed together to find creative ways to apply calculus to real scenarios.
	
	
	

	I appreciated how teammates helped me check my work and correct errors.
	
	
	

	During presentations, groups  debated function concavity with solid reasoning.
	Collective wisdom
	
	

	Hearing different perspectives on continuity problems helped me avoid mistakes.
	
	
	

	Class discussions about integrals often revealed shortcuts I hadn’t considered.
	
	
	

	I noticed that explaining my thought process to the group helped refine my reasoning.
	
	
	

	When judging function continuity graphically, my error was praised by the teacher as “creative failure”.
	Critical thinking
	Higher-order thinking development
	

	When I applied the derivative formula, I tried to figure out why each step was necessary instead of just following the procedure.
	
	
	

	I compared different approaches to the same integral to see which made more sense logically.
	
	
	

	I challenged myself to explain why a derivative or integral formula worked, not just how to use it.
	
	
	

	When a series problem didn’t give the expected result, I analyzed each term carefully to understand the mistake.
	
	
	

	I knew the butterfly effect, but never linked it to function continuity.
	Innovative awareness
	
	

	I noticed a new way to solve a derivative problem that we hadn’t learned in class, and I wanted to try it myself.
	
	
	

	I thought about using a visual graph to understand limits instead of only doing algebraic calculations.
	
	
	

	I realized I could combine methods from different examples to solve a challenging problem.
	
	
	

	For definite integral area calculation: physics team took measurements, art team drew, math  team computed.
	Interdisciplinary integration
	
	

	I noticed how integrals are used in calculating areas in engineering diagrams, which connected calculus to design.
	
	
	

	Relating derivative graphs to real-world growth patterns helped me see the usefulness of math outside class.
	
	
	

	Using limits to analyze population growth models made me realize the link between math and biology.
	
	
	

	Instantaneous velocity—unheard in high school physics—explained highway interval speed monitoring.
	Real-world problem solving
	Transfer application ability
	

	Applying integrals to calculate the area under a curve reminded me of measuring land plots in real life.
	
	
	

	I tried to calculate how fast an object would fall using derivatives. Unfortunately, I failed.
	
	
	

	When magnetic models clicked, I realized: “This is the least upper bound in supremum principle!”—suddenly understanding this abstract concept.
	Knowledge transfer
	
	

	I could see how abstract concepts are used in real-world situations.
	
	
	

	Using learned concepts in different contexts helped me retain the knowledge.
	
	
	

	Applying what I learned in class to practical problems helped me understand the material better.
	
	
	

	Seeing graphs, I obsessively check continuity and differentiability.
	Cross-contextual application
	
	

	I found that solving a continuity problem helped me understand sequences in a different chapter.
	
	
	

	Applying limits to different functions made me realize the same principle can appear in many situations.
	
	
	


