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Appendix A: Time derivatives of the thermodynamic
variables

In addition to discussing the choice of hydrodynamic frame
to accurately define thermodynamic variables, the descrip-
tion of fluid motion necessitates the selection of a specific
set of thermodynamic variables to be incorporated into the
equations of motion. For a fluid with a single type of charge,
there are four main thermodynamic quantities: energy den-
sity €, number density n, pressure p, and entropy density s.
The zeroth order equations of motion provide relations for
the gradients of energy density and number density in terms
of fluid scalar expansion @. It is desirable to employ the equa-
tion of state for pressure, denoted p = p(T, ), to express
these equations in terms of temperature and chemical poten-
tial gradients. Given thats = (dp/dT),,n = (8p/du),, and
€ = —p + Ts + un, we can express s, n, and € as functions
of T and u. These can be combined with Eq. (4) and the first
equation in the set of Egs. (5) to yield the following relations:

(96) (66)
— | DT+ |—| Du=-ho, (A.1)
(BT u oul,
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— | DT+|—| Du=-n0O. (A.2)
(BT u ou),

The linear structure of this set of equations indicates that
a particular criterion must be met for the equations to be
used to eliminate the time derivatives of u and 7 in terms of
0 =V, ,u®. To clarify, we express the foregoing equations
in matrix form:

€r €u) Ty __ h 0
nr iy u n|

where the operator D act on each element of the matrix to
the right and we have used a simplified notation for partial
derivatives, € = (9€/dT),,, and so on. This system of equa-
tions is solvable if and only if the 2 X2 matrix on the left-hand
side is invertible. Equivalently, this condition implies that the
determinant of the matrix must be nonzero:

(A.3)

€rny—€uny #0. (A4)

Once this condition is satisfied, one can use the equations of
motion of an ideal fluid to eliminate the time derivatives of
the Lorentz scalars 7', u.

In the case of a multiphase fluid with N particle species,
we encounter N + 1 variables €, ny, ns, ..., ny that are func-
tions of the N + 1 scalars T, uy, uo, ..., iy For each species,
there exists a corresponding continuity equation, resulting
in N + 1 equations that can be represented in matrix form,
generalizing Eq. (A.3):

€r €m "t €uy T h

nir N - Ny M1 ni
D

(A.5)
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In this scenario, the necessary and sufficient condition for
expressing time derivatives in terms of the scalar expansion is
that the matrix on the left-hand side of the above equation be
invertible, or equivalently, its determinant must be nonzero.

Appendix B: Equivalences between symmetric
gradients

It is well established that a rank-two tensor can be Weyl-
decomposed into three components, each defined by its sym-
metry properties under the rotation group: the antisymmet-
ric part, the symmetric and traceless part, and the scalar (or
trace) part. In the realm of hydrodynamics, it transpires that
a fundamental gradient is represented as a rank-two tensor,
which we then subject to Weyl decomposition:

(B.6)

VP = ¢ + QP 4 ! OAP.
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Each term in this decomposition has a distinct physical mean-
ing. The symmetric and traceless tensor (TST) part, denoted
by o, encodes shear effects; the trace part, ®, accounts for
expansion and compression; and the antisymmetric part, €2,
represents vorticity. The physical content of these terms pro-
vides a strong motivation to use o, ®, and Q as fundamental
structures in the building of the gradient expansion. How-
ever, a nontrivial issue arises. It has been demonstrated in
[42] that the ordering of transverse derivatives is irrelevant
in the construction of the tensorial structures of the hydrody-
namic expansion. If one opts not to decompose the velocity
gradient, this equivalence is easily implemented by estab-
lishing VaVAuY ~ VAV, On the contrary, translating
this rule of equivalence to the gradients of o, ®, and Q
presents a challenge.

It should be noted that the second derivative of the ve-
locity field can be expressed as a linear combination of the
gradients of o, ®, and Q. Together with the irrelevance of
derivative ordering mentioned above, this property suggests
an underlying relationship among the gradients of these ten-
sor components. In fact, using the notation of [42], one can
formally establish that
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In the above equation, the symbol =~ indicates that the ten-
sors on both sides of the equation are equivalent, meaning
their difference constitutes a linear combination of other gra-
dients already accounted for in the gradient expansion. For
example, the divergence of vorticity satisfies V, Q%7 ~
V.ie0® +2VY®/(d - 1). Practically speaking, the impli-
cation of Eq. (B.7) is that one may elect to omit vorticity
gradients from the terms of the hydrodynamic expansion,
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substituting them by the shear and expansion gradients. Such
an omission of vorticity derivatives is also coherent in the
context of conformal fluids, where the expansion is identi-
cally null.

Appendix C: General-frame derivation of dispersion
relations

In this appendix, we provide an alternative derivation of
the dispersion relations expressed in (130), (131) and (132).
This derivation relies on constitutive relations written in a
general hydrodynamic frame. More specifically, we consider
the decomposition of the dissipative terms I1%? and Y as
follows:

% = &uuP + PAP +2Q'uP) + 9P,
YY=Nu®+7J°.

(C.8)
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Each term in these equations is expanded up to the third order
in the gradient series,

E=&1+Ep +Ep,
P=Pu+Po+Pos,
N =Ny + Ny + Ny,
QY =Qf+Q; +Q),
T =I5 +Io) + T

aff _ _af
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Owing to the computational complexity and the extensive na-
ture of the calculations in a general frame, this appendix fo-
cuses on expanding the aforementioned coefficients in terms
of gradients of the densities € and n, as opposed to tem-
perature and chemical potential. Only after deriving the dis-
persion relations do we substitute the relationships between
the transport coefficients associated with the pair (€, n) and
those corresponding to (7, w).

The equations of motion comprise one vector equation
and two scalar equations. By taking the vanishing divergence
of T% and projecting it in directions parallel and perpendic-
ular to u®, we derive the scalar equation (98) and the vector
equation (99). The remaining scalar equation, Eq. (100),
emerges from the vanishing divergence of J¢. Substituting
(C.8) and (C.9) into Egs. (98), (99), and (100), we arrive at
the following equations:

D(e+&E)+(h+E+P)O

5 (C.11)
+ 70+ VoQ" + Qo Du” =0,
(h+E&+P)Du +V{(p +P) + A%V, 77" 1)
+@Vpu® + A%DQP +Q70 =0, '
n+N)O+D(n+N)+V,J¢=0. (C.13)

By retaining only the linear terms in the amplitudes, the
dissipation structures in the above equations can be expressed
in terms of transport coefficients as follows:

— (0 4 Oy2 @y2
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where a takes the value € and n. As a mnemonic strategy, we
choose to use the subscripts ©, o, €, and n throughout this
appendix, rather than the numerical indices used to denote
various transport coefficients in Sections 2 and 3.

In the case of a d-dimensional flat spacetime and consid-
ering the linear fluctuations in the hydrodynamic variables
defined in (106), Egs. (C.11)—(C.13) reduce to

U9(6€ +68) + hd o0u® + 0, ,60Q% =0, (C.15)

hP 9g5u® + uPdpsQ® + 9% (5p + 6P) + 4, 56TP = 0,
(C.16)

U0 (61 + SN) + 101 0du® + 0,00 % = 0. (C.17)

By Fourier-decomposing the perturbations in Eqs. (C.15)-
(C.17) in terms of the plane waves exp (ik ox%), we obtain

ki (0 +68) + ko (h6u® +5Q%) =0, (C.18)
ki (h6u® +6Q%) + k% (Sp +6P) + k,36t7* =0,  (C.19)
K (6n +6N) + ko o(nou® +69) =0, (C.20)

where k| = u®k, and k¥ = A®Fkg. The perturbations in &,
PN, Q% J*and tF are given by the Fourier-transformed
linearized versions of equations (C.14). Furthermore, the
perturbation in the pressure assumes the form:

5p = Bede + Budn. (C.21)

Equations (C.18)—(C.20) constitute a set of two scalar
equations and one vector equation for the variables e, on,
and ou?. Projecting the vector equation (C.19) along the
direction transverse to k¢ yields

[k” (2n- agki) ik (0 - g2k 6ue =0,  (C22)
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where duy is defined as

J_

oul = (A"B (C.23)

Employing a similar procedure, but projecting (C.19) along
the direction longitudinal to & {, leads to the following equa-
tion:

(082 +a0) 12+ (0242 -

+ Z i (venid + Ba) - (02 K% - 00} ky | k16 =0,

1) kH] hou, (C.24)

where the index a takes the values € or n. The set of combi-
nations of transport coefficients introduced above are given
by
d-2
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£ = 1 (x + S22 (0 +n)).

d-1
Additionally, 6u, denotes the magnitude of the longitudinal
projection vector of the fluid velocity perturbation, defined
as

(k.pou’)

ou® =
L ki

ke, (C.26)
Note that the frame-invariant quantities y{" and y.”, defined
in (120), are equal, respectively, to 1\ and £%” in the Landau
frame.

In terms of du,, d€, and dn, equations (C.18) and (C.20)
can be reformulated as

[ih (9;”1{ - 1) + (s(g”ki - s;”) k”] kL ouy,

sikyse = Y (0942 = 0)) + iz k)| K 6a =0, €20
a
[in (k242 = 1) + (03 =) ky | ks,
+ik)on — Z (Kg’k2 kY +iv? k||) k2 6a =0, (€28)
a
where {” is defined as
K§2> = % (K((_)Z) + %K?) . (C.29)

Together with (C.24), equations (C.27) and (C.28) comprise
a system of three homogeneous equations for the indepen-
dent variables 6u,, de, and on. From the vanishing of the
determinant of the matrix of coefficients of this system of

equations, as well as of the term within square brackets in
(C.22), we respectively derive the equations for the longitu-
dinal and transverse hydrodynamic modes.

To find the dispersion relations, we adopt the rest refer-
ence frame of the fluid,

*=(1,0) = ky=u’ko = -w and k% = k'k; = k*.
(C.30)

In this manner, the algebraic equations for the hydrodynamic
modes transform into

w (20 = 02K + ik =0 k%) =0
My =1y k%) €31
det M(w, k) =0
where the elements of the matrix M are defined as
Muy = | (£ +40) &2+ (6042 = 1) |
Mz = i (y&ni? + ) - (0042 - 0 ) | &,
Mz = i (v 0k + Ba) - (0372 - 0, ] &,
Mo = >ih (Hf)kz - l) + (8g)k2 - 88)) w] k,
Mo == (0082 - 00) K> =i (624> = 1) w (C.32)
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The solution to the first of Egs. (C.31) gives rise to the
shear mode associated with the diffusion of transverse mo-
mentum in the fluid,

(1) k2 i (3) 77(01')6‘((? k4
sedrk—_ N o T AL 5 C.33
Wear(k) = 15, 2h(" 2h ) (€33)
which reduces to (130), given that 7} = n, and 1, =

7Y -0 /2h, in accordance with Eqs (36) and (72) The
solutions to the second of Eqgs. (C.31) yield the dispersion
relation for the charge diffusion mode, given by

[V2(o - 02) + B + &} k*,

wam (k) = ~iDk? = = {@
v

N

(C.34)

and the dispersion relations for the sound wave modes, which
can be expressed as

+ 1
s(ou)nd(k) =+ vk - —sz ¥ Sv, (FZ +4%) k3

’ (C.35)
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where the first-order diffusion and sound-wave damping con-
stants,
(on
D = () Be — B

N

7By " " (C.306)
— M M

I'=24§ +—%(aE +Za" )+19® ,
correspond to those presented in Section 4, but naturally
find here in terms of the original transport coefficients, con-
trasting with their representation in terms of frame-invariant
quantities in Egs. (120) and (133). The quantities &/, A, €,
and & are explicitly defined in the following equations:
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with the various @ and ¢} defined in terms of the conductivity
o and other transport coefficients as

BGSLH + ﬁnvin
h b
(C41
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where the symbol # in the subscripts represents s, €, n or @.

The foregoing dispersion relations involve the transport
coeflicients associated with the densities € and n, in addi-
tion to those corresponding to oo and ©. To express these
relations in terms of the coeflicients associated with the ther-
modynamic variables 7" and p, which are frequently utilized
in gradient expansions and feature in the list of structures in
Section 2, it is essential to consider the subsequent relation-
ships:

(C.42)

(C.43)

Consequently, transport coefficients such as ¢ and ¢\ can

be expressed in terms of ¢}’ and ¢, as follows:

) oT ; ou X
(i) . (i) - (i)
we (ae)an +(8E)n¢y’

) oT ; ou .
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where i = 1, 2 or 3, contingent upon the order of the expan-
sion.

After extensive and intricate computations involving nu-
merous combinations and simplifications, and taking into
account the definitions provided in Egs. (33), (36), (54), and
(72), together with relations (C.44) and (C.45), we arrive at
the following results:

(C.44)

(C.45)

D[V - 00) + B +% = -Y +V20,
B=-2, VIOA+E) - DB=Y +v2x¥.

A
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These equations imply that the dispersion relations (C.34)
and (C.35) are equal to those presented in Section 4, specif-
ically Egs. (131) and (132).



