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Supplementary Material
The Theory of Modeling TF-Binding Sites with Profile Hidden Markov Models

Given a set S of experimentally validated binding sites s for a TF-protein (and a few assumptions) it is
possible to use the set S to estimate the relative binding free energy —AG(z) of any putative site z

(without having to perform direct experimental measurements of binding constants). This bioinformatic
approach using PHMMs (and PSSMs) is an attractive alternative, if a sufficient set S of experimentally

validated binding sites is available.

The Assumptions:
1. The positions of a binding site contribute independently and additively to the binding free-energy
2. Background DNA sequences are generally random samples from some k-mer distribution

Neither of these assumptions are always true [1]. The first assumption can be relaxed by calculating
di-nucleotide, tri-nucleotide,....,n"-nucleotide frequencies from the training set S, but at some point an
additivity assumption must be applied. Also, genomes are generally not random, but can be closely
approximated by a 3™ or 4" Order Markov Model [2]. For simplicity in the examples here, we will assume
that the background DNA can be modeled by a simple 0" Order Markov Model (i.e. by mononucleotide

content alone). This assumption greatly simplifies the calculation of the partition function [1].



From the additivity assumption we have that for any putative site z:

length()
—AG(z) = Y —AG;(b)
i=1
where we define. ..
—AG;(b) = the independent contribution of base b observed at position j
to the over-all binding free energy (1)

The Profile Hidden Markov Model (PHMM) provides a completely probabilistic model for observing a
sequence x within the modeled motif. The PHMM achieves this by incorporating the probabilities of
different nucleotide insertions, deletions, and motif matches at each position in the motif [3]. In this
application, the PHMM model is used to calculate the probability Pp,m (x) of observing the putative site x
in a real transcription factor binding site that is modeled by the PHMM. The probability P,,.m () is used
to find the site log-odds score of a putative site z. The site log-odds score G*(x) calculated by a PHMM

trained by S is given by:

G’(x) = 1o —_ Site Log-odds Score
( ) Be <Pbackground(l') ( & )
length(a)
= ) GO
j=1
where we define:
thm (.77 b) ) .
Gi(b = 1o - Nucleotide Log-odds Score
]( ) Be <Pbackground (.73 b) ( 8 )
j = position in the sequence z, j € {1... length(x)}
b = observed nucleotide base, b € {A,C,G,T}
P (j,b) = probability of base b at position j in the PHMM model
Pyockground(j,b) = probability of base b at position j in the null (background) model

(2)
With these definitions, and assuming independence of positions, we have:

Phmm(x) = probability of candidate site 2 in the PHMM model

Pyackgrouna(x) = probability of candidate site & in the null (background) model

The Site Log-odds Score G*(z) can be considered proportional to the relative binding free energy —AG(x)

when the Fermi-Dirac Equation for the equilibrium probability of a protein-bound binding site can be



approximated by the Maxwell-Boltzmann Equation [4]. Another assumption is that the training set S
consists of a proper sampling of functional binding sites that were collected under similar experimental
conditions (like temperature T'). However, this is likely not the case. A last assumption is that we are able
to perfectly train the PHMM from our training set S, so that we can accurately predict the probability
Phmm () for all possible putative sites x. However, properly training a PHMM from a limited training set
S is a challenging problem. But with our idealizations and assumptions, the Nucleotide Log-odds Score
G5(b) (calculated by our perfectly trained PHMM) is directly proportional to the binding free energy

contribution of each observed base b at each position j in the sequence z.

Thus, under ideal conditions the log-odds scores that a trained Profile Hidden Markov Model calculates for
any candidate site z is directly proportional to the free energy of binding to that candidate site. (Typically,
proper scaling of G* if not performed to make G*(x) ~ —AG(z). Instead, G* is only proportional to
—AG(z).) [5] If the Profile Hidden Markov Model has no insertion or deletion states, then the PHMM is
)th

essentially a PSSM (weight matrix), and the probability Phmm (j,b) is equivalent to the (b, j)*"* entry in the

(probability) weight matrix.

Three dynamic programming algorithms are used to calculate the probability Phymm(2) of observing the
putative site x in the model. The forward and backward algorithms calculate Pppm () by summing up the
probability of observing z for all possible paths 7 through the model:

all paths
forward(x) = backward(z) = Ppmm(xz) = Z P(z,7) (3)

The Viterbi algorithm calculates both the optimal alignment of the putative site x which produces the
path 77*(z) with the highest log-odds score, and the probability P,fmm(z) of observing that optimal path in
the model. These two results of the Viterbi algorithm are commonly referred to as the Viterbi path and the

Viterbi score, respectively:

Viterbi path(x) =  7*(x) = EmAIP(r )]

Viterbi score(z) = P () = Phmm(z, 7 (2))

In the case of modeling transcription factor binding sites, it is commonly assumed that the log-odds score
of the optimal path that best aligns the putative site x to the model is the only significant contributor to

the over-all log-odds score. When this is indeed true, the Viterbi score can be used as a good



approximation to Py (2):

all paths
Viterbi score(x) = Ppmm(z,77(x)) = Z P(z,7) = Ppmm(z) = forward(z) (4)

T

However, we see that this assumption is not true when modeling p53 cluster sites, where experiments
suggest that the p53 protein can bind to overlapping combinations of adjacent half-sites. In this scenario,
the true probability Phym () provided by the forward and backward algorithms is needed to properly

model experimental results.

All three dynamic programming algorithms are highly efficient, and when applied to PHMMs run in
O(NM) time and O(NM) space for a PHMM with M states and a sequence of length N [6]. For further

details about the forward, backward, and Viterbi algorithms please see [5].

The Corresponded Baum-Welch Algorithm
The standard Baum-Welch EM algorithm is used to estimate the expected transition and emission
probabilities from the training set. The Baum-Welch algorithm is an optimized, iterative EM method that

always climbs the gradient and uses the dynamic programming forward and backward algorithms [5].



Let:

s = binding site The nucleotide sequence of a binding site
s; = nucleotide The i*" nucleotide in the binding site s
S = training set The training set of binding sites s;
T = path The state sequence of a binding site s
m; = state The i*" state in the path =
pSpi = pseudocount Prior bias of probability of transition from & to [
psi(b) = pseudocount Prior bias of probability of emitting symbol b in state k
v = {psgi,psp(b)},Vk,1,b The set of all pseudocounts in the model
arg = P(mi=llmi_1 =k) The probability of transition from state k to state [
ex(b) = P(s; =blpi;=k) The probability of emitting symbol b in state k
0 = {ap,ex(b)},VEk,1,b The set of all parameters in the model
aZ‘ZCkgm“"d = Prackground(mi = lmi_1 = k) The probability of transition from state k to state [
in the null (background) model
eZaCkgm“”d(b) = Prackground(si = blpi; = k) The probability of emitting symbol b in state k
in the null (background) model
Ay = expected ay; counts Number of transitions from k to [ in the training set
Ei(b) = expected ex(b) counts Number of emissions of b from state k in the training set
fe@) = P(sy...si,m =k) The probability of the sequence up to and including s;,
requiring that m; = k
fk+1) = ex(sit1)- ijtas(fj (i) -ajr) | Recursive formula for fi(i + 1) going forward
br(i) = P(s;...sp,m =k) The probability of the sequence from s; to the end,
requiring that m; = k, L = length of the sequence s
be(i—1) = eg(si—1)- thutes(bj (i) -ajr) | Recursive formula for by (i — 1) going backward

The goal is to choose the parameters 6 of the model in order to maximize the log-likelihood of the
sequences s in the training set S, without over-fitting. To avoid over-fitting, the goal is to find the
Posterior Mean Estimator (PME), a Bayesian approach that uses the pseudo-counts 1 as a prior from a
Dirichlet family of distributions and all the paths 7 for all sequences s in the training set S [5]:

gPME  _ argglax lzlogp(s|97w)‘| - argranax [ZZlogP(s,ﬂﬁ,dJ)

SES seS w

The Baum-Welch algorithm climbs the gradient during each iteration and is guaranteed to converge within
some epsilon to a local maximum, which may or may not be the PME [5]. Theoretically, the Corresponded
Baum-Welch algorithm has the advantage of using prior motif knowledge to greatly reduce the parameter
space and to potentially “flatten” the space. Both of these improvements can increase the probability of

the algorithm converging to the PME.

In each iteration, the Baum-Welch algorithm calculates the expected number of times each transition and
emission is used by the training set sequences (calculates Ay; and Ey (b)), given the current model

parameters (ag; and e (b)). Then the model parameters are updated to the new posterior mean estimators



ay,; and e} (b), calculated from the new expectation counts (Ag; and Ej(b)).

Notice that the probability that ag; is used at position 4 of binding site sequence s with current model

parameters 6 is given by:

Si(@) - apr - ei(siv1) - bi(i + 1)

P(Wi:k,ﬁi+1:l|8,9): P(S)

By summing over all training sequences and positions, we can derive Ay; and Fy(b), the expected number

of times that ay; and e (b) are used by the training set, given the current model parameters 6:

N = number of training sequences
L = length of the sequence s’

W(s?) = sequence weight of s/

N j L ] . .
A = I;/((jj)) DA aw el ) b+ 1)
siesS i=1
N iy L . .
Ey(b) = VJZ;;)) > f@)-06) ®)
sies z\sz:b

The sequence weight W (s?) is used to vary the importance of different sequences in the training set S and
to vary their influence in training the model. A weight W (s’) > 1 increases the expected counts in
sequence s7, and a weight W (s?) < 1 decreases them. Sequence weights are used when we do not fully trust
that the training set .S provides a proper distribution of valid binding sites, and we attempt to remedy that
deficiency by weighting the known sequences. Most sequence weighting methods attempt to penalize the

expected counts of similar sequences and to enhance the expected counts of distant sequences [5].

Additionally, the process by which the training set .S was ascertained may be biased toward a certain
subset of sites independent of their sequences (ascertainment bias). In the derivation for our approximation
for —AG(x) in the next section, we relied on the assumption that the probability Peytrqct(2) of extracting
a TF-bound binding site was independent of the sequence in or around x. This may not always be the
case. For example, if we know that a certain antibody preferentially binds to adjacent binding sites
compared to ones with no neighbors, then after precipitation our training set S would be biased toward
adjacent binding sites that appear in tight clusters in the DNA. We could attempt to compensate for this

inherent bias by penalizing those sequences found adjacent to each other in the genome and promoting the



ones with no neighbors. Different sequence weighting schemes can be found in [7-13].

From these new expected counts, we can now calculate new maximum likelihood estimators for each

position:
;o A
akl ~ states
Z Akm
E(b)
a®) = oo (6)

> Ei(n)

However, if we believe the training set .S to be incomplete and intend to avoid over-fitting the data, we add
pseudocounts as priors to our expected counts. Here, pseudocounts are distributed in proportion to the
null (background) model. The pseudocount weight w represents how many counts from the null
(background) model we want to include in the expected counts of our model. From the expected counts,

we calculate the new posterior mean estimators using pseudocounts for each position:

w = pseudocount weight

pSEL = W - aZzlzckground
psk(b) - w- eZackground(b)
; DPSk+ Awl
At = states
wt > Aim
b) + Ex(b

{A,C,G,T}

n
Now we use the prior knowledge (or make a guess) of the repeat and/or palindromic motif and correspond
(partially or fully tie) the new posterior mean estimators based upon corresponding positions. This prior
knowledge can be used to reduce the parameter space and increase the statistical accuracy of the model.
The degree of sharing of information between corresponding positions is controlled by a correspondence

factor ¢, which can be fixed or trained to an optimum value. One can estimate a correspondence factor



based on the initial conditions by the following:

dist = a probability distribution in the set of corresponding distributions
var = a variable in the probability distributions
N = number of corresponding distributions
P(var) = average probability of a variable over all corresponding distributions
co = initial correspondence factor
-1 - Nl_lg_sjt;\mm—mw) (8)

We calculate the corresponding posterior mean estimator (PME) after calculating the average emission and

transition probabilities for all the corresponding positions:

¢ = correspondence factor
a = Avg(al;) (over all transitions from k to [ in the set of corresponding positions)
e/(b) = Avg(er(b)) (over all emissions in the set of corresponding positions)
ay, = aj +cla’ —ay)
ei(b) = €h(b) +c|/B) — er(0)] (9)

If we wish to train for the optimum correspondence factor, then we calculate a new ¢’ for each emission

and transition probability at each position in the set of corresponding positions:

oo c-a _c-d
T dgteld —a]
c-e(b) c-e'(b)
. (b) = = (10)

() +c[e®) - )] )

Now, we can calculate a new correspondence factor ¢’ by averaging over sets of the ¢}, and ¢} (b) values.
The one optimum correspondence factor for the whole motif or separate correspondence factors for sets of

corresponding positions are obtained by averaging over different sets:

¢ = ¢} (b) (over all bases b and all emissions and transitions k)
or

(over all bases b and corresponding emissions and transitions k) (11)



We can now update the parameters of the model to the new posterior mean estimators that have been

made corresponding (fully or partially tied) by our prior knowledge (or guess) of the motif:

ay] — a%l
ex(b) = €j(b)

c=c (12)

This process is then iterated to obtain new Ay; and Fj(b) values from the new model parameters. At each
iteration the log likelihood of the training set increases to a local maximum. Since convergence is in a
continuous-valued space, the maximum is never actually reached. Typically, the iterations are stopped
when the change in the total log likelihood is sufficiently small or after some fixed number of iterations,

whichever comes first [5].

Derivation of finding optimum correspondence. The method of finding the locally optimum degree
of correspondence (sharing of information) between corresponding positions starts by introducing the new
parameter ¢ for each set of corresponding positions. If we interpret the correspondence factor ¢ as the
probability P(identical) that the positions are completely synonymous, then we can interpret that every
emission and transition probability P(z) for each corresponding position in the model can now be replaced

by a new probability P’(z):

P'(z) = P(identical) - P(z) + (1 — P(identical)) - P(z)

P(x) + ¢ [P(z) - P(2) (13)

where P(z) is the average of the corresponding emission and transition probabilities. Now we can calculate
new correspondence factors ¢’ for each corresponding emission and transition probability in the set of
corresponding positions:

, P(identical) - P(z)
P(identical) - P(x) + (1 — P(identical)) - P(z)

(14)



Now we can calculate a new correspondence factor ¢” for the set of corresponding parameters by averaging

over the new ¢ for all the corresponding emission and transition probabilities:

¢’ = ¢ (over all ¢ in the set of corresponding positions) (15)

Example. Assume that we have prior knowledge (or we guess that) the binding motif of a 10-bp binding
site is singly palindromic: 1 2 8 4 5 5 4 8 2 1. Then the positions that have been made corresponding are:
1 and 10, 2 and 9, 3 and 8, 4 and 7, 5 and 6. (There are five sets of corresponding positions in this
example.) First, each of the 10 distributions of the posterior mean emission probabilities for each of the 10
positions in the motif are now corresponding and sharing data with its partner position. Then the posterior
mean transition distributions between positions are similarly made corresponding (for example 1-2 and
2-1). Separate correspondence calculations are performed for each of the sets of corresponding positions. A
correspondence factor of ¢ = 1 would fully correspond (tie) the parameters between synonymous positions
to the average over all corresponding parameters. (In this case, the parameter space would roughly be cut
in half, and the training data per parameter would roughly double.) A correspondence factor of ¢ =0
would not change the initial distributions of emission and transition probabilities at a position at all, thus
creating no correspondence between the positions. The correspondence factor ¢ can be regarded as our
known prior belief in the level of correspondence between synonymous positions in a palindromic, repeat,
and/or reverse-complement binding-site motif. Alternatively, the correspondence factor ¢ can be regarded
as the unknown probability of correspondence between synonymous positions that needs to be determined.
In the latter case, the Corresponded Baum-Welch algorithm will converge on the (locally) optimum ¢ that

maximizes the total log likelihood of the training set.

The Proof that the Log-odds Score G®(x) is proportional to —AG(x)

It has been shown experimentally that in general, transcription factor proteins have a weak affinity for
background DNA (any non-consensus sequence) and a strong affinity for consensus sites. Within the
nucleus (or general cell in prokaryotes) the DNA concentration is high enough that an activated TF-protein
is bound somewhere on the DNA essentially all the time (to a 15 approximation) [14]. Therefore, the
binding specificity (the ability of the TF protein to distinguish a functional site from background DNA)
must be adequately high for proper regulation to occur [14]. The goal is to quantify the free energy of

binding to a candidate site x through statistical mechanics, thermodynamics and Information Theory. We

10



start with the mass action kinetics of a TF-protein binding to a site:

p = transcription factor protein
x = a candidate DNA binding site
pr = Bound Protein-Binding Site Complex
kT = forward equilibrium binding constant
k~— = backward equilibrium binding constant
ket
p+x = pz
—
kt+
K;, = = = equilibrium association constant for site x (16)

We normalize K¢, in order to obtain the specific association constant K that quantifies specificity:

1. KgJ9 = Average K., for all sites ©

x

K
2 KP = g (avg(KD) =1)

3. Specificity of Valid Site: K;’ahd site 106

4. Specificity of Background: K, E ackground <1

In experiments performed in E. Coli cells, with about 5 x 106bp of DNA, a single TF-protein and a single
binding site with a specificity of 10 will be bound together only about 20% of the time. During the other
80% of the time, the protein will be transiently bound to other random places along the genome. However,

with 20 copies of the protein the binding site will be occupied about 99% of the time [15].

The specific association constant K7 is related to the binding free energy —AG(z) by the following:

—AG(z) = —kg-T- -In(KY)
and

kJr
~-K* = — ¢ AG(@)/ksT (17)

k= K&9
Now lets estimate the probability that a putative binding site x is bound by a TF-protein in a well-mixed

solution at equilibrium. Let P(x bound) be the probability that the binding site = is bound by a

11



TF-protein. Then we have:

binding rate

P(xz bound) =
(z bound) binding rate 4+ unbinding rate

[p] - K+
[p] - k+ +
[p] - K2v9 - e~ AG(@)/ kT

= 18
[p] - K&g? - e=AG@)/kaT 4 1 (18)

which can be re-written into the form known as the Fermi-Dirac Equation, where yu = kgTIn(KZ)9 - [p]) is

the chemical potential dependent on the protein concentration [p]:

1
cAC@) - m/FsT 1 |

P(z bound) = (Fermi — Dirac)

In the low concentration limit the Fermi-Dirac Equation for the probability P(z bound) can be

approximated by the Maxwell-Boltzmann Equation:

1
P(x bOund) ~ m when AG(CU) > 1%
~  etReT o AG@) kT (M azwell — Boltzmann)
~ ze AG@/ksT (z = et/ksT = fugacity) (19)

Now we are ready to analyze a sampling set .S of known transcription factor binding sites for a given
TF-protein. A version of this proof exists for weight matrices (PSSMs) in [4,16]. Here we provide a general

proof that it is applicable for any fully probabilistic model that calculates Pyocrground(®) and Psers(z).

Assume that we attain the set S from a single experiment so that all the sites are collected under identical
conditions. Assume that we have a very large number of DNA sequences of roughly similar length from a
given genome mixed in solution with a certain concentration of TF-proteins. At equilibrium some of the
DNA sequences with bound TF-protein are extracted (precipitated) and sequenced to create our sampling

set S.

The probability of observing exactly the set S is given by:

P(ObserVng the set S) = H (Pewist (Ji) : Pbound(x) *Pegiract (-T)) : H (1 — Peyist (ZIJ) : Pbound(x) *Pegiract (1‘))
zeS g S
~ H (Pexv',st (I) ' Pbound(z) ' Pe:ctract (QS)) ! 62EQS(PSM'“(m).Pbound(m)'Pwtht(r))
zeS
(20)

12



The likelihood function .Z for the P(observing the set S) can now be approximated:

% = In[P(observing the set )]
~ hl H (Pe;cist(ﬁ) . Pbound(l‘) . Pextract($)) . ezmgs(Pezzist(m)'Pbound(x)'Pemtract(x))]
zeS
~ Z In (Pexist (.13) : Pbound(x) : Pemtract (l‘)) - Z (Pexist (J?) : Pbound(x) : Pemtract (l‘)) (21)
zeS zgS

Now plug-in the Maxwell-Boltzmann approximation ze~2G®)/ksT for P(z bound), and for simplicity

assume that Pepiract () = Pegtract is identical for all x:

g ~ Z In (Pexist(x) : Ze_AG(x)/kﬁT : Pea:tract) - Z (Pea:ist(x) : Ze_AG(x)/kBT : Pe:vtract)
zeS &S
—AG(z — T
~ Ny Iz Pira) + 3 (ln(Pemst(x)) . kﬂ”) — 2 Peatraer 3 (Peais(z) - e~ 200
zeS g S

(22)
Where Nj is the size of the sampling set S. We are now ready to maximize the likelihood function .Z by
taking the partial derivatives with respect to 2z Peytract and AG;(b) and setting them equal to 0. We have

From the additivity assumption that for any putative site x:

length(x)
—AG() = Y —AGi(b)
where we define. .. -
—AG;(b) = the independent contribution of base b observed at position i
—AG;(z,b) = —AG;(b)-x(i,b)
xz(i,b) = 1lifa; =b,and 0if x; #b (23)

After taking the partial derivatives we have:

0L N,
_ 9= = % N (Paa(n) e AC@mT) = g
8(ZP€xtTact) 2+ Pegtract g;g ( t( ) )
Z x(i,b)
0L _ z€S Z Peztract . —AG;(b)/ksT Ly _AG, (V) /ksT
SBGE T T ot PraiaisD) [13° Pt -2

i#i Y
(24)

We can combine the results from the partial derivatives to obtain:
Pea:ists(ia b) ) eiAGi(b)/kﬁT : H Z Pea:ists(ja b/) : eiAGj(b/)/kBT
1 . A Y
— Z xz(i,b) = (25)
Ns 2= - (Pm'st(w) : e—AG(fﬂ)/ksT)

zES

13



If we make the observation that:
Z (Pmst(x) . efAG(x)/kﬁT> _ mests(i’ b - emAGi () /kaT Hzpezists(jv b - e~ G )k T
T b’ i b

then we have that:

Pe:m'sts (Za b) : eiAGi ©)/ksT . H Z Pe:m'sts (], b/) : eiAGj (b/)/kﬁT

R 7Y
Ns €S Z Pe:cists(ia b/) : eiAGi(b )/kaT . H Z Pezists(j» b/) : eiAGj(b )/kaT
b’ VEIR

Peacz’sts(i7 b) . efAGi(b)/kﬁT
Z Pexists(i7 b/) . e*AGi(b/)/kBT
b/

Pegists (’i, b) e AGi(0)/ksT
C

1 .
N Zm(z,b)

zes —AG;(b)/ksT
-.C Ic
Pe:vists (Z7 b) ¢

N Lpes (i) AG;(b)
In |NeeeS 0 74 - .
" Pe:vists ('L7 b) i nO kﬁT
N Poves 2(i;b)
. Pe:m'sts (7'7 b) ] > G (b) ( 6)

Now we make the following observations:

1
x(i,b) = probability of observing base b at position i in our set S
S zes
= Psers(zi(b))
Pe:m'sts (27 b) = Pback:ground (7/7 b) (27)
So now we have:
s sets (i (b
Gi (b) = ln beckgiiung()i)7b) ~o 7AG,L(b)
Gé(z) = In #‘:(:i(z) ~x —AG(x) (by the additivity assumption)
O
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