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1 Modelling of Chemical Kinetics

In this section we derive the macroscopic rate equation (MRE), the diffusion approximation
(DA) and the linear noise approximation (LNA) for the chemical system described in the
section Methods of the main paper I. Our derivations in section 1 follow [1] and [2] . The
chemical master equation (CME) describes the time evolution of the probability A that at
time ¢ the system is in the state X

R N
dh(;j,t) _ QZ (H ESi — 1) fj(X’Q,t)h(X, t). (1)

Here, E~% is a step operator defined by
E750 (o X)) = f(oo Xi — Sij, 00).

1.1 Macroscopic rate equation

As the system’s volume €2 increases, relative fluctuations become negligible and in the limit of
infinitely large €2 the system becomes deterministic. To derive the macroscopic rate equation
we write the operator Hf\il E~%i in the form of a first order multivariate Taylor expansion

E%i=1-% —_—40(Q7?.
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After substitution into the CME (1), in the limit of infinitely large 2 we obtain

R N
-y (Z S%) 0.1, @)

This partial differential equation can be solved by the method of characteristics. The solution
is called the macroscopoic rate equation and has the form

do; ,
‘b stf] o, t)  i=1,2,...,N. (3)

1.2 Diffusion approximation

Similarly, one may write the second order Taylor approximation of the step operator in the
following way

. Sii O 1 1
7Sij = ZJ L
EE b Q Oz, 292 ZZSUS% o +0(Q77).

Again, if the volume is large enough the terms of order O(£273) can be neglected and sub-
stitution of the expanded operator into (1) implies the Fokker-Planck equation of the form

ZZ@ Aluh(x,) + Zaxzaxk E"],, h(x.1) (4)

i=1 k=1

where

Al = Sifr(x,Q,t), :—S\/dzag f(x,Q,1))
Ry )
[EE"] = Zﬁsijskjfj(x,ﬂ,t)
=1
f(x,0t) = (A1), .., fr(x Q)T

The above Fokker-Planck equation describes the time evolution of the transition densities
of the Ito diffusion equation [3]

dx = A(x, t)dt + E(x, t)dW, (5)

where dW denotes increments of the Wiener process.
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1.3 Linear noise approximation

In order to obtain the linear noise approximation transition rates, fj(x, t) and the step
operator £ are Taylor expanded around the deterministic state ¢ in powers of 1/ VQ. To
obtain such an expansion process, X; is decomposed into the deterministic ¢ and stochastic
€= (&,...,&y)T components according to the relation

X; = Q¢ + Q2% (6)

Transition rates are expanded as follows

Fixt) = IZ ele o), )

Similarly, we have an expansion of the step operator
2
3

N
o
—Sij _ 0-1/2 ~2
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Let us denote the probability distribution of £ at time ¢ by II(£,¢). Using the fact that the
distribution h(X,t) is related to II(&, ) through the relation
h(X,t) = h(Qp + Q%€ 1) = TI(¢, 1) 9)

and putting (7), (8) and 9 into (1), we obtain the Fokker-Planck equation describing the
evolution of II [2]

At 0 1 & 2l
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where

R
OFf.
= 50, (Al = 350 S, B = 5\/diag(E(7.0).and [EET], Z S35 ;.
The related Ito diffusion equation has the form
d¢(t) = A(t)édt + E(t)dW. (12)

It is a linear SDE with time inhomogeneous coefficients and its explicit solution has the form

(4) in L.



2 Derivation of the likelihood function

In this section we derive the likelihood function (11) from I. We use the notation introduced
in the section Methods of 1.

Recall that in I we partitioned the process x; into observed variables y; and unobserved
latent variables z;. The Markov property of the process x; implies that the augmented
likelihood function P(¥,Z|©) can be written as

P(Y’ Z|@) = HP(Xti|Xti,1> G)p(Xm'@)v (13)
i=1
X, 1,0) = Yo+ i1, 01Z: 1) and p(xiy |0) = Y%, [ (t), O E 1),
1
From now on to simplify notation we write u; ; instead of 272, ; and =;_; instead of
Q_lEZ’_l.

Eq. (2), (6) and (7) from I imply that x;, can be represented as

where p(x,

Xy, = O, + Z Dy (ti — ;)¢ (14)
=0

where ¢, are independently normally distributed random variables with mean 0 and covari-
ance matrix Z;_;. This implies that

P(5,20) = ¥(Xl(¢10: - - - 01,), ), (15)

.....

that is composed of N x N submatrices 3(4) = Cov(xy,,%y;). Covariances Cov(xy,,Xy;) can
be computed using the following relations (j > )

Cov(x4,,X1,) = E_q, (16)
CO'U(Xti?Xti) = Ei—l + (I)ti—1(Ai—1)GOU(Xti—1vXti—l)cbti—1 (Ai—l)T’ (17)
Cov (Xti; th+1) = COU(Xti R th)q)tj (AJ)T (18)

The initial covariance matrix =Z_; can be either treated as a model parameter or expressed
in term of other parameters.

In order to find the likelihood function P(y|©) from the augmented likelihood (15) we use
the fact that marginal distributions of the normal distribution are normal. Thus, we obtain

P(310) = &(¥l(ey(to), - - - @y (tn)), ¥), (19)

.....

Therefore X7 is the lower right square submatrix of $0:9) which corresponds to the observed
part of the process.



3 Examples

3.1 The simple model of single gene expression

The simple model of single gene expression can be summarised by the following stoichiometric
equations [4]

kr(t)

R,: DNA % DNA+R
R,: R 2 5
Ry: R P2 pap

P/Q
R4 P % 107)
Vectors of molecular copy numbers (X), concentrations (x), and macroscopic counterparts
are
X:(R,P), XZ(T,p), 90:(¢R7¢P)'
The mesoscopic and macroscopic transition rate vectors and stoichiometric matrix have
the form

bal®) bnl®)

= r 1 -1 0 0

o= | | s | s s= (g Y ) e
PP YPoP

3.1.1 Chemical master equation
To obtain the CME for the system we substitute (20) into (1) to obtain [5]

dh(R,P,t)
dt B 2

Qkr(t)(W(R —1,P,t) — h(R, P,t)) + kpR(R(R, P — 1,t) — h(R, P,t))
+vr(M(R+1,Pt)(R+1) — h(R,P,t)R) + vp(h(R,P + 1,t)(P + 1) — h(R, P,t)P).

3.1.2 Macroscopic rate equations
Similarly (3) and (20) results in

Q}R = kgr(t) — YrOR: (22)
¢p = kpor—vpop.



3.1.3 Diffusion approximation

In order to apply diffusion approximation to CME (21) we need the drift A(x,¢) and diffusion
matrices EET. By substitution of (20) into (4) we get

_ [ kr(t) —mr o 1 kp(t) + e 0
Alt) = ( kpr  —vpp ) ’ (EET)() = 9] ( 0 kpor +vpp ) ’ (23)

where £ = Sy/diag(f(¢)). The above matrices imply the Fokker-Planck equation:

dh(r, p,t) 9

LR = 2 (knlt) — )bl 1) (21)

0
- a—p(kpr —vpp)h(r,p, 1)

+ I kr(t) + yrr)h(r,p,t)
L e (e o)
29 ap pr YppP r,p,t).

This corresponds to the Ito diffusion

dr = (kp(t) = ver)dt + /1/Q/kg(t) + yerdW,, (25)
dp = (kpr —pp)dt + \/1/Q\/kpp + ypPdW,.

3.1.4 Linear noise approximation

In the LNA the deterministic and stochastic part are separated according to (6) so that
r(t) = op + QU V2%R, p(t) = ¢p + Q7 /?€p. In order to derive drift matrix A and diffusion
matrix EET we first calculate

of

—_ — k T

8¢R (07 YR, NP, 0) )
of .
Dop (0,0,0,7p)" .

and substitute the above formulae together with (20) into (11). We obtain

[ 0 ( VEr®t) —/7ROR() 0 0

(26)




and

o kr(t) + YRR 0
(EE")(t) = < 0 kpr + ypdp ) ’ (#1)
Hence, the Fokker-Planck equation has the form
dh 9
w = —a—&{(—VRﬁR)h(fR, {p.t)
_ %(/ﬁPfR —vp€p)M(ER, P, t)
2
—+ %%(kR(t) +7R¢R(t))h’(£R7£P7t)
2
+ 10 (kﬁpr+'7P¢P(t))h(€R7€P7t)

20¢p
and implies the Ito diffusion

dér = (—vr€r)dt + \/kr(t) + YrORAW,,, (28)
dép = (kp&r —vpép)dt +\/kpop + 7pdpdWe,.

Given matrices A and E we can derive the above equations directly from (12)

dér = (—vr€r)dt + /kr(t)dW1 + \/YrORAW?,
dép = (kp&r —ypép)dt + \/kpppdWs + \/vpppdWy.

This equations are equivalent to (28) as we can write

Vor(t)dWy + /yrordWo = \/kgr(t) + YrOrdWe,,
N Y e AN et

We assume that before time ¢, the transcription rate was constant and equal kg(to)
(kr(t) = kgr(to) for t < ty) and that the system is in the stationary state at time ¢.
Therefore the covariance matrix =_; is the covariance matrix of the stationary distribution of
the process (28) and by the fluctuation-dissipation theorem [1] can be found as the solution

of the following equation
AZ | +Z AT + EE (1) = 0. (29)



3.2 Single gene expression with autoregulation

For the model of single gene expression with autoregulation the stoichiometric equation
remain unchanged. The mesoscopic and macroscopic transition rates vector are as follows

kR(ta ¢P) kR(ta ¢P)
fe= | | ten= | (30)
YPP YPoP

where kr(t,p) = kr(t)/(1 + (p/H)"H).
To derive the LNA equations for this model we use formulae (30) and eq. (11) and write
the drift and diffusion matrices as

O e P TR e PN P TS

where ki (t) = 0kr/0¢p(t, op). Therefore, the equations given by the LNA are as follows

¢r = kr(t,0p) — YrOR, (32)
op = kpor—rop,

dép = (Kp(t)ép — yrér)dt + \/kr(t) + YrOR(t)dWE,

dép = (kp&r—vpép)dt + \/kpor(t) +vpop(t)dWp. (33)

Using the same argument as in the previous example we find the initial covariance matrix
=_1 as the solution of the following equation

A(to)Z-1 +Z1A(to)" + E(to)E(to)" = 0. (34)

3.3 Derivation of likelihood for PCR based reporter data

In this section we derive formula (23) in I. The data for the PCR based reporter case has
the form

Utp,1 Uty,2  5eeey Utgl—1 Ut 1
Uty ,1 Uty ,2 PEEER] Uty -1 Uy 1
u= : ) (35)
Ut_1, 1 WUty 1,2 5y Uty g 0-1 Uty
utnal utn72 AR utn,l—l utn,l

where w, ; = Ary, j + €, 11,; is the actual RNA concentration, A is the proportionality
constant, €, ; is the normally and independently distributed measurement error with variance
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2

oZ. The first of the lower indices ¢; denotes the time of observation and the second index

J refers to the measurement. The random variables u,, ; and u,,,, y are independent since
they belong to the different cells.

We set 2 = 1 and assume that the RNA levels in all cells are described by independent
processes r(t) = ¢gr(t) + Er(t), where

or = kg(t) — Yron,

dér = (—VrEr)dt + VEr(t) + YRORAW,,.

We assume that 7(t) is normally distributed with mean fi,, = ¢r(to) and variance ¢7,. Using
equations (7) and (8) of I we obtain that

p(r(t)|0) = U(r(t)|or(t),57), (36)

where

of :/ (exp(=27r(t = 5))((kr(s) + yror(s))))ds + 67 exp(=2(yr(t — to))). (37)

to

Taking into account that w, ; = Ary, ; + €, ; we obtain that

9) - ¢ (uti,j

p<uti7j Ht; s 0-1521) ) (38)

where
p, = Aog(ti),  op = N7 + 0l (39)
Since all observations are independent the likelihood function P(u|f) has the form

n l

p(lg) = [T]] ¢ (us

i=0 j=1

Mt O-i)

3.4 Cycloheximide experiment

Cycloheximide is an inhibitor of protein biosynthesis in eukaryotic organisms. It is widely
used to determine degradation rates of proteins. In the experiment GH3 rat pituitary cells
stably transfected with 5kb human prolactin promoter destabilised EGFP reporter construct
(hPRL-d2EGFP) were seeded onto 35 mm glass coverslip-based dishes (IWAKI, Japan) and
cultured in 10% FCS for 24h prior to imaging. Cells were transferred to the stage of a
Zeiss Axiovert 200 equipped with an XL incubator (maintained at 37C, 5% CO2, in humid
conditions) and images were obtained using a Fluar x20, 0.75 numerical aperture (Zeiss),
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air objective. Excitation of A2EGFP was performed using an Argon ion laser at 488nm.
Emitted light was captured through a 505-550 nm bandpass filter from a 545 nm dichroic
mirror. Images were captured every 6 min. 5 puM forskolin and 0.5 M BayK 8644 was
added directly to the dish for 6h followed by the addition of 10ug/ml cyclohexamide to
inhibit translation. Data was captured and analysed using LSM510 software with consecutive
autofocus. Analysis was performed using Kinetic Imaging software AQM6. Regions of
interest were drawn around each single cell and mean intensity data was collected over 14h.

We assume that action of cyclohexomide does not fully block translation but reduces the
translation rate significantly. If the amount of mRNA is assumed constant then translation
events can be treated as occurring at a small constant rate kp. Then the model of single
gene expression reduces to equations describing the variation in the amount of protein. From
(22),(28) these are given by

Q;P = kp —Vpop, (40)

dp = —vpdp+\kp+ypopdWp.

The DA can be used to obtain an analogous model. Again, neglecting fluctuation of mRNA
concentration, assuming constant translation and setting 2 = 1 from (25) we have

dp = (kp — vpp)dt + \/kp + yppdWp. (41)

By multiplication of the above equation with the scaling factor A we obtain an equation for
data ¢ = Ap proportional to the number of molecules

dqg = (Mkp — ypq)dt + VA Nkp + vpqdWp. (42)

This equation is equivalent to Cox, Ingersoll and Ross model and has known transition
densities [6] given by

V,w
p(qti+1 qti) = ypcexp(—u - U)(E) 2 ]w<2 \% UU), (43)
where ¢ = 2(Myp(1—exp(—ypAy))) 1 u = c(Akp+yppt) exp(—ypAy,), v = c(Mkp+7pp)t),
w= e _ 1 Ay, = tiy1 — t; and I,(-) is the modified Bessel function of the first kind of

P
order w.

4 Validity of the LNA

In this section we provide some guidelines for decisions about whether our method can be
used to obtain reliable estimates of kinetic rates or whether a more accurate method (e.g.

DA) should be used.
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The linear noise approximation has been obtained by Taylor expansion of the CME and
reaction rates around deterministic system trajectories in terms of 1/ VQ. The rationale
behind this expansion is that for constant average concentrations relative fluctuations will
decrease with the inverse of the square root of the volume. Therefore the LNA is accurate
when fluctuations are sufficiently small in relation to the mean (indication of large €2). Hence,
a natural measure of adequacy of the LNA is the ratio of the standard deviation to the mean,
i.e. the coefficient of variation (CV). To clarify this principle consider again the simple model
of single gene expression given by the CME (21). For simplicity assume that the transcription
rate kr(t) = kg is time-independent. It can be shown [4] that CVs for mRNA and protein
concentrations have the form

CV(p) _ 1 \/1 + kP/('YR + 'YP).

1 1
G Vkr/R RYY) VErkp/vrYP

The CV decreases with the v/Q. Since € is not identifiable with kg it can not be estimated
from the data. Nevertheless, the CV can be easily calculated during the estimation pro-
cedure, since variances and means at all times ¢; are computed to evaluate the likelihood
function (19). Figure 1 presents the CV for mRNA and protein for the simple model of
single gene expression and the model of single gene expression with autoregulation. The CV
is always smaller than approximately 0.5 and decreases during times when the number of
molecules is high. Our simulations show (data not presented) that for higher values of CV
estimates may start to exhibit bias. Therefore for large values of the CV the LNA is likely
to be a less reliable inference method.

There are two additional arguments that justify the usage of the LNA in a more precise
way. If X is a Poisson birth and death process governed by the CME (1), ¢ is a solution of
the MRE (3) and ¢ is described by (12) then

cV(r)

(44)

1. the process Q2 (X — Q) weakly converges to the diffusion (12) as Q — oo [7]; and

2. for the systems with linear reaction rates the mean and variance of transition densities
of the process X and of the process Qg + Q2¢ are equal [8].

5 Notes on the practical implementation of the algo-
rithm

5.1 Computation of the likelihood

Computation of the likelihood function 12 in I can be summarised by the following steps
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Figure 1: Coefficient of variation of RNA (left panel) and protein (right panel) for the models
of simple gene expression (solid line) and gene expression with autoregulation (dashed line).
The coefficient is calculated numerically for parameters presented in Tables 1A and 2B in I.

1 Numerically find ¢(t) for t € [to,t,] ;

2 For i =0,...,n—1 find numerically fundamental matrices ®;(s) for s € [t;,ti11];

3 Use results of steps 1 and 2 to compute covariance matrices =, ; for i =
0,..n;

~

4 Use matrices computed in steps 2 and 3 to construct covariance matrix X
according to the procedure from section 2;

5 Extract covariance matrix Y from ¥ (according to section 2);

6 For given data u evaluate multivariate normal density with mean vector
M(tg),...;o(tn—1)) and covariance matrix A\?Y+Y., where A and Y. are defined
the in section Methods of the I;
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5.2 Updating ©

Since biochemical rates are positive it is convenient to parametrise the model in terms of loga-
rithms of the original parameters. We denote the new parameterization by © = (4, ..., 0;) =
(log(6y), ...,log(8;)). The posterior distributions P(6|@) can be obtained from P(Oa) ac-
cording to the reparameterization rule [9] given here by the equation

P(©la) = P(eln) [ ] ¢; (45)

where H;?:l 0; is a determinant of the inverse Jacobian matrix of the parameterization ©.
Each parameter 9_]- is updated individually using a random-walk Metropolis algorithm. Let

éﬁi) be the value of H_j at iteration ¢ of the MCMC algorithm. A new value éﬁnew) is proposed
from the symmetric proposal distribution

0y ~ NV, 02 ).

The new value é;"ew) is then accepted with probability given by the following

where ©_;; indicates all other parameters excluding 6; at iteration i and P(©,2|y) is the
posterior distribution of parameters O. If éj("ew) is not accepted then 5]@“) = 5]@. The
variance parameter of the proposal distribution, agj, is carefully chosen to ensure that the
proposed moves are not too small (in this case there is very high acceptance of the proposed
values and the chains take a long time to explore the parameter space) or too large (in this
case the chains can get ’stuck’ as the proposed parameter values are not often accepted which
also leads to a slow exploration of the parameter space).

5.3 Numerical approximation of fundamental matrices

Consider the linear ODE
dd,

dt

where A(s +t) and @4 is an N x N matrix. Let ®4(t) be the solution of this with initial
condition the identity matrix i.e. ®4(0) = I. In order to compute the transition density

=A(s+1)D,, (46)
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covariances Z;_1 (eq. (7) in I ), it is necessary to find these matrices. This can be done
either by solving the equation directly (which gives ®4(¢) as t varies) or by solving the
adjoint equation (which gives ®4(t) as s varies). More detailed explanation can be found in
[10].

6 Inference using diffusion approximation compared
with the linear noise approximation based method

In this section we briefly describe inference methods based on the diffusion approximation.
We also use the example of the simple model of gene expression to demonstrate advantages
of using our method instead.

Similarly as in the section 1 of I. suppose we observe a discretely sampled multivariate
time series X = (xy,, ..., Tt,) that is assumed to be a realisation of the process (5). For
simplicity we assume that all components of x are observed and are measured without error.
The aim is to estimate the unknown parameters # given the data x through the posterior
distribution P(0|x) x P(x|0)7(6), where 7(6) denotes the prior distribution. In order to
perform inference the likelihood P(x|¢) must be derived. Through the Markov property of
the process (5) we have that

n

P(xl6) = [ p(x,

i=1

Xt; 1, 0). (47)

Exact transition densities of the diffusion (5) are unknown and approximation have to be
considered. If the time increment between observations A;, | = t; —t;_; is small then a good
approximation is given by the normal density [11]

p(Xti|Xti—l) = ¢(Xti|/lti—17 Eti—l)’ (48)
The mean y;, , and covariance matrix =;, , are given by

M,y = Xti—l+A(Xti—17ti_1)Ati—17 (49)
2., = A, E(xy ,,t)E(x, . t), (50)

i—17 i—1?

where A;, | = t;—t;_1. Justification for this approximations follow from the Euler-Maruyama
approximation of equation (5) and is discussed in details in [11].

In practical applications the A;, are usually not small. There exist various approaches
in the literature to deal with such a situation (e.g. [12],[6],[13]). One simple idea leading to
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MCMC based inference is to augment the data by introducing a finer set of times 7; ; so that
each interval [¢;,?;11] is partitioned into M + 1 subintervals [t; = 70, Ti1,s ooy s Tirt1 = tiva]-
Data is imputed at the new times 7; ; which we will denote by Ty 7 =1 M. Let denote
X* the set of all imputed points.

The new times are chosen so that the Euler approximation can be safely assumed to
be accurate on each subinterval [7;;,7; ;+1]. We can then use equation (47) to obtain an
augmented approximate likelihood P(x,x*|0) and write densities p(xy,|x¢,_,) in terms of
imputed variables x

* k
e X
Ti—1,1" ) Ti—1,M

M+1
Xtifl) = H p(X;k'(L71>J|X>tk(l71)J) (51)
7=0

p(xti

and p(Xr,_,,[%Xr,_,,) are calculated according to the formula (48). Monte Carlo methods
provide a feasible way to integrate out auxiliary variables.

By Bayes’ theorem, P(6,x*|x) o< P(x*,%x|6)7(6). Thus, to provide an estimate of # from
sparsely sampled data, MCMC can be used to sample from the joint posterior P(6,x*|x) of
the parameters ¢ and the auxiliary variables Xx* given the data X. The main problem of this
approach is that it increases the dimension of posterior distribution by nM N (number of
imputed points). The high dimension of a posterior distribution leads to highly correlated
Markov Chains. Therefore long chains must be generated to provide a reliable sample from
the posterior distribution. It may become practically unfeasible or extremely difficult if the
data frequency is low (large M needed) or if the process x is high-dimensional.

If some components of the process x are unobserved then the same data augmentation
procedure may be used to integrate out unobserved variables.

6.1 Inference for single gene expression model using the diffusion
approximation

To illustrate problems related to inference using the diffusion approximation method we use
the simple model of single gene expression (More detailed explanation can be found in [14]).
Suppose we have a sequence of measurements

X = (ptouptu "'7ptn)7

that can be treated as a realisation of the p component of the process (25). Assume that
Q2 = 1. To perform inference between each pair of subsequent observations (py,,pt,.,) M
additional points are introduced. In addition the r process in unobserved. Therefore the
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augmented data matrix (matrix composed of both x* and X) has the form

* * * * * * * *
( oy Tron o Troa Tho o Thoy Triia - Triu Th. )
* * * * *
Pty Proy -+ Proyy Ptv oo Ptuoy Pry iy o Proin Pha

There are 2n(M + 1) + 2 elements of the augmented data matrix (of which 2nM + n + 1
are unknown and n + 1 are known). Therefore, the posterior distribution P(Xx*,0|x*) has
dimension 2n(M) +n + 1+ dim ©.

For comparison, if we use the approach based on the LNA the number of unknowns is
equal to the dimension of ©.

Practical adjustment of the parameter M depends mostly on the time distance between
observations. For instance, if we assume that in an experiment fluorescence is measured
every 17 minutes, 101 times in total (n=100) and if we set M = 15, postulating that RNA
and protein changes in one minute intervals are normal, then we obtain that the dimension
of the posterior equals 3101 plus number of elements of the vector ©. If we use the LNA
based approach, proposed in this paper, the analogous posterior has the dimension equal to
the dimension of ©.
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Figure 2: Timeseries of mRNA generated using Gillespie algorithm for models of single
gene expression without autoregulation A and with autoregulation B. Parameters used for
simulation and estimates inferred from the timeseries are presented in Tables 1A and 1B
in the main text. In each panel 20 timeseries are presented. Deterministic trajectory and
average trajectory are plotted in bold black and red respectively. Corresponding protein
trajectories used for inference are presented in the main text.
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