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1 Evaluation of the Predictive Distributions for Local and Global Clus-

ters
Data Model:
P(®jkil jpg 2o) -~ N(#gkt’zk)
(ke[ Sr) ~ N (o, w0~ B (1)
p(Zk) ~ W (Z,m)
Noise Model:
P(tjueltre, 2k)  ~ N (py, (51) ' 2%) (2)

In the above equations 1, is the mean of the local cluster ¢ of the global cluster k in sample j, p;, is the
mean of the global cluster k, > is the covariance matrix of the global cluster k as well as the covariance
matrix of all local clusters sharing global cluster £ (no random effects assumed over the covariance matrices),
Mo is the prior mean and kg is a scaling constant that controls the deviation of the global cluster means
from the prior mean, x; is a scaling constant that controls the deviation of the local cluster means from
the corresponding global cluster mean, ¥ is a positive definite matrix that encodes our prior belief about
the expected X, and m is a scalar that is negatively correlated with the degrees of freedom.

For the data and noise models above the predictive distribution of a local cluster can be derived by
evaluating the following integral:

P(T kil D cjpy.r Dikt) = //p(mjkiNjknEk)p(ujkmEk|D.cjkt.aDjkt)aﬂjktaEk (3)

where D.cjkt, denotes the subset of cells sharing global cluster c;;; across all clusters and Djz; denotes the
subset of cells in sample j belonging to local cluster ¢ of global cluster k.

To evaluate the integral in (3) we need the posterior distribution of the parameters (g, k| D.c ., Dijkt),
which can be expressed as follows using the Bayes theorem:

P jts Xy Tjkts At | jtcypy =k Ak)
T (ks Sy it At | Bkt 0=k Ak )OOk

p(l‘l’jkt72k5|D~0jkt7Djkt) = (4)
where Z;; and Aji; are the sample mean and the scatter matrix for the local cluster ¢ of global cluster k
in sample j, respectively, and Ay is the scatter matrix for the global cluster k. These statistics are defined
as in (5).

- —1
Tkt = Mgy iji:tjki:t Ljki

_ N
Ajkt = kit =t (Tiki = Tjke) (Tjki — Tjke) (5)
Ak = jkt:C]'kt:k A]kt

In order to evaluate (4) we need to obtain p(fsjs, Xk, Tkt Ajkt|:ijkt:cjkt:k, Ay), which can be expanded as
follows:

Pkt D> Tints Ajet| B jhtec; =k Ak) = P(Zjnelijre, Dr)P(Ajre|Zi)

~ (6)
Pkt | Xk & jetics =k )P(Zk] Ak)

where
(Tt | Ek) = N (e, njre k)
P(Ajrt|Xk) = W (S njre — 1)
Pt Xk Tjtecy=r) = N(, R 1Eg) (7)
p(2k|Ak) = Ww-! (EQ + Ap,m + ijt:cjkt:k(njkt — 1))
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and p and K are defined as follows:

NjkthRl =
ijt:cjkt:k (njkt+1€1) w]kt + HO'LLO

M= T Rthl
ijt:cjktZk (njpe+r1) + ko
NjktR1
- (ijt:cjkt:k (njkt+"‘41) + ’QO)Hl

njtK1
ijt:cjkt:k (njkjt+/@1) + K0 + K1
Once the distributions in (7) are substituted into (4) a closed-form expression for p(ps, k| D.c;y,.» Dijkt)
can be obtained. When we substitute this solution into (3) we obtain p(x;;|D. Djit) in the form a
multivariate student-t distribution with three parameters.

Cikt-?

P(@ kil Dy Djre) = st — t(fa, 3, 0) (8)

The location vector (ji), the scale matrix (3), and the degrees of freedom (v) are given below.
Location vector: T+ Rl
. Nkt T K
=" (9)
Njkt + K

Scale matrix:

Yo+ Ap + Ajie + njﬁfg(ijkzt — ) (& — )"

X = (F4njxt) v (10)
(Rtnjre+1)
Degrees of freedom:
v=m+ Z (Njre — 1) +njre —d + 1 (11)

Jkticjri=k

The predictive distribution of a global cluster can be readily obtained from p(x ;x| D c;,,., Djkt) by setting

Dji; an empty set. This is equivalent to dropping terms related to local clusters in equations (9), (10),
and (11).

p(xi|Dy) = stu — t(j1, 3, v) (12)

The location vector (fi), the scale matrix (3), and the degrees of freedom (v) are redefined for a global
cluster as follows.
Location vector:

=i (13)
Scale matrix: St A

o 0 k

$=20T (14)

R+1
Degrees of freedom:
v=m+ Z (njge — 1) —d + 2 (15)
Jkticjri=k

where @ and & are defined as in (8) and (8), respectively.

Finally, the predictive distribution of an empty cluster can be obtained from p(x;i;| D x.) by setting
D . an empty set. This is equivalent to dropping terms related to global clusters in equations (13), (14),
and (15).



The location vector (fi), the scale matrix (%), and the degrees of freedom (v) are redefined for an empty
cluster as follows:
Location vector:

b= pg (17)
Scale matrix: 5
o 0
Y= K1KQ U (18)
K1Ko+tKo+K1
Degrees of freedom:
v=m-—d+2 (19)



