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Equations development 

Gene expression normalization 

PCR dynamics can be modelled by an exponential equation derived from the basic template 

DNA replication mechanism: 

c
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Where N
c
 is the amount of PCR DNA product at cycle c. In a perfectly efficient PCR reaction, 

the amount, or the copy number of PCR DNA molecules, would double at each cycle but, due to 

a number of factors, this is rarely the case in experimental conditions. Therefore the equation 

above is generalized as:  

Eq. 1 

c
c ENN ⋅= 0  

Where E is the PCR efficiency with 1 < E < 2. 

 

Because quantitative PCR measures fluorescence as an estimator of the amount of DNA present 

in the reaction at a given time, the absolute amount of initial DNA is generally unknown. 

Therefore the initial amount of cDNA corresponding to the gene of interest (DNA A) must be 

normalized to the level of an endogenous control gene or of a reference DNA standard (DNA B). 

Eq.1 can be formulated for the two DNA: 
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when the amplification curves of each DNA cross the threshold fluorescence value, 

where Ct
A
 and Ct

B
 are the threshold cycles of the two genes. Thus the DNA concentration ratio 

becomes:  

Eq. 1.2 
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which resolves into:  

Eq. 2 
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where RAB is the normalized ratio of the molar concentrations or of the copy number of DNA A 

relative to DNA B in a given sample. Note that Eq.  is a simplified form of the one developed by 

Meijerink and colleagues [1]. 

Propagation of error on normalized expression 

Assuming that in the second equality of Eq.2 EA, CtA, EB and CtB are obtained from imprecise 

measurements, the error on the normalized expression ratio may be determined using the Taylor 

expansion to the first order for the calculation of error propagation (or the delta method), which 

consists in expressing the derivative of R
AB

 as the sum of the partial derivative relative to each 

variable:  
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where each x
i
 is a measured variables (EA, CtA, EB, CtB), and )( ixVar  their associated 

measurement error. 

The equation above is valid for large samples and is useful to determine mathematically the 

propagation of error. Due to the relatively small size of our data set, the continuous ix∂  figures 

must be replaced by their discrete counterparts ix∆  to have a proper idea of how the errors 

propagates.  



Eq. 11 
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Note that this is an approximation of the behaviour of errors, whose approximated error tends to 

zero for large sample sizes, thus fulfilling the central limit theorem. 

When considering the first equality of Eq.2 (ratio of the original amount of template DNA), 

ABR∆  is given by: 

Eq. 10 
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Relative induction of gene expression 

Usually, experimenters are interested in the difference of the gene expression between two 

conditions (with versus without a drug, sane tissue versus metastatic tissue, etc…) [2-4]. We 

want to know whether the expression of the gene of interest is induced or repressed upon 

treatment. So the useful figure is the ratio of the normalized ratios (Eq.2), that we will refer as 

the normalized induction ratio thereafter: 

Eq. 13 
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where I1-2 is the difference of expression of the gene of interest (induction) between condition 1 

and condition 2 and RAB(i) is the normalized expression of the gene interest in condition i (1 or 2). 

Note that Eq.13 is valid only if the gene used for the normalization (internal standard) has an 

expression that is invariant with condition 1 and 2 [5]. Error on induction values is given by 

Eq. 14 
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Estimation of the PCR efficiency 

Determination of PCR efficiency can be readily performed by log-linearizing Eq.1:  

Eq. 3 

EcNN c logloglog 0 ⋅+=  

Eq.3 is a linear function of )(log cfN c =  with a slope m = log E when amplification is in the 

exponential phase. Therefore efficiency can be determined along with N0 by performing a linear 

regression through the linear part of the amplification plot when data are represented on a half 

log scale (LinReg method) [6-8]. The intercept of this regression is directly linked to the original 

DNA molecule number in the reaction, and the initial ratio of two DNA molecules can be related 

to their ratio during exponential amplification as in the first equality of Eq. .  

When c = Ct, Eq.3 can be rearranged as:  

Eq. 4 

E

N
N

E
Ct Ct

log

log
log

log

1
0 +⋅−=  

This expresses Ct as a linear function of )(log 0N , with slope  

Eq. 5 
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Therefore, measuring Cts of a set of serially diluted samples and performing a linear regression 

through a graph of the log of known initial (or relative) concentration vs their corresponding Ct 

allows the measurement of the efficiency [9]. This set of equations holds true only under the 

assumption that the PCR amplification behaves exponentially at the measured Ct  and that the 

efficiency is identical between the different PCR amplifications. 

Any linear regression generates an error on the fitted value of the slope and the intercept (if r2<1

). The regression function of Microsoft Excel was used to evaluate this error, providing the 

standard deviation of the slope and then calculating the associated error on the efficiency using 

the previous formulas for the propagation of errors:  



Eq. 5.1 
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Propagation of error on averaged values 

The different data processing models were first compared using experimental data averaged from 

all the conditions tested (primer, sample, dilution, etc), so as to avoid the potential bias that may 

result from the use of a particular primer or sample. Since each value used in the average has an 

associated error, we used a Taylor limited expansion method to determine how these errors 

propagate in the average value: 
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with the expression for the error X∆ determined by 
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