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Level-based model reduction

1. Retrieving microstates from a macro-de -
scription

Borisov et al. introduced a new viewpoint of modeling signaling networks,
namely a domain-oriented approach, which has been formalized in  Conzelmann et

al. In addition Borisov et al. have shown that in the case of completely indepen -
dent binding domains all micro-states can be retrieved from a macro—description
using probability calculations. Here we want to review the finding of Borisov

et al and show how this concept can be extend and used for model reduction.

1.1 Simple Example / Definitions

Westart  considering the most simple example of a signaling network. A transmem -
brane receptor D can be activated by an extracellular ligand L and in turn is
phosphorylated at another intracellular domain. In a first step we assume that
ligand binding and phosphorylation are completely  independent.
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In| 310 : =
(xDefinition of all mcrostatess)Varslst ExpMcro={DOO[t], DLO[t], DOP[t], DLP[t]};
(xDefinition of reaction rates using the nass action | aws)

Reacti onRat eslst Exp = {d1 - k1 *DO0O[t] -kd1xDLO[t], d2 - k2 +«+DO0[t] -kd2 = DOP[t ],
d3 - k3 x*DOP[t] -kd3+«DLP[t], d4 - k4 «DLO[t] -kd4 «DLP[t]1};

(xParaneter definition for conpletely independent domai nsx)

Par anmet er s1st Expl ndep = {k3 -» k1, kd3 » kd1, k4 -» k2, kd4 - kd2};
(xParaneter definition for unidirectional

i nfl uence between the two bindi ng domai ns*)
Par anmet er s1st ExpUni = {k3 - k1, kd3 - kd1};

(x*1st CQutput:Differential equantions for the microstates DOO[t ],
DLO[t ], DOP[t] und DLP[t ]=*)
ODElst Exp = {DOO’ [t] » -d1 -d2, DLO’ [t] »dl -d4, DOP’ [t] »d2-d3, DLP’' [t] -»d3 +d4};
ODE1st Expl ndep = ODE1st Exp /. Reacti onRat eslst Exp /. Paramnet er s1lst Expl ndep;
ODE1st Expl ndep // Matri xForm

(xDefinition of transformed system states according to Conzel nann
et al.These states are required because the probability cal cul ations
in Borisov et al.are formul ated using these | unped states. )

Var silst ExpMacro = {DXX[t ], DLX[t], DXP[t], DLP[t]};
Transformati onlst Exp = {DXX[t] - DOO[t] +DLO[t] + DOP[t] + DLPJ[t ],

DLX[t] -» DLO[t] + DLP[t], DXP[t] » DOP[t] + DLP[t], DLP[t] » DLP[t]};
Transformati onMatri x = Quter [D, Varslst ExpMacro /. Transformati onlst Exp,

Var s1st ExpM cro];
I nvTransformation= (Varslst ExpM cro[[#]] -

(I nverse[Transformati onMatri x]. Varslst ExpMacro) [[#]]) & /@ Range[4];
ODE1lst ExpTr ansf or ned = D[Var s1st ExpMacro[ [#]], t] =
Ful | Simplify[(Transformati onMatrix. D[Varslst ExpM cro, t] /. ODElst Expl ndep) /.

InvTransformation] [[#]] &/@Range[4];

(*2 nd Cut put: Transformed nodel equationsx)
ODElst ExpTr ansformed // Matri xForm

Qut| 316]// Matri XFor me
DOO' [t ] - ~k1 DOO[t ] - k2 DOO[t ] + kd2 DOP[t ] + kd1 DLO[t ]

[ ( [ [
DLO [t ] - k1 DOO[t ] - k2 DLO[t ] - kd1 DLO[t ] + kd2 DLP[t ]
DOP [t ] - k2 DOO[t ] - k1 DOP[t ] - kd2 DOP[t ] + kd1 DLP[t ]
DLP [t ] - k1 DOP[t ] + k2 DLO[t ] - kd1 DLP[t ] - kd2 DLP[t ]

Qut | 322|// Matr 1 xFor ne
DXX [t] >0
DLX [t ] — - (kI + kd1) DLX[t ] + k1 DXXt ]
DXP [t ] » - (k2 + kd2 ) DXP[t ] + k2 DXX(t ]
DLP [t] » - (KL + k2 + kdl + kd2) DLP[t ] + k2 DLX[t ] + k1 DXP[t ]
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1.2 Error Equation
Borisov et al . formulated the following  algebraic interrelationship

between macro - states and micro - states : DLP[t] =
DLX[t ] » DXP[t ]
DXX(T ] They also showed
that if the initial conditions fulfill this equation ,

it holds for all times t >0. Werewrite this equation in a slightly
modified form as DLP[t ] « DXX[t ] - DLX[t ] « DXP[t ] =0,
and we translate it into a formulation using the original micro -
states . If weassume that the initial conditions  may not
fulfill this equation , an error function g can be defined
g = DLP[t ] « DXX[t ] - DLX[t ] « DXP[t ]. It can be shown that this
function g fulfills alinear ordinary differential equation
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In|323]: =

(xTransformation of the error function.1
st Qutput:Transformed error functionx)TransfornmedG[t] =
Ful | Sinplify[g[t] » DXX[t]+*DLP[t] -DLX[t]*DXP[t] /. TransformationlstExp]

(xOrdinary differential equation for g[t].g[t] is differentiated
and the tine derivatives of the mcro-states are replaced by their
differential equations.2nd/3rd Qutput:Differential equation for g[t]. %)

ODEforG[t] = Ful | Si npli fy[D[TransfornmedG[t], t] /. ODElst Expl ndep]
ODEf or G[t ] /. {DLP[t] > (g[t] +DOP[t] +«DLO[t]) /DOO[t]}

Qut | 323| =
g[t] » -DOP[t ] DLO[t ] + DOO[t ] DLP[t ]

Qut| 324] =
g [t] > (k1 +k2 +kdl +kd2) (DOP[t ] DLO[t] -DOO[t ] DLP[t ])

Qut | 325] =
g [t] >-(kl1 +k2 +kdl +kd2) g[t]

This ordinary differential equation for g[tf] is homogene and stable. This is
the proof that if the initial conditions do fulfill o[t]=0, the equation  of
Borisov et al. holds for all t>0. Even if the initial conditions do not fulfill
g[t}]=0  Borisov’'s equation  will give a very good approximation for all t>t0,
since the system tends exponentially to g[t]=0.

Importantly, if the two binding domains are not completely independent, no such
global conclusions can be made. However, Borisov et al. have shown that g[t]=0
is a quite good approximation in a number of relevant cases.

2. Model reduction

Nowwe want to extend the considerations mode in Borisov et al. In the follow -
ing we again consider a receptor with 2 binding sites. However, in addition to
ligand binding and receptor phosphorylation of the intracellular domain also
effector binding to the phosphorylated domain shall be incorporated. Impor -

tantly, we first again assume that all binding events are completely indepen -
dent.
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In| 326]: =
(xDefinition of extended nodel 1)
React i onRat esExt Model = {d1 - k1 x*DOO[t] -kdl«DLO[t ],
d2 - k2% DOO[t] -kd2 «DOP[t], d3 » k3 xDOP[t] -kd3 xDLP[t],
d4 - k4 «DLO[t ] -kd4 «DLP[t], d5 - k5% DOP[t] - kd5 = DOE[t ],
d6 - k6 * DLP[t ] -kd6 «DLE[t ], d7 » k7 « DOE[t ] - kd7 « DLE[t 1};

ODELi st Ext Mbdel = {DOO’ [t] » -d1 -d2, DLO’ [t] » d1 - d4,
DOP’ [t] »d2-d5-d3, DLP' [t] -d3+d4-d6, DOE’' [t] »d5-d7, DLE’' [t] » d6 +d7};

(xParaneter val ues for conpl etely independent binding eventsx)

Par anet er sExt Model | ndep =

{k3 - k1, kd3 - kd1, k7 » k1, kd7 -» kd1, k4 » k2, kd4 - kd2, k6 » k5, kd6 - kd5};
(xParaneter values for |igand induced phosphoryl ati on. Ef f ect or

bi ndi ng i s i ndependent of |igand binding. )

Par anet er sext Model Uni = {k3 » k1, kd3 » kd1, k7 -» k1, kd7 -» kd1, k6 - k5, kd6 - kd5};

Var sExt Mbdel = {DOO[t], DLO[t], DOP[t], DLP[t], DOE[t], DLE[t]};

ODEEXt Mbdel Rat es = D[Var sExt Model , t] /. ODELi st Ext Mbdel ;

ODEExt Mbdel Eqn = ODEExt Mbdel Rat es /. React i onRat esExt Model ;

ODEExt Mbdel Li st = D[Var sExt Mbdel , t ] [[#]] » ODEExt Model EqQn[[#]] & /@ Range[6];

(xMbdel equations for sinmulations)

ODEExt Mobdel Sol ve = D[Var sExt Model , t 1[[#]] == ODEExt Model Eqn[[#]] & /@ Range [6];
ic={D00[0] ==1, DOP[0O] ==0, DLO[0] ==0, DLP[0] ==0, DOE[O] == 0, DLE[O] == 0};
ODEEXt Mbdel Si m= Joi n[ODEExt Mbdel Sol ve, ic];

(*St eady state solution of extended nodel %)

St eady St at eExt Model = Ful | Si npli fy[Sol ve[Joi n[ (ODEExt Model Eqn[[#]] == 0 & /@ Range [5]),
{ (Pl us ee Var sDet ai | ed) == D0}], VarsDetail ed]];

In the case of completely independent  domains, one can formulate three  error
equati ons:

gl[t]=DOO[t] *DLP[t] -DOP[t]*DLO[ t]

g2[t]=D00[t] *DLE[t] —-DOE[t] *DLO[ t]

g3[t]=DOP[t] *DLE[t] -DLP[t] *DOE[ t]

gl[t], 92[t] and g3[t] are error functions describing how much the assumptions

g1[t]=g2[t]=g3[t]=0 is violated. Interestingly, gl, g2 and g3 are independent
(that means that non of the three errors can be calculated if the other two
errors are known. However, if two of the equations gl[t]=0, g2[t]=0 and g3[t]=0
are fulfilled the third equation is also fulfilled!

Nowwe will show that these three error functions fulfill a homogene linear

ordinary  differential equation.
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I n| 338]: =

(xDefinition of the three error functionsx)
ErrorFunctions = {gl[t] ==DO0O[t] «DLP[t] - DOP[t] «DLOTt ],
g2[t] = DOP[t] *DLE[t] - DLP[t ] * DOE[t], g3[t] == DOO[t] * DLE[t] - DOE[t] *DLO[t ]};

Error Functi onsRepl Li st = Fl atten[Sol ve[ErrorFunctions, {gl1[t], g2[t], g3[t]1}]];
Repl Vars = Fl atten[Sol ve[Error Functi ons, {DLE[t], DOO[t], DOP[t]}1];
(xFormul ation of the linear error ODEs. Sanme procedure as shown
above.1st CQutput:Linear error ODEs in gl[t],g2[t] and g3[t]x*)
Error ODEs = Ful | Si npli fy[D[ErrorFuncti onsRepl Li st, t] /. ODEExt Mbdel Li st /.
Par amet er sExt Model | ndep];

Error ODEsG= Ful | Si mpl i fy[Error ODEs /. Repl Vars];
ErrorODEsG// Matri xForm

Qut| 342|// Matr i xXFor nF
gl [t] »-(kl +k2 +k5 +kdl +kd2) gl[t] +kd5 g3 [t ]

't
g2' [t] »> - (k1 +K5 +kdl +kd2 +kd5) g2 [t ] + k2 g3 [t ]
03" [t] >k5gl(t] +kd2 g2[t] - (k1 +k2 +kdl +kd5) g3[t]
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In| 343]: =

(xEi genval ues of the |linear ODE-system The Error -
CODEs are always stable.2nd Qutput: Ei genval ues of the error ODEs. %)
A=Quter [D, {gl’[t], g2’ [t], 93" [t]1} /. ErrorODEsSG {gl[t], g2[t], g3[t]}];

Ei g = Ei genval ues[A]

(xCbvi ously the biggest eigenvalue is the third one in the Iist bel ow. However,
it is always smaller than-kl-kdl! Hence,
the error always decays exponentially with an exponent smaller than-

kl-kdl! 3rd Qutput:lnequality A3<-kl-kdlx)

Ful | Simplify[Eig[[3]] <-k1-kd1]

Qut| 344] =
1

{—kl—kZ—kS—kdl—de—de, > -2kl -k2 - k5 -2 kdl - kd2 - kd5 -

\/k22—2k2 k5 + k52 + 2 k2 kd2 + 2 k5 kd2 + kd22 - 2 k2 kd5 + 2 k5 kd5 - 2 kd2 kd5 + kd5 2 )

%(—2k1—k2—k5—2kd1—kd2—kd5+

JK2? ~2k2 k5 + k5?2 + 2 k2 kd2 + 2 K5 kd2 +kd2? - 2 k2 kd5 + 2 kb kd5 - 2 kd2 kd5 + kd5? )}

Qut | 345| =
Jk2? + (k5 +kd2)2 + 2 (k& ~ kd2) kd5 + kd52 - 2k2 (k5 - kd2 + kd5) < k2 +k5 + kd2 + kd5

In| 346] : =
(» If the resulting inequality is squared and sinplified,
it can be shown that it is always fulfilled if k2, k5,
kd2 and kd5 are bigger than zero (4th Output )! =*)

Ful | Si nplify[(\/kzz + k52 + (kd2 -kd5)? -2 k2 (k5 - kd2 + kd5) +2 k5 (kd2 + kd5) |~2 <

(k2 + k5 + kd2 + kd5) 2, k2 > 0&&kd2 > 0 && K5 > 0 && kd5 > 0]

Qut | 346| =
True

In|347]:=

Wecan show (see above) that for independent binding events the error functions

fulfill the linear = ODE-system %IQ:A_G. Now we want to consider the case in which
ligand binding induces receptor phoshorylation. Here we want to show that in

this case the ODE-system looks like 49 =Ag+Bu.
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In| 348]: =
Er r or ODEsUni Model = Ful | Sinplify[
D[ErrorFuncti onsRepl Li st, t] /. ODEExt Mbdel Li st /. Paranet er sext Mbdel Uni ];
(» The term Bxu can be cal cul ated by subtracting the old ODEs fromthe i ndependent
case (Axg) fromthe new ODEs here. 1st Output : The term Bxu. =)

Full Simplify[({gl [t], g2’ [t], g3’ [t]1} /. Error ODEsUni Model ) -
({91’ [t], 92’ [t], 93" [t]} /. ErrorODES)] // Matri xForm

Qut| 349/ / Matri xFor me
~(DOO[t ] + DOP[t ]) ((k2 —k4) DLO[t] + (-kd2 + kd4 ) DLP[t ])

)
DOE[t ] ((k2 - k4) DLO[t ] + (-kd2 + kd4) DLP[t ])
DOE[t ] ((-k2 +k4) DLO[t | + (kd2 - kd4) DLP[t ])

Interestingly , this input vector can be written as
(DOO[t ] + DOP[t ], -DOE[t ], DOE[t])" » (k2 - k4) DLO[t] - (kd2 - kd4) %« DLP[t ].
The term (k2 - k4) DLO[t ] - (kd2 - kd4) = DLP[t ] can be interpreted as a flux
difference . The difference between the flux which would occur in a completely
independent reaction network and this reaction network . Additionally ,

it is obvious that if the ligand has a high affinity to the receptor

the norm of the vector (DOO[t ] + DOP[t], -DOE[t ], DOE[t])' will become very small .

2.1 The stationary error

In the following we will consider the stationary error of the example considered above, and we will show that the
stationary error vanishes if the model fullfils the detailed balance constraint. Additionally, we show that in other cases

the stationary error shrinks with growing values of parameters.

In| 350]: =
(*1st Assunption:ligand binding and effector binding are i ndependent. %)
Par amet er s1st Assunp = {k7 » k3, kd7 - kd3, k6 - k5, kd6 -» kd5};
(*Cal cul ation of the stationary sol utionssx)
St ati onar yEqn = Joi n[ (ODEExt Model Eqn /. Par anet er s1st Assunp) [[#]] == 0 & /@ Range [5],
{DOO[t] +DLO[t] +DOP[t] + DLP[t] + DOE[t] + DLE[t] == D0}];
St eadySt at eSol = Ful | Si npli fy[Sol ve[St ati onar yEqgn,
{Doof[t], DLO[t], DOP[t], DLP[t], DOE[t], DLE[t]}]];
(*1st Qutput:Stationary error of g2[t].This error function is chosen since it is
the only relation that is used in the | evel based reduction approach. %)
StationaryErrorEqn = Ful | Si npli fy[DOP[t] «DLE[t] - DLP[t] * DOE[t] /. SteadyStat eSol ]
Qut | 353| =
{— (DO? k5 (k1 k4 kd2 kd3 - k2 k3 kd1 kd4 ) kd5
((k3 +kd3) (k2 (k4 +kdl) (k3 +k5 +kd3) + k1l k4 (k3 +k5 + kd2 + kd3) + k2 kdl kd4) +
(k2 (k4 +kdl) (k3 +kd3) + k1l k4 (k3 +kd2 + kd3) + k2 kd1 kd4 ) kd5))/
(k5 (k3 +kd3) (k2 (k4 +kdl) (k3 +Kk5 +kd3) + k1l k4 (k3 +k5 +kd2 +kd3) + k2 kdl kd4) +
( (k4 +kdl) (kd2 kd3 (k3 +k5 +kd3) + k2 (k3 +kd3) (k3 +2Kk5 +kd3)) +
(k3 kd1 (k3 + k5 +kd2) + kdl (k3 +kd2) kd3 + k2 (k3 +kdl) (k3 +k5 +kd3)) kd4 +kl
(k4 (kd3 (kd2 +kd3) +k5 (kd2 +2kd3)) + k32 (k4 +kd4) + kd2 kd3 (k5 + kd3 +kd4 ) +
k3 (kd2 kd3 + k4 (2k5 +kd2 +2kd3) + (k5 + kd2 + kd3) kd4))) kd5 +
((k4 +kdl) kd2 kd3 + k2 (k4 +kdl) (k3 + kd3) + k2 (k3 +kdl) kd4 +
kdl (k3 +kd2) kd4 +kl (k4 (kd2 +kd3) +k3 (k4 +kd4) + kd2 (kd3 +kd4))) kd52)2}
In| 354]: =

(*
2 nd Assumption : Detailed balance is fullfiled in the
network ! In the network there are 2 detailed balace relations
k1 xkd2 «kd3 «k4 -1 und k3 xkd5 «k6 «kd7 -1
. kd1 +k2 «k3 xkd4 i 3 «Kk5 «kdb6 k7 :
With the 1st Assumption (above ) the

second detailed balance relation is already fullfiled
*)
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I n| 355]: =
Par anet er s2ndAssunp =
{kl->kdl*xk2xk3xkd4/ (kd2 xkd3 xk4), k7 - k3, kd7 » kd3, k6 » k5, kd6 -» kd5};

(* 1st Output : Stationary error under the 2nd Assunption =)
St ati onaryError Eqn /. Par anet er s2ndAssunp

Qut | 356] =
{0}

In|35/]:=
(*
In a last scenario we want to reconsider the case that Iligand binding
has an unidirectional influence on receptor  phosphorylation ,
but no direct influence on effector binding . In this scenario
the 1 st detailed balance constraint is not fullfiled . However,
the stationary error  quadratically decays with growing values of K1,
kdl, k5 and kd5 . In the following we consider the stationary error
which is a fraction . We calculate the order of numerator
and denominator in the different kinetic parameters
*)

In| 358]: =
(» 1st Output : Order of numerator considering
k1. 2nd Output : Order of denom nator considering k1.
3rd Output : Order of nunerator considering kdl. 4th
Output : Order of denomi nator considering kdl. =x)
Lengt h[Coef fi ci ent Li st [Nunerator [Stati onaryErrorEqn[[1]] /. Paranet er sext Model Uni ],
k111
Lengt h[Coef fi ci ent Li st [Denomi nat or [
StationaryErrorEqn[[1]] /. Paranet er sext Model Uni ], k1]]
Lengt h[Coef fi ci ent Li st [Nunmerat or [Stati onaryError EqQn[[1]] /. Par anet er sext Model Uni ],
kd111
Lengt h[Coef fi ci ent Li st [Denomi nat or [
StationaryErrorEqn[[1]] /. Paranet er sExt Model Uni ], kd1]]

Qut | 358] =
5
Qut | 359] =
7
Qut | 360] =
5

Qut| 361] =
-
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In| 362|: =
(» 1st Output : Order of numerator considering
k2. 2nd Output : Order of denom nator considering k2.
3rd Output : Order of nunerator considering kd2. 4th
Output : Order of denom nator considering kd2. =)
Lengt h[Coef fi ci ent Li st [Nurmerat or [Stati onaryError EqQn[[1]] /. Par anet er sExt Mbdel Uni ],
k211
Lengt h[Coef fi ci ent Li st [Denomi nat or [
StationaryErrorEqn[[1]] /. Paranet er sext Model Uni ], k21]
Lengt h[Coef fi ci entLi st [Nunerator [Stati onaryErrorEqn[[1]] /. Par anet er sExt Model Uni ],
kd211
Lengt h[Coef fi ci ent Li st [Denomi nat or [
StationaryErrorEqn[[1]] /. Paranet er sExt Model Uni ], kd2]]
Qut| 362| =
3
Qut| 363| =
3
Qut| 364| =
3
Qut| 365| =
3
In| 366] : =
(» 1st Output : Order of numerator considering
k4. 2nd Output : Order of denom nator considering k4.
3rd Output : Order of nunerator considering kd4. 4th
Output : Order of denomi nator considering kd4. =x)
Lengt h[Coef fi ci ent Li st [Nunerator [StationaryErrorEqn[[1]] /. Paranet er sext Model Uni ],
k411
Lengt h[Coeffi ci ent Li st [Denoni nat or [
StationaryErrorEqn[[1]] /. Paranet er sext Model Uni ], k4]]
Lengt h[Coef fi ci ent Li st [Nunmerat or [Stati onaryError EqQn[[1]] /. Par anet er sExt Model Uni ],
kd411]
Lengt h[Coef fi ci ent Li st [Denomi nat or [
StationaryErrorEqn[[1]] /. Paranet er sExt Model Uni ], kd41]]
Qut | 366 =
3
Qut| 367| =
3
Qut | 368 =
3

Qut | 369] =
3
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In| 370] : =
(» 1st Output : Order of numerator considering
k5. 2nd Output : O der of denoninator considering k5.
3rd Output : Order of nunerator considering kd5. 4th
Output : Order of denom nator considering kd5. =)
Lengt h[Coef fi ci ent Li st [Nurmerat or [Stati onaryError EqQn[[1]] /. Par anet er sext Model Uni ],
k571
Lengt h[Coef fi ci ent Li st [Denomi nat or [
StationaryErrorEqn[[1]] /. Paranet er sext Model Uni ], k511
Lengt h[Coef fi ci ent Li st [Nunerator [Stati onaryErrorEqQn[[1]] /. Par anet er sext Model Uni ],
kd511
Lengt h[Coef fi ci ent Li st [Denomi nat or [
StationaryErrorEqn[[1]] /. Paranet er sExt Model Uni ], kd5]]
Qut| 370| =
3
Qut| 371 =
5
Qut| 372| =
3
Qut| 373| =
5

3. General considerations

In the following we make some general considerations of a reaction cycle in
which two independent processes are coupled (e.g. ligand binding and phosphoryla -
tion). Additionally, we assume that the reaction cycle is stimulated by in-

fluxes J1 to J4.



Mathematical Analysis.nb

12

In| 374]: =

(xDifferential equantions for the mcro-states DOO[t], DLO[t ],

DOP[t] und DLP[t] in the general

case (i.e.with in-or out-fluxes)x)

CDEGeneral = {D00’ [t] » -d1-d2+J1, DLO’ [t] »dl-d4+J2,
DOP’ [t] »d2 -d3+J3, DLP' [t] » d3 +d4 + J4};
ODEGener al | ndep = ODEGener al /. Reacti onRat eslst Exp /. Paranet er slst Expl ndep;

(*1st Qutput:ODEs for the micro-states in this general case. %)
ODEGener al I ndep // Matri xForm

(xFormul ati on of the error equation,which can be witten as a linear ODE g’ [t]=
- (k1+kdl+k2+kd2)*xg[t J+u[t].2nd Qutput:Stinulation termuft]. %)

ErrorEqn = DLP[t ] *DOO[t] - DLO[t ] « DOP[t 1;
ODEforG[t] =Ful | Sinplify[D[ErrorEqn, t] /. ODEGeneral | ndep];
Ful | Sinplify[ODEforG[t] + (k1 +kdl +k2 +kd2) » (DOO[t] «DLP[t] -DOP[t] «DLO[t])]

Qut| 376]// Matri xFo
DOO’ [t ]
DLO' [t ]
DOP [t ]
DLP [t ]

Qut] 379| =

rnF

- J1 - k1 DOO[t ]
5 J2 + k1 DOO[t ]
5 J3 + k2 DOO[t ]
5 J4 + k1 DOP[t ]

~k2 DOO[t ] + kd2 DOP[t ] + kd1 DLOTt ]
~k2 DLO[t ] - kd1 DLO[t ] + kd2 DLPJt ]
~ k1 DOP[t ] - kd2 DOP[t ] + kd1 DLPIt ]
+k2 DLO[t ] - kd1 DLP[t ] - kd2 DLPJt ]

J4 DOO[t ] - J2 DOP[t ] - J3 DLO[t | +J1 DLPJt ]

4. Transformation

we show how the states of the detailed model can be calculated

In the following
from the Ilumped
we will consider
sider the more

I n| 380]: =
(xDef i ni t

states  of
the simple
complicated

i on of reduce

the reduced model using
example discussed in
example also described

d states as

th
in

the ratio  equations. First,
e text.  Afterwards, we con -
the manuscript.

described in the main text for the sinple exanple. %)

Egnl = {RO0 == DOO, RLO == DLO, ROP == DOP + DOE, RLP == DLP + DLE, RXE == DOE + DLE};
(xIn order to calculate the 6 detailed states fromthe 5 reduced ones,
one has to add an additional equationx)

Eqn2 = {DOP « DLE - DOE+ DLP == 0};

(¥*1st CQutput:Transformati on of the reduced nodel

states to the detail ed onesx)

Transpose[Ful | Si nplify[Sol ve[Joi n[Egqnl, Eqn2], {D00, DOP, DLO, DLP, DOE, DLE}]1]1]1 //
Mat ri xForm

Qut| 382]// Matri XFor me

D00
DLO

- ROO
- RLO

DOP - ROP - ROPRXE

ROP+RLP

DLP- RLP- RS

DOE -
DLE -

ROP+RLP
ROPRXE
ROP+RLP
RLPRXE
ROP+RLP
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In| 383|: =
(xDefinition of reduced states for the nore conplicated exanple. x)
Eqnl = {ROOO == DOOO, ROPO== DOPO, RLOO == DLOO,
RLPO:=:z DLPO, rE == dE, rF = dF, ROOP == DOOP + DOCE + D(IJEp+D(I]:,
ROPP == DOPP + DOPE + DOPEp + DOPF, RLOP == DLOP + DLCE + DLCEp + DLOF,
RLPP == DLPP + DLPE + DLPEp + DLPF, RXE == DOCE + DOPE + DLCE + DLPE,
RXEp == DOOEp + DOPEp + DLOEp + DLPEp + DOOF + DOPF + DLOF + DLPF,
XEpF == DOOF + DOPF + DLOF + DLPF + dEpF, rEp == dEp + dEpF};

(xIn this case one requires 10 ratio equations in order
to reconstruct the detailed states fromthe reduced onesx)

Eqn2 = {DOOP / DOCE == DLOP / DLOE, DOOP / DOCE == DOPP / DOPE,

DOOP / DOCE == DLPP / DLPE, DOOP / D(IJEp =DLOP/ DLOEp,

DOOP / DOCEp == DOPP / DOPEp, DOOP / DOOEp == DLPP / DLPEp, DOOP / DOOF == DLOP / DLOF,

DOOP / DOOF == DOPP / DOPF, DOOP / DOOF == DLPP / DLPF, DOOEp / DOOF == dEp / dEpF};
(xCal cul ation of the detail ed nbdel statesx)
ergl = Sol ve[Eqn2, {DOPEp, DLCEp, DOCEp, DOPE, DOOE, DOPP, DLOP, DLCE, DOOP, DLPF}1;
erg2 =Full Sinplify[Sol ve[Fl atten[Egnl /. ergl],

{dEpF, dEp, DLPE, DLPEp, DLPP, DOOF, DOPF, DLOF, DOOO, DOPO, DLOO, DLPO, dE, dF}]11;

(*1st Qutput:Transformati on of the reduced nodel states to the detailed onesx)

Full Simplify[Join[Flatten[ergl /. erg2], Flatten[erg2]]] // Matri xForm

Qut|387]// Matri xXFor nF

DOPEP- ~RroRRLPP ROGRROPH (5 :RYED
DLOED- ~RGRRLPP ROGRROPE (iEp :RXED
DOPE- RLORRTSEF;SE)PROPP
DLOE- RLORRT_ILD%TSS(E)PROPP

RLPPRXEpXEpF
DLPF - (RLOP-RLPP:ROORROPB (rEp +RXED)
ROPP(RLOP.RLPP:ROORROPP RXE-RXEp)
DOPP- RLOP RLPP:ROORROPP

RLOP (RLOP-RLPP-ROORROPPRXE-RXEp)
DLOP- RLOP-RLPP:ROORROPP

ROORXE
DOOE> gropriprROORROPP

ROORXEp (rEp +RXEp-XEpF)
DOOEp- (RLOP.RLPP:ROORROPH (rEp +RXED)

DOOR- ROOP(RLOP:-RLPP:ROORROPPRRXE-RXEp)

RLOP RLPP: ROORROPP
DOOGs ROOO
DOPQOs ROPO
DLOO- RLOO
DLPO- RLPO
dE > rE
dF - rF
RLPP (RLOP.RLPP:ROORROPP RXE-RXEp
DLPP- RLOP.RLPP: ROORROPP
RLPPRXE
DLPE- wrorripPROORROPP
ROOFRXEpXEpF
DOOF> —gromrrpr roOORROPR (TEp "RXEP
ROPPRXEpXEpF
DOPF- —gromrrpr RooRROPR (TEp RXEP)
RLOPRXEpXEpF
DLOF- —mromrrer.ROORPROPR (fEp TRXEpP
RLPPRXED (rEp +RXEp-XEpF)
DLPEP— ~=ropRIPP-ROOPROPH (TEp ~RXEp)

rEp XEpF
dEpF - ‘5 -~xep

rEp XEpF
dEp - rEp - ‘5~




