A short primer on graph theory

Formally agraph G is a pair(V, E) whereV is the set ofnodes(sometimes called
verticeg andE is the set obédges An edgee //E is a paire = (my, np), whereny, np, 7V

are nodes. Graphs can Beectedor undirected In a directed graph edges are ordered
pairs of nodes and are often call@s (n;, n,) means an arc fromy to n, and(n,, ny)
means an arc from, to n;. In an undirected graph the edges do not havertecydar
direction (i.e., ife; = (N1, ) 7V ande, = (ny, ny) 7V then e=&in an undirected graph).
Nodes and edges can hdaeels (i.e., character strings, name, words attacheitiem)
andweights(i.e., numerical values).

To model the ‘real world’, nodes are used to regmesentities and edges various
relationships between these entities. Nodes arallysteepicted as dots or circles and
edges as lines connecting nodes as in Figure 1dwarusually represent arcs (directed
edges), where the arrowheads indicate the direadttgn

In a directed graph we call nodes with outgoingesdgpurce nodesand nodes with
incoming edgesarget nodesfor each source node we define thaget setas the set of

all its target nodes (Figure 1B). A graph wherenalles are connected to each other by
an edge is called @empletegraph. Acliqueis a subset of the nodes in a graph such that
every pair of nodes are connected by an edge &.elique is complete subgraph). A
graph is aconnected graphf there is goath (a sequence of nodes such that each node in
the sequence is connected to the next one by am @dgn arc) from any node to any
other node in the graph. @onnected componeint a graph is a subset of nodes, such that
there is a path between every pair of nodes insthiiset. A graph with a small number of
edges (in comparison to the complete graph) i®dalsparse graphWe can also talk
about almost complete graphs and approximate digmtuitively approximate cliques

in a graph representing a biomolecular networkespond tonodules

Thedegreeof a node is defined as a number of connectiothge® adjacent to this node.
For a node in a directed graph we can distinguetivéen the number of incoming arcs
(indegre@ and outgoing arcso(itdegreg (Figure 1C). In many biomolecular networks
the distribution of the connections seems to follmughly the so-called power-law: a
linear relationship in a log-log plot between thegee of the nodes vs. the number of



nodes that have the particular degree [1] (Figuoé Bie main article). This implies that
there are fewhubs- nodes with a large number of connections; whitest nodes have a
low number of connections. This property was aleseoved for many other real world
networks, such as the Internet (connections betveeenputers, connections between
webpages), and for social networks (such as nesvoilacquaintances or co-authorship
of articles) [1].
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Figure 1 Basic elements of a graph representation.

A Nodes are represented as circles and connecteingeén nodes represent undirected
relationships (edges) or relationships where dwaetity is important (arcs)B Source
genes have outgoing arcs; target genes have ingoangs.C The number of incoming
and outgoing arcs is the degree of a node, thegnedels the number of incoming arcs,
and the outdegree is the number of outgoing arcsanl undirected network only the
degree is defined as the number of edges of a node.

Various data structures that can be used to remregsaphs [2]. For a grapB = (V, E)
with n nodes (i.e.|V|=n), anadjacency matriM is ann x n binary matrix of elements
m; (i, j =1, ..., n) such thatmy = 1, if there is an edge from nodeo j, andm;=0
otherwise. For a directed graph it is sufficientrépresent only source nodes along one

dimension and target nodes along the other dimense,m; = 1 if there is an arc from



source node to target nod¢. For weighted graphs the adjacency matrix candesl to
represent the weights of the respective edgesil{Qr&ans that there is no edge). An
adjacency listlinks each source node to an array of target no@esphs can also be
represented by a table(ation) where the first column contains the source nodkthe
second column the corresponding target node, fudbkRimns might be used to store
additional information about the edge, such asvégght, etc. Each data structure has its
own advantages and disadvantages. Adjacency nmtr@tlew storing additional
information about the edges, but may be memoryfioeft if the network is sparse.
Adjacency lists are memory efficient for sparsepbsa but make it more difficult to
represent additional information (labels) relate@dges.

Given a graph, various algorithms can be usedudysts properties. There are efficient
algorithms that allow findinghortest pattbetween a pair of nodes (Dijkstra's algorithm,
Bellman-Ford algorithm) or all pairs of nodes (Fleywarshall algorithm, Johnson's
algorithm). It has been observed that most graptisthe degree distribution following a
power-law have a short average path lengths betaegmpair of nodes [2]. Examples of
other problems important for biolomolecular netwsogke finding cliques or approximate
cliques, as these naturally correspond to ‘moduiesbiomolecular networks (on a
topological level — see main text). Unfortunatehding cliques in a graph is an NP-hard
problem, meaning that no efficient algorithm is ‘moor likely to exist. This does not
mean however that efficient heuristic algorithmsrkimg well for most real world

networks do not exist. For more about graph algord see [1, 2, 3].
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