
Appendix I  

Variance of the multiplication of two distributions 

For two independent variables X and Y, the variance can be derived as follows: 

Equation (1) 
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Variance of AdAF and NAAAF 

AdAF and the NAAAF (expressed below as an Attributable Fraction (AF)) are the same function with 

different parameters.  An AF can be expressed as: 

Equation (2): 
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Where X and Y are two independent variables. This can be simplified to: 

Equation (3): 
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With Z=X(Y-1). When expressed as equation 3 the function depends on a single variable and can be 

approximated easily by a Taylor series expansion in one dimension under the assumption that the 



function is sufficiently smooth. In general, around a point xo any function of class C
∞

 can be written 

as: 

Equation (4): 
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Where f(n)(xo) denotes the nth derivative of f(x) evaluated in xo. This series is the Taylor series 

expansion of function f around point x0. 

Thus, the variance of a function f(x) of a variable X around its mean value µX can be derived by 

evaluating the definition of variance using the Taylor series expansion of function f. We will restrain 

our analysis to a second order expansion assuming all higher order terms to be negligible: 

Equation (5): 
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As we only take the second order Taylor series expansion, the 2 last terms of the above expression are 

dropped and we have: 

Equation (6): 
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This general expression can now be applied to our AF function as are twice differentiable thus 

insuring the first derivative to be continuous and we have: 

Equation (7): 
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By using equation (1) we can find the variances of AdAF and NAAAF as they are expressions of the 

same AF function. 

For AdAF ൌ	 ௡ܲ௔ሺܴܴ௡௔ െ 1ሻ : 

Equation (8): 
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And for NAAAF with ܺ ൌ ௗܲ௥௜௡௞ሺܴܴௗ௥௜௡௞ െ 1ሻ: 

Equation (9): 
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Where 
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Variance of PDT 

The variance of the estimated proportion of HIV deaths for people currently under treatment  cannot 

be expressed as a function of a single variable and therefore the Taylor series expansion has to be 

made in two-dimensions. The second order Taylor approximation for a function of two variables 

around a certain point in two-dimensional space xo can be expressed as follows: 

Equation (10): 
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Where letters in bold represent 2-dimensional vectors. સ݂ሺ࢞૙ሻ represents the gradient and 

 .ሻሻ the Hessian matrix of function f(x) evaluated at point xo࢕ሺ݂ሺ࢞ݏݏ݁ܪ

Using the above approximation the variance of function f around its mean value µx can be 

approximated by: 

Equation (11): 
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Considering only the terms of second order or less we have: 

Equation (12) 
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With X1 and X2 the two variables making up the vector X, and 
డ

డ௑೔
݂ሺࢄ ൌ  ሻ the partial derivativeࢄࣆ

with respect to the i-th component of vector X evaluated at point ࢄࣆ. In our calculation of PDT, the 

variables X1 and X2 are respectively Ptreat and HRtreat and therefore independent. Thus, the above 

expression simplifies to:  

Equation (13): 
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Where DPtreat and DHRnon-treat are the partial derivatives of the PDT function with respect to Ptreat and 

HRnon-treat. These partial derivatives are given by: 
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