Supplemental information:
Application to the yeast cell-cycle
network

A simple yeast cell-cycle network shown in Figure 1(B) with 11 nodes
was proposed (F. Li, et al., The yeast cell-cycle network is robustly designed.
PNAS, 101(14), 4781-4786(2004)).

ICeu Size

Figure 1: The cell-cycle network of the budding yeast (A) and simplified
cell-cycle network with only one checkpoint “cell size” (B) (reproduced from
the above paper).

The dynamics of the network was defined by Li et al. as
1, Zaiij(t) > 0,
J
Si(t + 1) _ 0, Zaiij(t) < 0, (1)

Si(t), i%’Sj(t) =0,
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where 1 and 0 correspond to active and inactive states of the gene, i.e., 0
instead of -1 is used to represent inactive state, and a;; is similar to w;; in
dynamics

Si(t+7) = o3 wiSi(t)

2
= —]_, (7::1,2,...7”)7 (2)

1+ exp[— Zwijsj(t)]

a;; takes values 1 (green arrow) and -1 (red arrow), respectively. Moreover,
the yellow loop is used to represent “self-degeneration” (value -1).

Using model (1) Li, et al. found that there exit 7 saturated fixed point
attractors (upon considering 0 as -1) and all of the 2!! = 2, 048 possible
saturated initial expression states converge to one of the seven fixed point
attractors (see Table 1).

Table 1. The fixed point attractors of the yeast cell-cycle network (Figure
1(B)) and the number of saturated initial expression states (basin size)
converging to them

Basin CIn3 MBF SBF CiInl,2 Cdhl Swi5 Cdc20 Clb5,6 Sicl Clbl,2 Mcml

size

1,764 0 0 0 0 1 0 0 0 1 0 0
151 0 0 1 1 0 0 0 0 0 0 0
109 0 1 0 0 1 0 0 0 1 0 0

9 0 0 0 0 0 0 0 0 1 0 0
7 0 1 0 0 0 0 0 0 1 0 0
7 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0

Note that dynamics (1) is different from dynamics (2). For 3, a;;5;(t) =
0, dynamics (2) gives S;(t + 1) = 0, not S;(t). Dynamics (2) with the W
constructed directly from the connectivities in Figure 1(B) will not give the
same result as that from dynamics (1). Hereafter, 0 representing an inactive
state by Li et al. will be replaced by -1.

All the information given by the simplified model for the yeast cell-cycle
network (Figure 1(B)) will be considered as “experimental information” for
the budding yeast. The procedure shown below is only an illustration for net-
work construction and robustness analysis by our analytical treatment com-
bining the “experimental information” of budding yeast. A biologist familiar
with the yeast cell-cycle network possibly may construct better networks W'.



1 Network construction

Define the node order from 1 to 11 as that given in Table 1, i.e., CIn3 is
node 1, MBF is node 2, etc. We first construct all viable networks sharing
the most stable saturated equilibrium expression state, the first fixed point
attractor in Table 1

S;=(-1 -1 -1 -1 1 -1 =1 =1 1 =1 —=1) (3)

for dynamics (2). According to Theorem 2, these viable networks will also
share the other saturated equilibrium expression state

S, = —S,. (4)

Theorem 6 gives the criterion to construct all of such networks W, i.e.,
for the given saturated equilibrium state S; the following inequalities must
be satisfied by W:

Z Wi; — Z Wsj 2 ﬁ, if i € J+(Sl), (5)

JEJT(S1) Jj€J(S1)
Yoowy - Y wy <8 itieJ(S), (6)
jeJt(S1) j€J~(81)

under the condition w;; € [—a,a]. Here,

J+(Sl) = {579}7 (7>
J7(S1) = {1,2,3,4,6,7,8,10,11}. (8)

When w;; can take any value within [—a, a], there is an infinite number of
solutions for (5,6). As mentioned by Li, et al., “the overall dynamic properties
of the network are not very sensitive to the choice of these parameters” (w;;),
but the connectivity patterns of the network, i.e., the regulatory influence
between genes (activation, repression and absence) is important for gene
network robustness analysis. Therefore, we restrict that w;; can only take
the discrete values 1 (activation), -1 (repression) and 0 (absence).

When w;; only takes values [—1,0, 1], to satisfy (5,6), then each row of W
must have 5 or more nonzero elements due to 5 > 5. Otherwise, the network
would not have a saturated equilibrium state. This problem occurs not only
for networks with less than 5 genes, but also for larger networks with sparse
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connectivities between genes. For example, Node 1 (Cln3) in Figure 1(B) is
a pure “parent” node, which does not have any regulation coming from all
other “children” nodes, i.e., all wy; = 0 for j # 1, and for S; the condition
(6) does not hold:

Z wWyj — Z wyj = —wyp £ —f. (9)
JEJT(S1) jEJ~(S1)

To avoid this problem, the factor 3 is introduced such that
= pW, (10)

so to satisfy the condition (5,6), w;; can only take values [—1,0, 1] without

any restriction on the number of nonzero elements in each row of W. For the
sake of notational simplicity, in the sequel we still use W instead of W, but
write dynamics (2) as

Sit+71) = U(Zwijsj(t))

_ 2 Y (11)

1+ exp[-f3 Zwijsj (t)]

j=1

The necessary and sufficient condition for S to be a saturated equilibrium
state for dynamics (11) then become

> wy - j{: 10” > 1, ifie JH(S), (12)

JjeEJT(S) jeJ—
> wy - z:wﬁg—LiMeJ1$. (13)
jeJT(S) JjeJ=(8S)

For saturated equilibrium Sy, (12,13) may be written as

Soowy > 1w —w, ifi=5,9, (14)
j=13#5.9
Z wi; < —1—wp—wy, ifi#5,9, (15)
J=1i#5.9



or

Z wij < —14wis +wy, ifi=5,9, (16)

Z wy; > 1w +wy, ifi#5,9. (17)

Condition (16,17) will be used to construct all viable networks W for dy-
namics (11) sharing saturated equilibrium state Sj.
When w;; takes values [-1,0,1],

Wi5 + Wig = _27 _17 07 17 27
for all 9 possible combinations of (w;s, w;g)
(_17 _1)7 (_17 0)7 <O7 _1>7 (_17 1)? (17 _1)7 (07 0)7 (17 0)? (07 1)7 (17 1)?

we can determine all permitted row patterns satisfying (16,17) for the other
nine w;;’s in each combination of (w;s, wy).

To avoid —S and 0 as an equilibrium state and fixed point, similarly, the
modified dynamics

Si(t+71) = J(Zwiij(t))

- ’ 1 (18)

1+ 6Xp[—6<iwij5j(t) —0;)]

is proposed. The necessary and sufficient condition to have S as a saturated
equilibrium state for dynamics (18) is

Z Wij — Z w; —0; > 1, if i € J*(S), (19)

jeJH(S) jeJ=(S)
ST w3 wy -0 < -1, ifie o (9), (20)
jeJ+(8) JEI(S)



and for Sy (19,20) becomes

11
- Z wij —0; > 1 —ws —wy, ifi1=25,9, (21)

J=137#5,9

11
- E wij — b,

J=1,j#5,9

IA

—1- Wi5 — Wy, if 4 7é 57 97 (22)
or

11
Z wij+0; < —1+wps+wg, ifi=25,9, (23)
J=1,775.,9

11
J=1,j#59

Condition (23,24) can be used to construct all viable networks W for dy-
namics (18) with a given set of 6;’s sharing saturated equilibrium state S;.
Since there is no unambiguous biological interpretation of the values of 6; as
[—1,0, 1] for w;;, we will not construct all such viable networks here.

1.1 Determination of w;; for i = 5,9 in dynamics (11)

We determine all permitted row patterns of wy; for i € J*(S;), i.e.,i=5,9.

1.1.1 Determination of Wi (j 7£ 5, 9) with Wis + Wig = —2

According to (16) we have

11

J=1,j#5,9

The summation on the lefthand side is a negative number < —3. To satisfy
this condition, three to nine w;;(j # 5,9) can be -1. All permitted row
patterns are counted in Table 2.



Table 2. Permitted row patterns of w;;(j # 5,9) for w;s + w;g = —2

Number of -1 | Number of 0 | Number of 1 | Number of patterns
Formula | Number
3 6 0 Cs 84
4 5 0 Cy
4 1 CoCh 756
5 4 0 C3
3 i cicT
2 2 CiC3 1,386
6 3 0 CS
> T cocT
T 5 csc?
0 3 CS 672
7 2 0 Cq
T T o)
0 2 cy 144
8 1 0 CS
0 1 CS 18
9 0 0 Cy 1
Sum 3,061
1.1.2 Determination of w;;(j # 5,9) with w;5 + w;y = —1
According to (16) we have
11
> wy < -2 (26)

J=1,#59

To satisfy this condition, two to nine w;; can be -1. All permitted row
patterns are given in Table 3.



Table 3. Permitted row patterns of w;;(j # 5,9) for w;s + w;g = —1

Number of -1 | Number of 0 | Number of 1 | Number of patterns
Formula | Number
2 7 0 C? 36
3 6 0 Cs
5 1 C3CE 588
4 5 0 Cy
4 1 CsCs
3 2 CeC2 2,016
5 4 0 Cs
3 T CiCl
> > cic?
1 3 CsC3 630
6 3 0 C§
> T o]
1 2 CsCs
0 3 CS 672
7 2 0 cy
1 1 CiC;y
0 2 cy 144
8 1 0 Cs
0 1 CS 18
9 0 0 Cy 1
sum 4,105

1.1.3 Determination of w;;(j # 5,9) with w;s + w;y =0

According to (16) we have

> wy < -1 (27)

To satisfy this condition, there may be one to nine w;; being -1. All permitted
row patterns are given in Table 4.



Table 4. Permitted row patterns of w;;(j # 5,9) for w;s + w9 = 0

Number of -1

Number of 0

Number of 1

Number of patterns

Formula

Number

Cy

9

CZ

9
G50y

288

g

C5Cs

C5CE

1,848

Cy

CyCs

CyC3

CyCS

3,276

5

C5C

C5Ci

C5Ci

Cy

2,016

Cy

CyCy

coc?

Cy

672

Cy

C5C,y

s

144

5

C5

18

OO OO N WO N W D)W O OO O | T

O OINRP O WO WO W OIN O RO O

g

sum

8,272

1.1.4 Determination of w;;(j # 5,9) with w;5 + w;y =1

According to (16) we have



To satisfy this condition, nine w;; may be all 0, or one to nine w;; may be
-1. All permitted row patterns are given in Table 5.

Table 5. Permitted row patterns of w;;(j # 5,9) for w;s + w9 = 1

Number of -1 | Number of 0 | Number of 1 | Number of patterns
Formula | Number
Cy 1
Cy
CyCs 81
Cs
c2Cr
CaC? 1,044
Cy
CiCT
C3C?
C3Cs 3,528
Cy
CqCt
cice
cics
Cq 3,402
Cy
CsCi
CyCq
Gy
Cs 2,016
Cs
C5Cs
CyC3
CS 672
Cy

Ccy 144

Cs 18

OO O IN O N WO DWW DW= O WO Oy U O | ]| 0| ©
O OINRR O WO WO WO W N FOIN RO OO

sum 10,907
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1.1.5 Determination of w;;(j # 5,9) with w;s + w;g = 2

According to (16) we have

11
>, wy<1l (29)

J=1,j7#5,9

To satisfy this condition, one of nine w;; may be 1, or all nine w;; may be 0,
or one to nine w;; may be -1. All permitted row patterns are given in Table

6.

Table 6. Permitted row patterns of w;;(j # 5,9) for w;s + w9 = 2

Number of -1 | Number of 0 | Number of 1 | Number of patterns
Formula | Number
Cd 9
Ccy 1

0
0
1

CiC? 333

CZC3 2,304

CyCd 4,788

ca 4,032

3 2,016

C3 672

Cq 144

Cs 18

OO | O] || O N W O | D] W | Of [ D] QOf | O DN W x| U O x| U O] 3| O ~J| 00| ©| o
OO | O W N O W N O T = W N O W N O|W N~ ON OO~
<3l
o

sum 14,318
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Considering all possible nine choices for (w;s, w;9), the total number of
permitted row patterns of w;; for i = 5,9 is

3,061 +2 x 4,105+ 3 x 8,272 + 2 x 10,907 + 14, 318 = 72, 219.

1.2 Determination of w;; for i # 5,9 in dynamics (11)

We then determine all permitted row patterns of w;; for i € J~(S), ie.,
i #5,9. For i #5,9, inequality (15)

- Z Wij < —1—’1111'5—11}1'9, 1f’l7£5,9

J=1,37#5,9

needs to be satisfied. Condition (15) can be rewritten as

Z <_wij> S —1 + (—wi5) + (—wig), lf 7 7& 5, 9

j=1,j#59

which is the same as the inequality (16) used to determine w;; for ¢ = 5,9,
except that w;; is replaces by —w;;. Therefore, all the permitted row patterns
of w;j for ¢ = 5,9 multiplied by -1 are the permitted row patterns for ¢ # 5, 9.
Hence, the total number of permitted row patterns for each i(: = 1 — 11) is
the same, 72,219. Then, the total number of viable networks for dynamics
(11) with n = 11 and sharing the saturated equilibrium state S; (and S,) is

72,219 ~ 2.7872 x 10%3.

As shown below, according to Figure 1(B) of the yeast cell-cycle network,
the first row of W is restricted to be

(100000O0O0O0O0O0),

then the total number of viable networks of the budding yeast for dynamics
(11) is
72,219" ~ 3.8594 x 10,

There are many choices of networks consistent with the experimental obser-
vations.
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1.3 Construction of the yeast cell-cycle network W with
dynamics (11)
According to the definition for the green and red arrows as well as the yellow

loop given by Li et al., the network W, directly constructed from Figure 1(B)
is

(-1 00 0 0 0O 0 0 0 0 0
100 0 0 0 0 0 0 -1 0
100 0 0 0 0 0 0 -1 0
001 -1 0 0 0 0 0 0 0
000-1 0 0 1 -1 0 -1 0
Wo=| 000 0 0 -1 1 0 0 -1 1 (30)
000 0 0 0-1 0 0 1 1
010 0 0 0-1 0-1 0 0
000 -1 0 1 1 -1 0 -1 0
000 0-1 0-1 1-1 0 1
. 000 0 0 0 0 1 0 1 —1|

Wy does not satisfy condition (16,17) for any saturated state and does not
have a saturated equilibrium state for dynamics (11). However, Wy will
be used as a starting point (considered as an experimental observation of
the connections of the network) to construct networks with the saturated
equilibrium expression state S;. The construction of networks reduces to
satisfying condition (16, 17) or (23, 24) consistent as much as possible with
the connectivities in the experimental observation.

1. Row 1 (i=1€ J(S))

Suppose that
(w15, w19) = (07 0)

in Wy is true, then condition (17) requires

11
> wy;=14040=1
i=1i#59

There are three choices:
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1. Suppose that the information (wq;(j # 1) are all zero) given in Figure
1(B) is correct. Then the only choice is

w11 = 1.

2. If a biologist has observation that there exist activating regulations
from other nodes to Clin3, then some appropriate wy;(j # 5,9) can be
set to 1.

3. If the information (wy;(j # 1) are all zero, and wy; = —1) given in
Figure 1(B) is correct, then we can introduce a threshold parameter 6,
in dynamics (18)

S(t+7) = 2 1, (31)

1+ exp[—ﬁ(ZwUSj(t) —01)]

such that the condition (24)

wy+0=-1+60,>1

is satisfied.
We will introduce threshold parameters 6; later; and we choose row 1 of
W as
(1 00 00O0O0OGO0OO0O0).

2. Row 2 (i=2¢€ J(Sy))

For i =2 € J(S;), we also have (was, weg) = (0,0) in Wy and

11
Z Waj Z 1

J=1,j#59

should be satisfied. The summation on the lefthand side is zero for row 2
of Wy. So we need to add at least one 1 in any position 7 # 5,9. Without
any additional information about activation for node 2, we add 1 in j = 2,
i.e., a “self activation regulation”. The other way is to set ws; to be 2, but
this is beyond our restriction w;; € [—1,0,1]. If a biologist has sufficient
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information to prove such a choice, it may be adopted. Therefore, we choose
row 2 as
(1 100000O0O0 -1 0).

3. Row 3 (i=3€ J (S1))
The situation of row 3 is the same as row 2. We choose

(101 000O0O0O0 -1 0).

4. Row 4 (i=4€ J (Sy))

Similar to rows 2 and 3, we need to add 1 in some j # 5,9 in row 4 of
Wy. As we do not have any additional information, we still add 1 in 7 = 4
which cancels -1 in Wy to give row 4 as

(0010000000 O0).

5. Row 5 (i =5¢€ J"(Sy))
With (wss, wse) = (0,0) row 5 in W)
(000 100110 —10)

satisfies the condition

so we keep it.
6. Row 6 (1 =6 € J(Sy))

With (’UJ657 wﬁg) = (07 0) the condition

11
Z We 5 Z 1

J=1,37#5,9
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should be satisfied, but it is 0 for row 6 in W,. We need to add at least 1
in 7 # 5,9. Without any additional information, we add 1 in j = 6 which
cancels -1 there to give

(000000100 —11).

7. Row 7 (i =7¢€ J(Sy1))
With (w75, w79) = (07 0) row 7 in WO
(0O00OO0OO0OO0OO0O-100T1T1)

satisfies the condition

1
Z wrj > 1,

J=1,37#5,9

and we keep it.
8. Row 8 (i =8 € J(Sy))

Since
wgs + wWgg =0 — 1 = —1,

row 8 should satisfy the condition

1
Z wgj > 1 + wgs + wgg = 0,
J=1,j#5,9

but it is -1 for row 8 in Wy. We need to add at least one 1 in j # 5,09.
Comparing Figure 1(B) with 1(A), we see that node 8 is a combination of
node Clb5,6 and node DNA Replication. There is a green arrow between
the two nodes which was ignored after combination. To represent this green
arrow we can add 1 at j = 8 as “auto activation regulation” to give one
choice as

(01 0000 —-11—-10 0).

Moreover, there are bi-activating regulations between nodes Mcm1/SFF and
Clb1,2, but only one green arrow from node Clb5,6 to node Clb1,2. There
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is a possibility to have a green arrow back from node Clb1,2 to node CIb5,6.
So we may have another choice for row 8 as

(010000 11 —110).

9. Row 9 (1 =9 € J(Sy))
With (wos, weg) = (0,0) row 9 in W
(000 -1011-10 -10)

satisfies the condition

so we keep it.
10. Row 10 (i =10 € J(Sy))

Since
w1 + w9 = —1 — 1= -2,

row 10 should satisfy the condition

11

E wio,; > 1+ wigs + wige = —1.
J=1,j#5,9

Row 10 in W,
(0000 -10-11-101)
satisfies the condition, and we keep it.
11. Row 11 (i =11 € J(Sy))
With (wq15,w119) = (0,0) row 11 in W)
(0OOO0OO0OO0DO0OO0OT1TO0T1 —1)

satisfies the condition

11
Z wir,; > 1,

J=1,j#5,9
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and we keep it.

This procedure can be extended to sharing more than one saturated equi-

librium state.

Combining all choices of the 11 rows, we finally obtain two yeast cell-cycle

networks for dynamics (11)

=
[
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(32)

1.4 Determination of threshold 6¢; for dynamics (18)

with W,

As discussed above, we can also use Wy without any change, but introduce
the threshold parameters

OF = (61 0y 05 64 05 05 07 05 by 610 6n1 )

18
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satisfying

11
J=1,j#5,9

11
Z wy +0; < 14wy +wy, ifi#5,9. (36)
J=1,j#59
One choice with the smallest magnitudes for 6;’s

©'=(2 111010000 0) (37)

is obtained by using

11
Z wi; +0; = =1+ ws+wy, if 1=25,9, (38)
j=1,j#5,9

11
J=1,j#5,9

2 Saturated equilibrium expression states for
constructed networks

The saturated equilibrium expression states for a given network W in dy-
namics (11) can be determined by using the modified condition in Theorem

1
j=1

For n = 11, there are 2! = 2,048 saturated states. All of the 2,048 states
were tested by condition (40) for Wy and W, respectively, to determine which
of them are saturated equilibrium states of W; and W5. The test for 2,048
states took only 0.01 seconds by Matlab on a Dell Precision Workstation
T3400.

The saturated equilibrium expression states for a given network W with
threshold vector © in dynamics (18) can be determined by using the condition

j=1
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The resultant saturated equilibrium expression states for Wi, Wy and W,
with © have been obtained as shown below.

1. W,

W, has two saturated equilibrium expression states for dynamics (11)
s s = (-1 -1-1-1 1-1 -1 -1 1 -1 —-1),
Se = (1 1 1 1-1 1 1 1 -1 1 1)

with
82 - _Sl-
2. Wy

W5 has four saturated equilibrium expression states for dynamics (11)

S, = (1 1 1 1 -1 1 1 1-1 1 1),
Ss 1 1 -1 -1 1 -1 -1 -1 1 -1 —1),

S = (-1 -1 -1 -1 1 -1 -1 =1 1 -1 —1),
_(_
S, = (1 -1 1 1 -1 1 1 1 -1 1 1).

with
S, = —8Sq, Sy = —8S;.

The S; and S3 are just the 1st and 3rd fixed point attractors in Table 1.
3. Wy with ©

For W, with parameters ©, there is only a single saturated equilibrium
state for dynamics (18)

S;=(-1 -1 -1 -1 1 -1 -1 =1 1 =1 —1).  (42)
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3 Robustness to noise

First, the numbers of saturated initial expression states converging to each
equilibrium expression state for Wi, W, are determined by either directly
solving the dynamics (11) or using the modified condition of Theorem 5

Zwm (t>k) > —Inf(a —1) — /(s —1)2 = 1],i € J*(S),

wa (t>k) < Inf(a;—1)— /(g —1)2—1],i € J(S).

For W;, the CPU times are 0.8 and 0.3 seconds, respectively to check all
2,048 saturated states, i.e., using Theorem 5 the CPU time is ~ 41% of that
for direct solving the sigmoidal function. The results are given in Table 7.

Table 7. The number of saturated initial expression states converging to
different equilibrium states for different gene networks

Final state | Number of saturated initial states
WO with © W1 W2
Sy 2,048 1,024 979
So 1,024 979
Ss 45
Sy 45

The robustness to noise R, is defined as
R, =1/m

where m is the total number of fixed points. The robustness to noise R,,, of
a given saturated equilibrium expression state S; for a gene network W is
specified by the ratio of the number N; of saturated initial expression states
converging to S;, with respect to the total number 2" of possible saturated
initial states

R,, = N;/2".

Note that for Wy, W5, no saturated initial state converges to the unstable
fixed point 0. Therefore, in the calculation of R,,, we ignore 0 and only
consider the saturated equilibrium states. The robustness to noise R,, and
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R,,, are given in Table 8. There are significant differences between R, (i =
1,2,3,4) for W5. Obviously, the saturated equilibrium states Sy, Ss are much
more stable than Ss,S,.

Table 8. The Robustness to noise R,,, and R,, for different gene networks

Network | R,, Ry,
Si Sy Ss Sy
Wy with © | 1 1

8 172 1/2  1/2

Wy 1/4 10478 0.478 0.022 0.022

The robustness to noise I2,,,; of a given viable pair of saturated equilibrium
and initial expression states S; and S;(0) for a gene network W is specified by
the ratio of the number N;; of neighboring saturated initial expression states
differing from S;(0) by only one element and still converging to S;, with
respect to the total number n of possible one element differing saturated
initial states

Ry, = Nyj/n.

The robustness to noise R, for each viable pair of saturated equilibrium
and initial expression states was calculated. The distribution of R, , i.e.,
how many pairs with the same value of R,,;, is given in Tables 9 and 10.

Table 9. The distribution of R, for the networks Wy with © and W,

Final state | R, (for Wy with ©) | R, (for W)
11/11 10/11
S, 2,048 1,024
S, 1,024

Table 10. The distribution of R, for the network W5

Final state Rnij
2/11  3/11 4/11 5/11 6/11 7/11 8/11 9/11 10/11
S1 1 12 29 146 791
So 1 12 29 146 791
Ss3 1 6 21 7 3 7
Sy 1 6 21 7 3 7

The results show that W, with © is completely stable for any viable pair;
for Wi, there is one neighbour of S;(0) differing at the first element, which
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causes a change in the saturated equilibrium state S;; for W5, the distribution
of Ry, is divergent, and S; and Sy are much more stable than Sz and S.

4 Robustness to mutation

The robustness to mutation R,,, for saturated equilibrium state S; is defined

as
NY "NV
R, =W — wi
e D D=

i=1

where Ny, and N respectively are the total numbers of viable (keeping the
saturated equilibrium state unchanged) single w;; changes of W and its ith
row; Ny (= 242) is the total number of possible single w;; changes of W.
R,,,’s have been calculated for W;, W5 and W, with the © given above as
shown in Table 11. Note that for S; the robustness to mutation R,,, is almost
the same for Wy, W5 and W, with ©.

Table 11. The robustness to mutation R,,, of W, with ©, W; and W,

Final state | W, with © Wi W
Ny, Ry, | Nyy R, | Ny R,
S 137 0.57 | 140 0.58 | 143 0.59
S, 140 0.58 | 143 0.59
Ss 131 0.54
S, 131 0.54

Robustness to mutation R, for a specified pair of saturated equilibrium
and initial states S; and S;(0) of a viable network W is defined as
Ny~ NP

1y ]

-
& Ny 2n?

where N;j%_j is the total number of viable single w;; changes of W with respect
to a specified states S; and S;(0). Ny, can be obtained by determining how
many networks in Ny, which share the saturated equilibrium state S;, also
share the saturated initial expression state S;(0). The resultant distribution,
i.e., how many viable pairs having the same R, for Wi, W, and W, with
the © given above is shown in Table 12 and Figure 2.
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Table 12. The distribution of R, for Wy, Wy and W, with ©

Rmij Wy with © Wi Wo
S1 S; and S» S; and S» S3 and Sy

94/242 2
95/242 3
96,242 5
97/242 14
98/242 5
99/242 7
100/242 10
101/242 5
102/242 2
103/242 2
104/242 4 1 1
105/242 7
106/242 7 1
107/242 7
108/242 9 1
109/242 7 5 1 1
110/242 8 14 1 1
111/242 10 13
112/242 8 10
113/242 10 5 1
114/242 9 1
115/242 6 1 2
116/242 2 2 4
117/242 4 3 2
118/242 3 1 5
119/242 6 4 1 4
120/242 6 2 8 1
121/242 2 6 4 3
122/242 6 13 5 6
123/242 5 18 1 1
124/242 8 9 6 7
125/242 39 11 8 1
126/242 93 18 10 2
127/242 86 22 29
128/242 123 38 49 1
129/242 133 71 56
130/242 180 117 50
131/242 212 114 36 1
132/242 234 113 77
133/242 206 132 95
134/242 183 129 85
135/242 212 75 69
136/242 145 52 85
137/242 66 13 75
138/242 4 75
139/242 8 43
140/242 1 25
141/242 16
142/242 10
143/242 3

sum 2,048 1,024 979 45
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