SUPPLEMENTARY MATERIAL

Governing equations and numerical solution

Dimensional and dimensionless versions of the governing equations for the EGFR and GPCR models are presented in Table S1, which also presents the rate constants employed in the simulations. For the EGFR model the binding kinetics (kon and koff) values are from [1] and the trafficking (ke and kt) values are from [2]. The receptor expression levels RT are for EGFR in human mammary epithelial cells and the volume V is in the range that is typically employed in in vitro experiments. When there is no extracellular ligand present L(t)=C(t)=0, we obtain the relationship VR = ktRT for the zero-order receptor synthesis rate. This expression states that the total number of surface receptors prior to ligand addition reflects the balance between receptor synthesis and internalization terms. In all we have six independent parameters in the model: kon, koff, ke, kt, V, and RT. 

The GPCR model used here is a simplified version of the one presented in the work of Riccobene et al. [3]. These authors employ a cyclical reaction network to implement receptor activation. Their network consists of 4 species: inactive free receptors, R; active free receptors R*; inactive complexes (LR ( C in our model); and active complexes (LR* ( Ca  in our model). There are four reversible reactions between these species, which in cyclical order are as follows: 1) receptor-ligand binding (R+L ( LR) with association constant Kbind; 2) activation of receptor-ligand complexes (LR ( LR*) with equilibrium constant (Kact; 3) ligand dissociation from active complexes (LR* ( R*+L) with dissociation constant 1/(Kbind; and 4) deactivation of free receptors (R* ( R) with equilibrium deactivation constant 1/Kact. Here ( is the effect of ligand binding on receptor activation (Reaction 2 compared with 4) and due to the cyclical nature of the network also quantifies the effect of receptor activation on ligand dissociation (Reaction 1 compared with 3). We used (=104, which is the suggested value in Riccobene et al. This results in only a small number of active free receptors R*, which motivated us to simplify our model by choosing a single linear route towards receptor activation viz. (R+L ( C ( Ca). While, this simplification results in a delay in G-protein activation and a slight decrease in the overall amplitude of the response compared to the full cyclical model, the qualitative behavior of the model is preserved. Further, Riccobene et al. assume that desensitized receptors reversibly bind to extracellular ligand with an affinity much smaller than that of normal receptors. We have eliminated this infrequently occurring reaction in order to reduce the dimensionality of our model. 
Numerical solutions of the EGFR and GPCR ordinary differential equation (ODE) systems were obtained by integrating the governing equations (Table S1) using the ODE15s stiff equation solver of the MATLAB program with the appropriate initial conditions. For the impulse response calculations, the initial conditions used were R=RT, C=0, and L=0.01KD for the EGFR model and R=RT, G=GT, C=Ca=Cd=Ga=0, and L=0.01KD for the GPCR model. Here KD=koff/kon is the dissociation constant. Unless specified otherwise, rate constants listed in Table S1 were used in the simulations.
Linearization and analytical solution of a non-linear ODE system

Consider a system of non-linear ordinary-differential equations describing a general reaction network: dx/dt = M(x). Here x is the vector of species concentrations, t is the time variable, and M is a vector of non-linear functions describing the rate of change of species concentrations. This non-linear system can be linearized around the initial condition x=x0 by using Taylor series expansions for the non-linear functions Mi around the initial steady-state. Defining a set of deviation variables x’=x−x0, and discarding the higher order terms in the Taylor series expansion of M, we obtain dx’/dt = ((M(x’)/(x’)|x’=0
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x’, where ((M(x’)/(x’)|x’=0 is the Jacobian matrix for the system evaluated at x’=0. At the initial steady state M(x’=0)=0 so there is no constant term in the expansion. Hence, we can write the linear ODE system as dx’/dt = J
[image: image2.wmf]×

x’ with J representing the Jacobian at x’=0. The Jij element of the J matrix is the derivative of the function Mi with respect to the variable xj. If a set of external disturbances are imposed on this system, then the governing equations become dx’/dt = J
[image: image3.wmf]×

x’ + F(t) where F(t) is a vector of disturbances with Fi(t) describing the time-dependent disturbance in the ith species. This linearized equation system is presented in Table S1 for the EGFR and GPCR models.

The linear system of equations obtained as described above can be solved using Laplace transforms with the initial conditions x’=0. Taking Laplace transforms of the linear ODE system, results in the algebraic system (sI−J) x’(s) = F(s) where I is an identity matrix with the same dimensions as J, and x’(s) and F(s) are the Laplace transforms of x’(t) and F(t), respectively. The solution of this system can be written as x’(s) = G(s)
[image: image4.wmf]×

F(s) where G(s) = (sI−J)−1 is the transfer function matrix that relates the external system inputs F to the outputs x’. We used this relationship to determine the transfer function matrix for the EGFR and GPCR models. The element Gij of the transfer function matrix relates the jth input to the concentration of the ith species. In our models, the dimensionless ligand production rate f*(t*) is the only externally imposed disturbance. Hence the transfer functions of interest for the EGFR and GPCR models are the G32 and G72 elements of their respective G(s) matrices. These transfer function elements are shown in Table S1 (and in Eqs. 1 and 2 of the manuscript) for the two models. As seen, the EGFR response is characterized by a second-order transfer function while the GPCR response is fourth-order.

Impulse response of the linearized EGFR and GPCR models
We inverted the transfer functions using the standard partial-fractions technique to obtain the dynamic response. Figure S1 reports how the poles of the EGFR and GPCR transfer functions depend on the downregulation and desensitization parameters. The poles of both the EGFR and GPCR models were found to be real, negative and distinct over the range of parameter values employed in the manuscript. Due to the nature of these systems we plot the magnitude of the real poles as a function of the parameters rather than presenting the results in an imaginary axis vs. real axis root-locus plot as done traditionally (e.g., see 


[4, 5] ADDIN EN.CITE ). The results indicate that both systems are stable and the solutions can be expressed as a linear combination of exponential decays with the number of exponential terms being equal to the order of the characteristic polynomial. For a ligand impulse of dimensionless magnitude 0.01 the response of the EGFR and GPCR models can be written in a general form as y(t*) =
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where y(t*) corresponds to the dimensionless system output (C* for EGFR and Ga* for GPCR), n is the order of the system (n=2 for EGFR and n=4 for GPCR), pi are the roots of the characteristic polynomial in the denominator of the transfer functions, and Ki are coefficients obtained during partial-fractions expansion of the transfer functions. The analytical solution for the impulse response of the second-order EGFR model can be expressed as: 
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     (S1)
In the above equation p1,2 are the roots of the quadratic characteristic polynomial for the EGFR system: s2 + (1+(+()s +(( . The fourth-order transfer function for the GPCR model when inverted yields the following equation for the response to an impulse of magnitude 0.01: 
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     (S2)
We define the three roots of the cubic polynomial in decreasing order of magnitude with |p1|>|p2|>|p3| in the discussions. 
Response of the linearized EGFR and GPCR models to sinusoidal inputs

In order to examine the frequency response of the EGFR and GPCR systems we chose a non-negative sinusoidal function for the ligand entry rate, f*(t*) = (A*/2)[1(cos((*t*)]. The dimensionless response y(t*) to this input can be obtained by taking the inverse Laplace transform of the product G(s)f(s) where f(s)= (A*/2) (*2/[s(s2+(*2)]. For the EGFR system the frequency response can be written as:
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     (S3)
In Eq. S3, |G(i(*)| and ( respectively are the magnitude and phase of the complex number G(i(*). Since the poles of the EGFR system, p1 and p2 are real and negative, the magnitude of the first term in curly braces in Eq. S3 will decay to zero. For |p1| > |p2|, the second exponential term will be negative and will be larger than the first exponential term, thereby resulting in an overall negative value. Thus, the term in the first curly braces of Eq. S3 is a transient rise from a negative value to 0 and is denoted as ytr(t*) in the manuscript. The second term in curly braces in Eq. S3 is the steady-state response yss(t*). This term constitutes a sinusoidal variation about a mean value of A*/(2p1p2). Further the steady-state response has an amplitude ratio of |G(i(*)| and trails the input with a phase lag of ( radians. The frequency response of the GPCR system can be derived in a similar fashion and can be expressed as:

[image: image9.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

ï

þ

ï

ý

ü

ï

î

ï

í

ì

+

-

-

+

ï

ï

ï

þ

ï

ï

ï

ý

ü

ï

ï

ï

î

ï

ï

ï

í

ì

ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ë

é

+

+

+

+

+

+

+

-

-

+

+

+

-

-

+

+

+

-

-

=

-

f

w

w

f

f

r

w

f

f

f

f

f

f

r

w

f

f

r

w

f

f

r

w

f

f

r

w

f

*

*

*

*

3

2

1

*

2

*

2

3

2

1

2

*

2

3

3

2

3

1

3

3

2

*

2

2

2

3

2

1

2

2

2

*

2

1

1

3

1

2

1

1

2

*

*

*

*

cos

2

/

2

2

/

*

*

3

*

2

*

1

t

i

G

A

p

p

p

A

p

p

p

e

p

p

p

p

p

p

p

e

p

p

p

p

p

p

p

e

p

p

p

p

p

p

p

e

A

t

G

r

f

f

r

r

r

r

r

t

f

f

r

t

p

f

f

r

t

p

f

f

r

t

p

f

f

a

r













     (S4)
Similar to the EGFR frequency response, Eq. S4 for the GPCR response is the sum of a transient (term in the first curly braces) and a steady-state response (term in the second curly braces).
 Second-order approximation for the fourth-order GPCR transfer function
The GPCR model is characterized by a fourth-order transfer function with roots p1, p2, p3 and −(r. The roots p1, p2, p3 are real and negative. Of the four roots p1 has the largest magnitude and was found to be approximately one to two orders-of-magnitude larger than the other three (Fig. S1). Hence this root was discarded as first step towards identifying a lower order approximation for G(s). The third-order transfer function approximation was obtained as below taking care to match the gains of the two transfer functions. We first write the transfer function G(s) in its fully factored form as:
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     (S3)

Now, since p1 is the largest root we get: 
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                 (S4)
Note that since p1 is negative G3(s) still possesses a positive gain. This third-order transfer-function was further approximated by an equivalent second-order system using the method of Hsia [6]. Briefly, we first expressed the transfer function G3(s) in the form G3(s) = K/(l3s3 + l2s2 + l1s + 1). We then derived coefficients f2 and f4 from the coefficients of the cubic polynomial using the equations: f2 = 2l2 – l12 and f4 = l22 – 2l1l3. The unknown coefficients of the second-order approximating transfer function ((s) = G2(s) = K/(d2s2 + d1s + 1) were then computed using the relations: d2 = 
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. The impulse response of the full fourth-order transfer function G(s) and its second-order approximation ((s) are compared in Fig. S2 for the parameter values listed in Table S1. As seen the second-order transfer function serves as an adequate approximation for the GPCR model. Although ( and (n can be analytically described in terms of the dimensionless GPCR parameters, these equations are unwieldy and are not presented here. 
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Table 1: Governing equations and parameter values for the EGFR and GPCR models

	
	EGFR
	GPCR

	Governing equations
	Dimensional

dR/d t= –konRL + koffC – ktR + VR 

dL/dt =  (–kon RL + koffC)/(NavV) + f(t)

dC/dt = konRL – koffC – keC
	Dimensionlessa
dR*/dt*= –R*L* + C* –( (R* – 1) 

dL*/dt*= ( [– R*L* + C*] +   f*(t*)

dC*/dt*= R*L* – (1+()C*
	Dimensional

dR/dt = –konRL + koffC 

dL/dt =  (–kon RL + koffC)/(NavV) + f(t)

dC/dt = kon RL – koffC ( kfrC + krrCa
dCa/dt = kfrC ( krrCa ( kdsCa
dCd/dt = kds Ca
dG/dt = (kaGCa + kiGa 

dGa/dt = kaGCa ( kiGa
	Dimensionlessa
dR*/dt* = (R*L* + C* 

dL*/dt* = ( [(R*L* + C*] +        f*(t*) 

dC*/dt* = R*L* ( C* ( (fC* + (rCa*
dCa*/dt* = (fC* ( (rCa* ( ( Ca*
dCd*/dt* = ( Ca*
dG*/dt* = ((fG*Ca* + (rGa* 

dGa*/dt* = (fG*Ca* ( (rGa*

	Linearized equations:

dx'/dt= J0(x’ +F(t)
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	Transfer functionb
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	Parameter valuesc
	kon ​= 0.097 /nM/min
	
	kon = 8.4(107 /M/s
	

	
	koff = 0.24 /min
	Dimensionless parameters:
	koff = 0.37 /s
	Dimensionless parameters:

	
	ke  = 0.15 /min
	( = kt/koff = 0.083
	kfr = 10 /s
	(  = KaR​T/(NavV) = 0.052

	
	kt = 0.02 /min
	( = ke/koff = 0.63
	krr = 10 /s
	(f = kfr/koff = 27.03

	
	RT = 2(105
	( = KaR​T/(NavV) = 0.34
	kds = 0.065 /s
	(r = krr/koff = 27.03

	
	V = 4(10−10 liters/cell
	
	ka = 10−7 /s
	(  = kds/koff = 0.176

	
	
	
	ki = 2(10−1 /s
	(f  = kaRT/koff = 0.015

	
	
	
	RT = 5.5(104
	(r  = ki/koff = 0.541

	
	
	
	GT = 1(105
	

	
	
	
	V = 4(10−10 liters/cell
	


a The dimensionless variables are defined as follows: EGFR – t* = kofft; R* = R/RT; C* = C/RT; L* = L/KD;   GPCR - t* = kofft; R* = R/RT; C* = C/RT; L* = L/KD; Ca* = Ca/RT; Cd* = Cd/RT ; G* = G/GT; Ga* = Ga/GT     bThe transfer function relates the ligand input f(t) C* for the EGFR model and Ga* for the GPCR model    c EGFR: koff and KD are from [1] and the rest from [2]. GPCR: All rate constants are from [3]. The volume, V is in the range typically seen in in vitro experiments.
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Figure S2: Second-order approximation for the fourth-order GPCR transfer function. The response of the GPCR system to a ligand impulse of dimensionless magnitude 0.01 is plotted for a range of desensitization rates. The second-order transfer function (dotted lines) yields results that are in reasonable agreement with the response of the actual fourth-order transfer function (solid lines).
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Figure S1: Poles of the EGFR and GPCR transfer functions. The absolute values of the poles of the transfer functions are plotted on a log-scale as a function of the extent of downregulation, D for the EGFR (A) and the desensitization rate, kds for the GPCR (B) systems. For the EGFR system the two poles vary from (1.4 to (2.8 (red) and (0.02 to (0.21 (green) when D is varied from 1 to 20. For the GPCR system, three of the poles vary from (54.6 to (65.6 (red), (0.55 to (8.0 (green) and (1(10(4 to (4.7(10(2 (cyan)   respectively, while the fourth pole stays constant at (0.541 (= ((r) (blue) when the desensitization rate is varied. Both systems have real, negative and distinct poles for the entire range of parameter values simulated. Further, the trends in the poles of the systems suggest that the systems would respond faster when downregulation/desensitization is increased.
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