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SUPPORTING INFORMATION

I. Model of PPI network evolution under WGD with symmetric divergence and link “com-
plementation”

An alternative model of interest is the so-called “duplication-mutation-complementation” model initially proposed
in the context of protein network evolution through successive local duplications [1,2]. This model can be easily
adapted to the context of PPI network evolution through whole genome duplication, Fig. S1. After each global
duplication step, the probability to keep an instance of each interaction is now distributed randomly over the four
equivalent links without reference to particular protein duplicates, unlike in the main text model, Fig. 2. The
complementation step (which ensures that at least one instance of each previous link is retained) can be enforced
here through the “old” link copy (v, = 1) with 7, corresponding to the “new” interaction sharing no node with
Yo, while ~ still pertains to the last two equivalent cross links. This model is thus effectively symmetric from the
protein point of view and readily yields the following recurrence for the generating function of the network degree
distribution.

FO () = 2F0) (2 +6) (Yo + ) ), (1)
where 7o = (Yn+7)/2 and de = (dn+0,)/2 are effective average probabilities to retain or delete old and new
links (see below for proof details). Hence, the model of PPI network evolution with link complementation is
in fact equivalent to the case of a symmetric divergence of duplicated proteins in the previous general model.
Such symmetric divergence of duplicated proteins yields either a stationary, non-conserved exponential regime
(Th + Ty < 2, Fig. 3A) or a non-stationary dense regime [3] (I', + T, > 2, Fig. 3A).
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Figure S1. Alternative Model of PPI network evolution through whole genome duplication with symmetric divergence of
duplicated proteins and random link “complementation” [1,2].

Hence, the “duplication-mutation-complementation” model cannot lead to evolutionary conserved PPI networks
with scale-free topology, in the context of whole genome duplication evolution, by contrast to the same model applied
to local duplication with time-linear evolution [1,2].



Il. Proof of Functional Recurrences (Eq. 8 and Eq. S1)

After each whole genome duplication, each node has at most doubled its number of neighbors counted through
powers of z in the generating function. Hence, a given PPI network realization with Ny nodes of connectivity k
(k > 0) will contribute to the next duplicated ensemble of PPI networks as,

kak — kaZk (2)

After link deletion with probability § or §; = d,, d,, it contributes to the 2™ terms of the generating function (with
m=0,...,2k) as,

Nyt N, <Z (’Z)(vz)fzskf) (Z (lﬁ)m-x)fafl) = N (v + )i+ 6) )

for the asymmetric divergence model (Fig. 2, Eq. 8, main text) and as,
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with ve = (Vo + 7n)/2 and . = (6o + 6, )/2 for the symmetric divergence model with link “complementation” [1,2]
(Fig. S1, Eq. S1).

Ill. Gene functionalization patterns in different models of PPl network evolution under
WGD

The initial model depicted on Fig. 2 with asymmetric divergence of duplicated proteins leads typically to “neofunc-
tionalization” of “new” duplicates, while “old” duplicates retain most initial interactions (if not all for ~, = 1).

By contrast, the alternative model depicted on Fig. S1 with symmetric divergence of duplicated proteins and
random link “complementation” [1,2] leads typically to random “subfunctionalization” between protein duplicates
at the level of individual interactions. However, this eventually leads to exponential degree distributions with no
topology conservation of the PPI network (see above), whereas scale-free degree distributions with at least local
topology conservation of the PPI network indeed emerge under the initial asymmetric model, Fig. 2.

Yet, as discussed in the main text, the necessary asymmetric divergence of protein duplicates occurs “spon-
taneously” at the level of protein-binding sites rather than of the entire (multi-domain) proteins, as assumed in
Fig. 2. This motivates the redefinition of the initial model in terms of protein-binding domains (Fig. 4A) to capture
the asymmetric divergence of protein duplicates at the level of protein-binding sites and allow, at the same time,
for extensive domain shuffling events of multidomain proteins (see main text).

This more elaborate model of PPI network evolution by whole genome duplication and domain shuffling encom-
passes both “neofunctionalization” and “subfunctionalization” of gene duplicates at the level of protein domains,
in agreement with the suggestion that gene/protein evolution should be analyzed in terms of domains rather than
entire proteins [4-10]. In addition, this combined model of PPI network evolution also provides a theoretical
framework to describe the evolution of the “combinatorial logic” behind indirect interactions within multi-protein
complexes (see Fig. 4A and main text).

IV. Statistical weighting of indirect interactions from protein complexes

We use a statistical implemention of the “combinatorial logic” underlying indirect protein interactions. Indirect
interactions between protein pairs are weighted by the product of binding site “availabilities” along the shortest



weighted path of intermediate direct interactions connecting them. The “availability” a; of a binding site 7 is
defined as the relative expression level (e;) with respect to its first neighbor binding partners j of connectivity d; ,

€
<
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Where expression level e; can be distributed with specific statistics, such as randomly, uniformly or according to
characteristic power laws, as reported experimentally [11-15]. Yet, in practice, we found that the predicted large
scale topological features of PPI networks depend only weakly on the specific distribution of expression levels (for
reasonable distribution range).

a; =

1 (5)

The statistical probability of an (intermediate) direct interaction between domains ¢ and j is then proportional to
a;aj, which we use in a Dijkstra-like algorithm [16] for additive distance minimization assigning d;; = —In(a;a;) > 0
weights between interacting domains ¢ and j. Because of the presence of both covalent peptide bonds and direct,
noncovalent interactions between protein domains (Fig. 4A), indirect protein-protein interactions correspond to
alternating paths of noncovalent and covalent interactions with no successive noncovalent interactions which are
forbidden by the shared binding site constraint (i.e. a binding site can only interact with one binding partner
at a time). We describe below an algorithm which performs a simultaneous minimization for paths starting with
a covalent bond (c¢;;) and paths starting with a direct, noncovalent interaction (d;;). (An additional variable for
second node v;; on the path is also needed to avoid non-physical “covalent loops”.)

The initialization of distances between protein domains is:

cg; = Max, v =7 for all (4, 7) pairs, and

dij = di;=—In(a;a;) for direct, noncovalent interactions,
8ij =0, d;; = Max for covalent bonds,

dij = dyj; = Max otherwise.

We then iterate until convergence (after N2x (longest path) operations):
! — 3 .. ] . .
di; = mln(du, krgn(ll_I)ld((Slk + ck]))
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vi; = {k € (i)e | vy # 1, min(dz + min(d;, cx;))}

and remove eventually the minimum paths starting with a covalent bond (to avoid double counting of indirect
interactions for multidomain proteins below):

dij = Max if d;j > min(cij, ¢ji) (6)
Hence, the probabilities to observe a single indirect interactions within protein complexes is given by:
wi; =0 if dj; = Max
wi; = Bexp(—d;;) otherwise,

with the normalization condition X, ;w;; = 1, which gives 1/8 = 3, exp(—d;;).
wj; is thus the normalized product of availabilities aj along the shortest weighted path between ¢ and j.

Finally, the individual probabilities p;; to observe a total of M indirect interactions within protein complexes are
given by:
pij =1 = (1 —wy)" (7)

where n is solution of ¥;;p;; = M.

Given the number M of indirect interactions in various data sets [17-19], we have assessed their expected contri-
bution to the large scale topology of Yeast PPI network from the two-parameter v — A model described in the main



text. M ~ 28,000 corresponds to the sum of about 9,000 direct physical interactions from the BIND database [20]
(Fig. 3B&C filled symbols) and about 19,000 “matrix” interactions from [17,18] between 2, 100 proteins already in-
volved in direct physical interactions (out of 4, 576 proteins in the BIND database, Fig. 4C filled symbols). “Matrix”
interactions from [19] (Fig. 4C open symbols) are “reconstructed” from supplementary information files of [19] as
follows: “matrix” interactions are included for (each complex core)x (each associated “module”) and (each complex
core) x (each associated “attachment” = one protein). This reconstructed dataset should therefore be considered
as incomplete, since “matrix” interactions between compatible modules and/or attachments associated to a given
core are not taken into account (information not given in [19]).

Numerical fits (v = 0.1, A = 0.3) are displayed on Fig. 4C (for direct and indirect interactions) for both connectiv-
ity distribution (green) and average connectivity of first neighbors (blue). They corresponds to the same adjusted
values (y = 0.1, A = 0.3) as in Fig. 4B (for direct interactions only).

V. Evolution of PPI networks including self-interacting proteins under WGD

The possibility of protein homo-oligomerization can be explicitly taken into account by introducing 2 types of nodes
corresponding respectively to i) self-interacting proteins with self-link loops and i) non-self-interacting proteins
without self-link loops, Fig. S2. Available data on PPI networks reveals that about 10 to 15% of interacting proteins
are self-interacting [20]. In principle, the detailed evolution of PPI network conservation and topology is affected by
self-link loops which provide a source of duplication-derived de novo interactions between “old” and “new” copies of
duplicated self-interacting proteins. We introduce three new evolutionary parameters, p,, ttn, and g, corresponding,
respectively, to the probability to conserve the self-link interaction of an “old” or a “new” duplicated gene or the
duplication-derived de novo interaction between them, Fig. S2.
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Figure S2. Model of PPI network evolution through whole genome duplication with asymmetric divergence of duplicated
proteins and including self-link interactions.

From a theoretical perspective, we now have to solve two coupled functional recurrences for the generating
functions, FZ(") (z) and Fé?) (x), respectively, with and without self-link loops. The global generation function
including all network nodes is then simply F(™(z) = FZ(") (x) + Fé?) (x). Hence, we have,

e Generating function WGD recurrence for the self-link loops, F, é(n) (x):

Fé(n+1)(x) _ (,LLIZT +1-— ,LL) |:‘LLOF€(") (AO(I)) + ,LLan(”) (An(x)):|’ (8)

where o, pin and p correspond to the selection rates of the loop derived interactions as depicted in Fig. S2 and
Ao(z) = (Yox+00)(yx+6) and A, (z) = (Ynx+0n)(y2+0), as in the main text, with v,, 7, and 7 (resp. d; = 1—)
corresponding to the selection (resp. deletion) rates of the non-loop derived interactions as depicted in Fig. S2.



e Generating function WGD recurrence without self-link loops, Frg?) (2):
FU (@) = [F (A6(@) + B (An(@) | + (nz+ 1= ) [(1 = o) E (Ao(@)) + (1= i) L (An(@)) | (9)
with the same notations.
e And the global generating function including all network nodes, F(™(z) = Fe(") (x) + Frg?) (x):
FOHD(2) = [P0 (4,(2)) + FO) (An(@) | + e = D[F (40(2)) + " (An(@)) ] (10)

Note, in particular, that,

- 1) the evolution of self-link loops, F, é(") (x), is not coupled to non-self-interacting proteins, Ffl?) (z), while the global
network evolution, F(")(z), is coupled to self-link loops, Fé(") (x), if and only if u # 0.

- 11) the existence of self-link loops in the PPI network does not affect the arguments of any generating functions,
leading instead to self-link-dependent prefactors in all three generating function recurrences. This implies that the
leading term of successive derivatives at x = 1 of these generating functions involve successive powers of I', and
Ty, as T% and T%, where T, = 0, Ao n|ze1-

Hence, applying the same asymptotic method approach as above readily yields the following asymptotic regimes
for i) self-interacting proteins and ) global PPI network,

e ;) we always have Ay = o+ i, for the exponential growth rate of the number of self-link loops, and for scale-free
conserved regime, I'o > 1 > I'y, Ap = p1o + pin = pol'S¢ + pn 'S¢, which defines the power law exponent, ay, for the
limit degree distribution of self-interacting proteins, pg, oc k=1 k> 1.

e ii) there are two cases for the global network topology in the linear regimes (i.e. with same growth rates in terms
of node or link numbers):

1-IE Ay = prot+pin < To4+Ty = A =T3+I'¢, then the network growth rate A is dominated by non-self-interacting
proteins, which implies a negligeable effect of self-link loops and no changes from the paper conclusions, in particular
= Quye, corresponding to the scale-free exponent without self-link loops defined as I', + I'y, = 'S 4+ I'9»4, as in
main text.

2-orelse Ay = pio+ iy = A=T54+T% >T,+T, =T +T¢¢ then the network growth rate A is dominated
by self-interacting proteins, which implies some non negligeable effects of self-link loops but actually no changes
from the paper main conclusions on network conservation and topological regimes, except for the precise value of
the power law exponent « in scale-free regimes, which increases from o = ay,y to ane < a < ay. Note, however,
that self-interacting proteins exhibit a larger connectivity exponent a, than the global PPI network, a < ay.

Hence, overall, the general conservation and topological properties of PPI networks is actually little affected by
the presence of self-link loops, in the asymptotic limits of large PPI networks and large node degrees. As can be seen
from the above argument, this is because conservation and topological properties of PPI networks are controlled by
the exponential increase of their node degrees, k — k x I'; ,, while the contribution of de novo interactions arising
from duplicated self-interacting proteins can at most lead to a linear increase of node degrees, with a maximum
increment of 41 link per duplication event and protein. Thus, although an abundance of self-interacting proteins
can significantly affect the evolution of low connectivity proteins, it cannot lead to a change of topological regimes
for the highly connected nodes of the PPI networks (e.g. from exponential to scale-free node degree distribution
or vice versa). Hence, to a first approximation, self-interacting proteins can be simply ignored to establish the
asymptotic conservation and topology regimes of PPI network evolution, as we have done in the main text. Note,
however, that self-link loops might still be important for the evolution of certain network motifs whose initial
emergence might precisely depend on the presence of self-interacting proteins (e.g. the triangle motif unless one
triangle at least is already present in the initial network).
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