
Steady states in discrete and continuous models
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We consider the regulatory network between the species X1, X2, X3, X4 from Figure A,
where multiple inputs at a node are linked by an AND gate. Note that this is not the hy-
pergraph representation of the sum-of-product form. The corresponding update functions
for species X3 and X4

B3(x4) = ¬x4 and
B4(x1, x2, x3) = ¬ (x1 ∨ x2 ∨ x3)

are chosen to belong to the limited set of Boolean functions allowed in [1]. The state
vector x1 = 0, x2 = 0, x3 = 1, x4 = 0 is a steady state of the Boolean model. The presence
of one of its inhibitors (X3) is enough to repress X4. X3 in turn is active since its only
inhibitor (X4) is off. Note that this is exactly the kind of logic used in [1]. We can now
build a continuous model using the transformation method introduced in [1]. The inputs
to nodes X3 and X4 are

ω3(x4) = 1− 2
x4

1 + x4
and

ω4(x1, x2, x3) = 1− 4
3

x1 + x2 + x3

1 + x1 + x2 + x3
.

We have ω3(0) = 1 and ω3(1) = 0, as expected. However, the input to node X4 is only
minimal (0) iff x1 = x2 = x3 = 1, which does not agree with the Boolean logic. Here,
B4(x1, x2, x3) = 0 iff at least one inhibitor is active.

We now run a numeric simulation of the continuous model starting at the Boolean
steady state x1 = 0, x2 = 0, x3 = 1, x4 = 0, cf. Figure B. While node X4 should be
completely repressed in this steady state, it still receives an input of ω4 = 1/3 in the ODE
model, which is too high to permanently inhibit its activation. Consequently, we observe
a switching of X3 and X4 and the model ultimately comes to a rest in the steady state
x1 = 0, x2 = 0, x3 = 0, x4 = 1.
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