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Supplementary methods

Deriving the master equation from a continuous time Markov
chain

In this section, we define the continuous time Markov chain that underpins the
chemical master equations. This work was first described by Peccoud and Ycart
(1995). We consider a continuous time Markov cHain= {W (t) = (Y (¢), X (¢))|t €

[0, 00)} with a state space

S={(y,x)ly € {0,1},z € {0,1,2,...}},

where the first statg denotes the promoter status of a gene suchshat 1 if

the gene is active and 0 otherwise. The second stat#,the process represents

the number of MRNA molecules of the gene. We assume that the process has
stationary transition probabilities such that

Plya)=.a)(h) = P(Y(t+h) =y, X(t+h) = 2)|(Y(t) =y, X(t) = 7)),

where the transition probabilities are independerit of
The stationary transition probabilities of the process are given by

Paay»a)(h) = kogsh 4 o(h) 1)
Paz)y»aa+1(h) = sh+o(h) (2)
Puaysaan(h) = wdh+o(h) (3)
P(o )= (1, I)(h) = koh+ O(h) 4)
Posyswa-n(h) = xdh+o(h) 5)
Hereo(h) is any function such thdtmhw = 0. Transitions between states

not specified by the above equations are not allowed. The corresponding kinetic
model for stochastic gene expression is illustrated in Figure 1A.
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We describe the physical meanings of the kinetic paramessiscated with
the transition probabilities. L&t,—; denote the waiting time of a gene in an active
state until it first jumps to an inactive state. The random vari@ple follows an
exponential distribution with parametgs;;, where the average waiting time in
an active state |§€% Similarly, we let the random variablé,_, denote the
waiting time of a gene in an inactive state. This random variable is exponentially
distributed with parametek,,,, and the average waiting time in the inactive state
IS

gl'o interpret the decay raté we assume that each mRNA molecule degrades
according to its own decay process = {V(t) € {0,1}|t € [0,00)}, where
V(t) = 1if a mRNA molecule survives at timeor V (t) = 0 otherwise. The
decay processes of MRNA molecules are assumed to be identical and independent.
The process has the following stationary transition probability

Paysoy(h) = dh+o(h).

Thus, the lifetime of a mMRNA molecule follows an exponential distribution with
parametetrl, and the average lifetime of an mRNA moleculédis

Finally, the kinetic parametes is related to a Poisson process. lét=
{U(t) € {0,1,2,...}|t € [0,00)} be a Poisson process whevgt) represents
the total number of synthesized mRNA molecules of a gene in the time interval
[0,¢] and we assume that the gene is always in the active state. The stationary
transition probability is given by

P(x)ﬁ(x_,_l)(h) = Sh+0(h).

It is well known thatl/(¢) follows a Poisson distribution with mean. Therefore,
the average number of MRNA molecules synthesized in timet. If we sett =
, We obtain the average number of synthesized mRNA molecules while a gene

remams in an active state;— which can be interpreted as the transcriptional
efficiency. Finally, the inverse of the decay rdtdenotes the average lifetime of
an mRNA molecule, meaning thas,,, ks, ands are all measured in units of

Peccoud and Ycart (1995) showed thatif(x,t) denotes the probability of
havingz mMRNA molecules of a gene at timevhen in statey, then:

PUat+h) = Y P2 ) Py ansiya (h):

(v'2")



When the gene is inactivg & 0), we have

P(z,t+h) = P'2,t)Puw-00 ) + Pz + 1,t) Pogrn-0m)(h)
+P°(2,) Po.2)-(0.2)(h)
= Pl (.T, t)P(Lx)_)(O’x)(h) + PO(SL’ + 1, t) (0,z4+1)— )(h)
+P%(x,)(1 = Poa-a.m(h) — P, )—>(07r—1)(h))
= Pz, t)kossh+ P’(z + 1,t)(z + 1)dh
+ P2z, t)(1 — konh — dah) 4 o(h).

Dividing by h and taking the limit ag | 0, we obtain

OP%(x,t)
ot

Similarly, when the gene is active, we have

— koffPl(x, t) +d(x + 1)P0(x +1,t) — (kon + dx)PO(x, t)

OPY(xz,t)

™ = ko P’(x,t) + 5P (x — 1,t) + d(z + 1) P (x + 1,1)

~(ogs + 5 + dx) P (z,1),
wherezx > 1. If z = 0, we have

oPY(0,t)

o = kouP°(0,t) +dP'(1,t) — (koss + 5)P'(0,1).
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Supplementary Figure Legends
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The Poisson-Beta model is represented as a directed graphical
model. 7
Scatter plots showing the correlation of read counts between two
technical replicates of mouse ES cells. Highly expressed genes
above the cutoff (30 (S2A), 50 (S2B), and 100 (S2C)) are high-

lighted in red. 8
Scatter plot showing the spreadigf,; andk,;;,; of each gene
(12,551 genes). Red points mean non-identifiable genes. 9

Scatter plots showing correlation between the parameter estimates
and the true values (N=3.,, . = G,,,, = 100). s; in (C) and

(F) are multiplied by the size factor and the length of transcripts.
Scatter plots showing correlation between the parameter estimates
and the true values (N=@, . = B,,,, = 100). s; in (C) and

(F) are multiplied by the size factor and the length of transcripts.
Scatter plots showing correlation between the parameter estimates
and the true values (N=12; . = 5 ;,, = 100). s; in (C) and

(F) are multiplied by the size factor and the length of transcripts.
Scatter plots showing correlation between the parameter estimates
and the true values (N=20,, . = 5k,,,, = 100). s; in (C) and

(F) are multiplied by the size factor and the length of transcripts.
Scatter plots showing correlation between the parameter estimates
and the true values (N=100;,,, , = B&,,,, = 100). s; in (C) and

(F) are multiplied by the size factor and the length of transcripts.
Scatter plot showing the effect of priors by,; andk,s;. We

used the following priorsoy,, . = 1, B,,.. = 10, ag,,,, = 1,
5]%”,2. = 10 for (A) and Oy, = 1, 51%7“2. = 10000, akoff,i =1,
By = 10000 for (B). 15
Scatter plot showing the effect of priors on parameter estimates of
kon,i andkofﬂi. 16

Scatter plots showing correlation between the parameter estimates
and the true valuegy, ; is small and:, s ; is large, N=1008;,, , =

Br.;;. = 100). Each red point represents non-identifiable genes
with relatively large values of,;;; and low values of,,, ;. s;

in (C) and (F) are multiplied by the size factor and the length of

transcripts. 17
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S12 Scatter plots showing correlation between the paramestienates
and the true values, ; is large and:,; is small, N=1005;, ., =
Br.;;. = 100). Each red point represents non-identifiable genes
with relatively large values of,,,; and low values of,s;;. s;
in (C) and (F) are multiplied by the size factor and the length of
transcripts. 18
S13 Correlation of the average expression level with other promoter
kinetic parameters. In all the panels, the average expression level
is plotted on the y-axisp is the Spearman correlation coefficient. 19
S14 Correlation of transcriptional kinetics with RNA polymerase Il
binding in mouse ES cells. The average expression level is plotted
on the x-axis. In all the panels, the following are plotted on the
y-axis: the gene body activity (A), the gene promoter activity (B),
and the pause index (C). 20
S15 Correlation of transcriptional kinetics with RNA polymerase Il
binding in mouse ES cells. The cutoff used to filter out lowly
expressed genes is 100. 21
S16 Correlation of the average expression level with histone modifi-
cations in mouse ES cells. (A) Box plots that compare the av-
erage expression level (A) in the four groups. The H3K4me3
group is significantly different from the other$> < 10-'¢ for
E(z) by Mann-Whitney U-test. (D) The profiles of H3K4me3,
H3K27me3, and H3K36me3 ChlP-seq reads mapped near TSSs
are shown for genes with values of the three kinetic quantities in
the top 10% (red), middle 10% (green), and bottom 10% (blue) of
the relevant distribution. The y-axis is the total number of reads
mapped to each position. 22
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