
Additional file 1 — Boundaries of linkage disequilibrium be-
tween a QTL and a SNP with different MAF

The boundary of linkage disequilibrium (LD) between a bi-allelic SNP and a bi-allelic QTL is investi-
gated when they have different minor allele frequencies (MAF).

Boundary of LD measured by D

Let M1 and M2 denote the two alleles of SNP with allele frequencies pm and qm, respectively, and Q1

and Q2 the two alleles at QTL with allele frequecies pq and qq, respectively. The D measure of LD is
given by

D = P(M1Q1)− pmpq

= −P(M1Q2) + pmqq

= −P(M2Q1) + qmpq

= P(M2Q2)− qmqq,

where P(MiQj) is the frequency of haplotype MiQj , i, j ∈ {1, 2}. It follows that

P(M1Q1) = D + pmpq,

P(M1Q2) = pmqq −D,

P(M2Q1) = qmpq −D,

P(M2Q2) = D + qmqq.

Since P(M1Q1), P(M1Q2), P(M2Q1), and P(M2Q2) are non-negative, D should satisfy all the following
inequalities

D + pmpq ≥ 0,

pmqq −D ≥ 0,

qmpq −D ≥ 0,

D + qmqq ≥ 0.

Therefore
−min{pmpq, qmqq} ≤ D ≤ min{pmqq, qmpq}.

When M2 and Q2 are minor alleles, i.e. qm ≤ pm and qq ≤ pq, we have

− qmqq ≤ D ≤ min{pmqq, qmpq}, (1)

because of qmqq ≤ pmpq.

Boundary of LD measured by r

LD can also be measured as the correlation coefficient r between genotypes of the SNP and QTL. The
quantity r is preferred over D because the range of the value D takes is highly variable depending on
pm and pq, but the value of r always ranges between -1 and 1. Furthermore, the value r2 quantifies the
proportion of QTL genetic variance that can be explained by SNP genotypes, which is more relevant
to the interpretation of SNP regression model.

It can be shown that

r =
D

√
pmqmpqqq

.
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Following equation (1), the range of r between SNP and QTL is given by

−
√

qmqq
pmpq

≤ r ≤ min

{√
pmqq
qmpq

,

√
qmpq
pmqq

}
.

The ranges of r at different MAF of QTL are illustrated in Figure 1 when the MAF of SNP equals
0.5, 0.25, 0.05 and 0.01, respectively.

When the MAF of QTL decreases to zero, the range of r also shrinks to zero, indicating that high LD
is impossible when the MAF of either QTL or SNP is close to zero. Further, perfect LD (r = 1) is
only attainable when QTL and SNP have the same MAF, as shown by dashed vertical lines in Figure
1.
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Figure 1: Boundaries of r measure of LD between a QTL and a SNP when the MAF of
SNP equals 0.5, 0.25, 0.05 and 0.01.
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