
Derivation of likelihood 
Initial distribution of molecules. 

Let 𝑝(𝑗, 𝑐; 𝜇, 𝜈) be the probability of there being  𝑗 molecules at cycle 𝑐 in a partition given the 

parameters 𝜇  and 𝜈 . The initial distribution of parameters is given by the CMP distribution 

parameterised in terms of the mean 𝜇 and dispersion parameter 𝜈, and truncated at 𝑗 = 𝑚. Thus 

 
𝑝(𝑗, 0; 𝜇, 𝜈) =

1

𝑍(𝜆,𝜈)

𝜆𝑗

(𝑗!)𝜈  𝑗 = 0,1, … 𝑚 and 0 otherwise, with

𝜆 = 𝜆′ such that 𝜇 = ∑
𝑗

𝑍(𝜆′,𝜈)

𝜆′𝑗

(𝑗!)𝜈
𝑚
𝑗=0

 (1) 

where 𝑍(𝜆, 𝜈) is the normalising constant and a numerical method is required to solve the second 

line for 𝜆. 

Let 𝑁(𝑐) be the number of molecules at cycle 𝑐. For 𝑐 >  0  

 𝑁(𝑐) = 𝑁(𝑐 − 1) + Binom(𝑁(𝑐 − 1), 𝐸𝑐) (2) 

where Binom(𝑛, 𝑝) represents a binomial random variable with n trials and probability p of success, 

and 0 < 𝐸𝑐 < 1. The efficiency is 𝐸𝑐 = 𝐸 for 𝑐 > 1. 

Subsequent distribution of molecules. 

The distribution of molecules at each cycle can then be calculated from the probabilities for the 

previous cycle: 

 𝑝(𝑗, 𝑐 + 1; 𝜇, 𝜈) = ∑ 𝑝(𝑖, 𝑐; 𝜇, 𝜈)
(𝑗−𝑖)!(2𝑖−𝑗)!

𝑖!
𝐸𝑗

𝑗−𝑖(1 − 𝐸𝑗)
2𝑖−𝑗𝑗

𝑖=⌈𝑗/2⌉ , 𝑗 = 1, … , 𝑚2𝑐  

This is used, starting with the initial distribution given by Equations (1), to calculate the distribution 

for some cycle 𝑐0. To extend the model to later cycles, we model the increase of the number of 

molecules from 𝑁(𝑐0) as being normally distributed. We use the fact that Equation (2) represents a 

type of Galton-Watson branching process (Harris 2002) to derive the mean and variance: 

 
E(𝑁(𝑐)|𝑁(𝑐0) = 𝑛0) = 𝑛0(1 + 𝐸)𝑐−𝑐0  and

V(𝑁(𝑐)|𝑁(𝑐0) = 𝑛0) = 𝑛0(1 − 𝐸)(1 + 𝐸)𝑐−𝑐0−1((1 + 𝐸)𝑐−𝑐0 − 1)
  

Let 𝑞(𝑘; 𝑐, 𝛉) be the density of 𝑁(𝑐) where 𝛉 represents the relevant parameters. For clarity of 

display we shall drop 𝛉 until later. It can thus be approximated by  



 𝑞(𝑘; 𝑐) ≈ ∑ 𝑝(𝑖, 𝑐0; 𝜇, 𝜈)𝜙(𝑘, 𝑖(1 + 𝐸)𝑐−𝑐0 , 𝑖(1 − 𝐸)(1 + 𝐸)𝑐−𝑐0−1((1 + 𝐸)𝑐−𝑐0 − 1))𝑚2𝑐0

𝑖=1  (3) 

where 𝜙(𝑥, 𝑎, 𝜎2) = 1

√2𝜋𝜎2
𝑒

−
(𝑥−𝑎)2

2𝜎2  is the density of the normal distribution.  

Model of fluorescence 

Let 𝑅(𝑐) be the relative fluorescence at cycle 𝑐 with density 𝑔(𝑥; 𝑐). We model the relationship 

between 𝑅(𝑐) and 𝑁(𝑐) by 

𝑅(𝑐) = 𝐴 × 𝑁(𝑐), 

where 𝐴 > 0 is the relative fluorescence per molecule. Then 

 𝑔(𝑥; 𝑐) ≈ 

∑ 𝑝(𝑖, 𝑐0; 𝜇, 𝜈, 𝐸)𝜙(𝑥, 𝐴𝑖(1 + 𝐸)𝑐−𝑐0 , 𝐴2𝑖(1 − 𝐸)(1 + 𝐸)𝑐−𝑐0−1((1 + 𝐸)𝑐−𝑐0 − 1))𝑚2𝑐0

𝑖=1   (4) 

Basic model of threshold cycle 

Let 𝐶(ℎ) be the quantification cycle for threshold ℎ with density 𝑓(𝑐; ℎ). The fluorescence 

reaching the threshold h earlier than 𝑐 is equivalent to the fluorescence being more than ℎ at 

cycle  𝑐.  Thus the probabilities of these events are equal so that 

 𝑓(𝑐; ℎ) = 𝑑

𝑑𝑐
𝑃(𝐶(ℎ) < 𝑐) = 𝑑

𝑑𝑐
𝑃(𝑅(𝑐) > ℎ)  

A finite difference approximation can be used for the differentiation to approximate 𝑓(𝑐; ℎ) in terms 

of 𝑔(𝑥; 𝑐). 

 
𝑓(𝑐; ℎ) = 𝑑

𝑑𝑐
𝑃(𝑋(𝑐) > ℎ) ≈ 𝛿−1[𝑃(𝑋(𝑐) < ℎ) − 𝑃(𝑋(𝑐 + 𝛿) < ℎ)]

≈ ∫ 𝑔(𝑥; 𝑐)𝑑𝑥
ℎ

−∞
− ∫ 𝑔(𝑥; 𝑐 + 𝛿)𝑑𝑥

ℎ

−∞

 (5) 

where 𝛿 > 0  is a small positive constant.  

Detrending 

Let 𝑏𝑥 and 𝑏𝑦 be parameters representing the trends in the x- and y-directions respectively. The 

detrended data are then given by 

 𝑐𝑗̃ = 𝑐𝑗 − 𝑏𝑥 (𝑥 −
𝑛𝑥

2
) − 𝑏𝑦 (𝑦 −

𝑛𝑦

2
) (6) 

where 𝑥 is the column number out of 𝑛𝑥 and 𝑦 the row number out of 𝑛𝑦. 



Combining Equations (4), (5) and (6) 𝑓(𝑐; ℎ) can be approximated by  

𝑓(c; ℎ) ≈

∑ 𝑝(𝑖, 𝑐0; 𝜇, 𝜈, 𝐸, 𝐸0) [Φ (ℎ, 𝑖𝐴𝐺𝑐̃, 𝑖𝐴2𝐺𝑐𝑗̃
(

1−𝐸

1+𝐸
) (𝐺𝑐̃ − 1)) − Φ (ℎ, 𝑖𝐴𝐺𝑐̃+𝛿 , 𝑖𝐴2𝐺𝑐̃+𝛿 (

1−𝐸

1+𝐸
) (𝐺𝑐̃+𝛿 − 1))]𝑚2𝑐0

𝑖=1  

  (7) 

where 𝐺𝑐 = (1 + 𝐸)𝑐−𝑐0. 

Censoring 

Let 𝐧 = (𝑛0, 𝑛1) where 𝑛0 is the number of negative partitions (no molecules) and 𝑛1 is the 

count of high censored Cq values (one molecule). Let 𝐜 =  (𝑐1, . . . , 𝑐𝑛2
) be the uncensored Cq values 

along with 𝐱 =  (𝑥1, . . . , 𝑥𝑛2
)  and 𝐲 =  (𝑦1, . . . , 𝑦𝑛2

) the x- and y-locations of the associated 

partitions. The total number of partitions is  𝑛 = 𝑛0 + 𝑛1 + 𝑛2. 

Overall likelihood 

The overall likelihood is the product of the densities of Equation (7) for the Cq data and the 

probabilities from Equations (1) of the count data for the remaining partitions, 

𝐿(𝛉; 𝐜, 𝐱, 𝐲, 𝐧) ∝ 𝑝(0,0; 𝜇, 𝜈)𝑛0𝑝(0,1; 𝜇, 𝜈)𝑛1 × 

{∏ ∑ 𝑝(𝑖, 𝑐0; 𝜇, 𝜈, 𝐸, 𝐸0) [Φ (ℎ, 𝑖𝐴𝐺𝑐𝑗̃
, 𝑖𝐴2𝐺𝑐𝑗̃

(
1−𝐸

1+𝐸
) (𝐺𝑐𝑗̃

− 1)) −𝑚2𝑐0

𝑖=1
𝑛2
𝑗=1

Φ (ℎ, 𝑖𝐴𝐺𝑐𝑗̃+𝛿 , 𝑖𝐴2𝐺𝑐𝑗̃+𝛿 (
1−𝐸

1+𝐸
) (𝐺𝑐𝑗̃+𝛿 − 1))]}  (8) 

where  Φ(𝑥, 𝜇, 𝜎2) = ∫ 𝜙(𝑠, 𝜇, 𝜎2)𝑑𝑠
𝑥

−∞
  is the distribution function of the normal distribution. 

 

 


