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Implementation of phase P3

Phase P3 implements the RKF method [5], an explicit integration algorithm with variable step-size used
by each thread j to solve the j-th ODE, for j = 0, . . . , N − 1. This phase is implemented as 9 CUDA
kernels.

During this phase, for each step two different approximated states u(t+dt) and w(t+dt) of the state
X(t+ dt) of the system are generated as follows:
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To evaluate the accuracy of u and w at the current step-size dt, LASSIE exploits a user-defined
vector tolerance ε ∈ RN (with εj > 0 for all j = 1, . . . , N), and two additional arrays of type double,
ER, δ ∈ RN , defined as follows:

ER =
|w(t+ dt)− u(t+ dt)|

dt
, δ = 0.84

(
ε

ER

) 1
4

. (3)

If ERj ≤ εj for all j = 1, . . . , N , then u is accepted as new state of the system, that is, X(t + dt) =
u(t+ dt); otherwise, the solutions u and w are rejected and recalculated by using a new step-size. The
new step-size is computed as dt = dt ·min{δ1, . . . , δN}, being δ1, . . . , δN the components of vector δ (note
that the new value of dt has to be chosen in order to satisfy the requested error tolerance for all ODEs).

Overall, phase P3 is implemented by means of the following kernels:

• kernel K2: used to evaluate each ODE at the current state X of the system;

• kernels K3 – K8: each thread j, for j = 0, . . . , N − 1, computes the components l1j , . . . , l6j of
l1, . . . , l6, by invoking kernel K2;
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• kernel K9: each thread j, for j = 0, . . . , N − 1, computes the components wj and uj of the
approximated states u and w, respectively;

• kernel K10: each thread j, for j = 0, . . . , N − 1, calculates the components ERj and δj of ER
and δ, respectively.

Implementation of phase P5

Phase P5 implements the BDF methods, the most widely used implicit multi-step numerical integration
algorithms [8]. The general formula for a BDF can be written as

q∑
i=0

αiX(t− ti) = dtβ0f(t,X(t)), (4)

where the coefficients αi (with α0 = 1) and β0 are chosen according to the order q of BDF [8], and dt
is user-defined. Note that, for q > 6, the absolute stability region of the resulting BDF methods is too
small, so that such BDFs are characterized by numerical instability [3]. Therefore, BDFs with an order
q greater than 6 are not used. Since each BDF is an implicit method, at each time step it requires the
solution of a nonlinear system of equations, which can be solved by using the iterative Newton–Raphson
method [2]. This system can be written as follows:

g(X(t)) ≡ X(t)− dtβ0f(t,X(t)) + cX(t) = 0, (5)

where cX(t) =
∑q

i=1 αiX(t− ti) is a constant quantity depending on previous values of the state of the
system X(t) and on the order q.

The Newton–Raphson method allows to find successively better approximations z of the zeros of
a real-valued function f(z) = 0, and it is repeated until a sufficiently accurate value is reached. The
approximation at iteration n is calculated as follows:

zn+1 = zn −
f(zn)

f ′(zn)
, (6)

where f
′
(zn) denotes the derivative of f(zn).

This idea can be extended to a system of nonlinear equations, by using the Jacobian matrix J(t,X(t))
of f(t,X(t)). Therefore, the following system should be solved:{

J(Xi)vXi = −f(Xi)

Xi+1 = Xi + vXi,
(7)

where vXi is the vector used to update Xi, and Xi+1 at time t can be written as

Xi+1(t) = Xi(t)−
(

I− ∂f

∂X

)−1

g(Xi(t)). (8)

Since the calculations required to invert the matrix

(
I − ∂f

∂X

)
are computationally expensive, we can

derive the following linear system:{
(I − dtβ0 ∂f

∂X (t,Xi(t))∆vi = −g(t,Xi(t))

Xi+1(t) = Xi(t) + ∆vi,
(9)

where ∆vi is the vector solution of the linear system (Equation 9) at iteration i, and I is the identity
matrix. The ∆vi vector is used to update the iteration vector Xi+1(t) required by the Newton-Raphson
method.

Since the evaluation of the Jacobian matrix at each iteration is computationally expensive, LASSIE
actually exploits the modified Newton–Raphson method [7]. Thus, the iteration matrix is evaluated once
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Figure 1: Flowchart of phase P5. (1) Each thread j, for j = 0, . . . , N −1, calculates the j-th known term
of the linear system given in Equation 9, which is obtained from the system of non-linear equations given
in Equation 7; (2) each thread j derives the j-th row of the Jacobian matrix and evaluates it on the
current state of the system X; (3) the linear system is solved by exploiting the LU factorization method
supplied by cuBLAS library; (4) the solution of the linear system is used to update the iteration vector
for the execution of the Newton-Raphson method; (5) steps 1 to 4 are iterated until the termination
criterion is satisfied, that is, a maximum number of iterations is reached, or a value smaller than a fixed
tolerance value εNR is achieved.

at the beginning of each step, based on the predicted value X0(t), and it is used for all the iterations
during the current step. The linear system is solved by using the LU factorization method [1], which
is a direct method supplied by the Nvidia CUDA Basic Linear Algebra Subroutines (cuBLAS) [6], a
GPU-accelerated version of the standard BLAS library [4]. The Newton-Raphson method is iterated
until the maximum number of iterations is reached, or a sufficiently accurate value is achieved (i.e.,
smaller than a user-defined tolerance value εNR). When this method ends, the state of the system is
updated as X(t+ dt) = Xi+1(t). The workflow of phase P5 is schematized in Figure 1.

Overall, phase P5 is implemented by means of the following kernels:

• kernel K11: each thread j, for j = 0, . . . , N − 1, derives the j-th row of the Jacobian matrix and
evaluates it on the current state of the system X;

• kernel K12: the Jacobian matrix is transposed in order to exploit the LU factorization method;

• kernels K13 – K18: based on the order q of the BDF, LASSIE invokes one of these kernels (i.e.,
kernel K13 for q = 1, kernel K14 for q = 2, ..., kernel K18 for q = 6) to calculate the known
terms of the linear system;

• kernels K19 – K24: each kernel K(18+q), q = 1, . . . , 6, performs the calculations of the q-th order
BDF;

• kernel K25: it updates the iteration vector needed to execute the Newton-Raphson method.
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