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Abstract

This document contains the supplementary figures of the paper ”Optimal clustering with missing values”.

Additional figures for experiments on
simulated data
In all the figures, the average clustering errors are
shown in each plot as a function of the Hamming dis-
tance threshold used to define the set of reference par-
titions in Pmax and Pseed. Thus, all the other meth-
ods’ performances other than Pmax and Pseed are con-
stant in each plot.

Simulations with 20 features

The average clustering errors of different methods
across 40 repetitions for the data simulated based on
(1) the fixed mean vectors and covariance matrices
model, (2) the unknown mean vectors with Gaussian
distributions and fixed covariance matrices model, and
(3) the unknown mean vectors and coavriance matrices
with the Gaussian-inverse-Wishart distribution model
are shown in Figures S1, S2, and S3, respectively. We
select the values of the parameters of the point gener-
ation process to have an approximate Bayes error of
0.15. The selected values are shown in Table S1. In all
cases the missing probability is set to 0.2. From the fig-
ures we can see that our proposed methods (Optimal,
Pmax, and Pseed) outperform all the other methods
in all the simulation scenarios with 20 features.

Simulations with 5 features

The average clustering errors of different methods are
computed for the data simulated based on the models
with (1) the fixed mean vectors and covariance ma-
trices across 100 repetitions, (2) the unknown mean
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vectors with Gaussian distributions and fixed covari-
ance matrices across 80 repetitions, and (3) the un-
known mean vectors and coavriance matrices with the
Gaussian-inverse-Wishart distribution setup across 40
repetitions. They are shown in Figures S4, S5, and S6,
respectively.

For the Gaussian-inverse-Wishart model (cases with
unknown mean and covariances), when having larger
sample sizes, only the results for missing probability
equal to 0.15 are provided (in the main text), due to
the combined complexity of point process based clus-
tering and partition probability computations that in-
creases with the number of missing values.

We can see that in all cases, the performance of
Pmax and Pseed is not very sensitive to the set thresh-
old of Hamming distance for reference partitions. For
cases with larger n, Pseed’s performance is virtually
constant as a function of the set Hamming distance.
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Table S1: Parameters for the point generation under three models for 20 features (d = 20). N, IW, 1d , and Id
denote Gaussian, inverse-Wishart, column vector of all ones with length d, and d×d idendity matrix, respectively.

Model Mean vectors Covariance matrices Distributions’ hyperparameters

Fixed means and covariances µ1 = 0 · 1d, µ2 = 0.22 · 1d Σ1 = Σ2 = 0.23 · Id —
Gaussian means and fixed covariances µ1 ∼ N(m1,

1
ν1

Σ1), µ2 ∼ N(m2,
1
ν2

Σ2) Σ1 = Σ2 = 0.28 · Id m1 = 0 · 1d, m2 = 0.22 · 1d,

ν1 = 120, ν2 = 20
Gaussian means and inverse-Wishart covariances µ1 ∼ N(m1,

1
ν1

Σ1), µ2 ∼ N(m2,
1
ν2

Σ2) Σ1 ∼ IW(κ1,Ψ1),Σ2 ∼ IW(κ2,Ψ2) m1 = 0 · 1d, m2 = 0.22 · 1d,

ν1 = 120, ν2 = 20,
Ψ1 = Ψ2 = 83.7 · Id,
κ1 = κ2 = 300
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(a) n1=10, n2=10, miss. prob.=0.20
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(c) n1=25, n2=25, miss. prob.=0.20

0 1 2 3 4 5 6 7 8 9 10

Hamming Distance

15

20

25

30

35

40

45

E
m

p
ir
ic

a
l 
E

rr
o
r 

[%
]

Subopt. Pseed

FCM

K-Means

Hier. (Si)

Hier. (Co)

FCM-OCS

K-POD

Random
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Figure S1: Average clustering errors for the
model with fixed means and fixed covariances.
The plots correspond to 20 features with missing prob-
ability of 0.2.
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(a) n1=10, n2=10, miss. prob.=0.20
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(b) n1=12, n2=8, miss. prob.=0.20
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(c) n1=25, n2=25, miss. prob.=0.20
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(d) n1=30, n2=20, miss. prob.=0.20

Figure S2: Average clustering errors for the
model with Gaussian means and fixed covari-
ances. The plots correspond to 20 features with miss-
ing probability of 0.2.
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(a) n1=10, n2=10, miss. prob.=0.20
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(b) n1=12, n2=8, miss. prob.=0.20
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(c) n1=25, n2=25, miss. prob.=0.20
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(d) n1=30, n2=20, miss. prob.=0.20

Figure S3: Average clustering errors for the
model with Gaussian means and inverse-
Wishart covariances. The plots correspond to 20
features with missing probability of 0.2.
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(a) n1=10, n2=10, miss. prob.=0.15
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(b) n1=10, n2=10, miss. prob.=0.30
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(c) n1=10, n2=10, miss. prob.=0.45
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(d) n1=12, n2=8, miss. prob.=0.15
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(e) n1=12, n2=8, miss. prob.=0.30
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(f) n1=12, n2=8, miss. prob.=0.45
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(g) n1=35, n2=35, miss. prob.=0.15
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(h) n1=35, n2=35, miss. prob.=0.30
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(i) n1=35, n2=35, miss. prob.=0.45
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(j) n1=42, n2=28, miss. prob.=0.15
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(k) n1=42, n2=28, miss. prob.=0.30
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Figure S4: Average clustering errors for the
model with fixed means and covariances. The
first and second rows correspond to n = 20, and the
third and fourth rows correspond to n = 70. From left
to right, the columns correspond to missing probability
equal to 0.15, 0.30, and 0.45, respectively.
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(a) n1=10, n2=10, miss. prob.=0.15
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(b) n1=10, n2=10, miss. prob.=0.30
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(c) n1=10, n2=10, miss. prob.=0.45
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(d) n1=12, n2=8, miss. prob.=0.15
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(e) n1=12, n2=8, miss. prob.=0.30
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(f) n1=12, n2=8, miss. prob.=0.45
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(g) n1=35, n2=35, miss. prob.=0.15
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(h) n1=35, n2=35, miss. prob.=0.30
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(i) n1=35, n2=35, miss. prob.=0.45
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(j) n1=42, n2=28, miss. prob.=0.15
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(k) n1=42, n2=28, miss. prob.=0.30
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(l) n1=42, n2=28, miss. prob.=0.45

Figure S5: Average clustering errors for the
model with Gaussian means and fixed covari-
ances. The first and second rows correspond to n =
20, and the third and fourth rows correspond to n =
70. From left to right, the columns correspond to miss-
ing probability equal to 0.15, 0.30, and 0.45, respec-
tively.



Boluki et al. Page 7 of 7

0 1 2 3 4 5 6 7 8 9 10

Hamming Distance

15

20

25

30

35

40

45

E
m

p
ir
ic

a
l 
E

rr
o
r 

[%
]

Optimal

Subopt. Pmax

Subopt. Pseed

FCM

K-Means

Hier. (Si)

Hier. (Co)

FCM-OCS

K-POD

Random

(a) n1=10, n2=10, miss. prob.=0.15
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(b) n1=10, n2=10, miss. prob.=0.30
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(c) n1=10, n2=10, miss. prob.=0.45
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(d) n1=12, n2=8, miss. prob.=0.15
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(e) n1=12, n2=8, miss. prob.=0.30
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(f) n1=12, n2=8, miss. prob.=0.45

Figure S6: Average clustering errors for the
model with Gaussian means and inverse-
Wishart covariances. The plots correspond to n =
20, and from left to right, the columns correspond to
missing probability equal to 0.15, 0.30, and 0.45, re-
spectively.


